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systems with double time-delays
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Abstract: Fault diagnosis and optimal fault-tolerant control are studied for linear systems with time-delays in both
control vector and state vector, when unmeasured actuator faults and sensor faults occur in the systems. Based on the linear
transformation of time-delay systems, the optimal fault-tolerant control law for the faulty system is designed by utilizing
Riccati matrix equation and Sylvester equation, and the existence and uniqueness of the optimal fault-tolerant control law
is proved. The real-time and on-line fault diagnosis and theobservation of system states are realized by constructing a
new reduced-order state observer for the augmented system with faults, and the physically unrealizable problem is solved.
Finally, the physically realizable dynamic optimal fault-tolerant control law is obtained by utilizing the results offault
diagnosis. Simulation example has demonstrated the feasibility and validity of the proposed fault diagnosis scheme and the
dynamic optimal fault-tolerant control scheme.
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1 ÚÚÚóóó(Introduction)
�Xy��E�×�uÐ, y�XÚ�5��

5��!gÄz§Ý�5�p, XÚ�E,5×�
Jp, ùaXÚ��u)¯�Òk�UE¤<

Úã��ã���. ÏdJp��XÚ���5
´<�ïÄ�9:¯K. �æ�ä(FD) ÚN��
�(FTC)�JpE,XÚ���5m8
�^#�
å», ¿²L30õc�uÐ��
´L�ïÄ¤
J, X©[1∼3]�. ,	, 3y¢�)¹Úó�)�
L§¥, äk�¢A5�é�´�~ÊH�, Xz
óL§!�ålÏÕDÑ9²L�.�. �¢�
�þ�3±9�¢XÚ�Ã���¢�¤���

©ÛÚ���(J5, ¦��¢XÚ�FDÚFTC¤
���+�¥ïÄ���J:¯K. CAc5, �
¢XÚFDÚFTC�ïÄ®k
�½�¤J, ��
Ã�¢�ïÄ¤J�'��é��. é�¢XÚ
�FD,©[4,5]æ^g·A*ÿì/�#5K��{5
uÿÚ�ä�æ, ©[6]ÄuH∞`zEâJÑ
�

æuÿÚ�ä�ÈÅì�{�. é�¢XÚ�FTC,
©[7]|^°�H∞���{ïÄ
�¹�1ì�æ

��°�N���ì��O�{, ©[8]é��5�
¢XÚu)��1ì�æJÑ
�«#��¢�6

g·A���ì��O�{, ©[9]|^�Oì5
�O��5�¢XÚ�G�Ú6Ä&Ò, ÏLÖ�

ÂvFÏ: 2007−05−06;Â?UvFÏ: 2008−05−15.
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�1ìÚ/½Daì&Ò5¢yXÚ�N����.
±·���£,8cÄu*ÿì�FD�{´|^í
�5�N�æ,��vk��¹kG��¢Ú��
�¢�XÚ3�æÚXÚG�Ø�ÿ��¹e�Ä

Ônþ�¢y��`FTC�{.
ØÓu±þ��{,É©[10]¤ïÄ��`��

�éu,�©�é¹kG��¢Ú���¢��5
XÚ,�Ñ
XÚ3�æ�¹e÷v�g.5U�
I��`N���Æ��O�{; �)û�æÚG
�Ø�ÿ�¹e��`N���Æ�ÔnØ�¢y

¯K,3Ø|^í���¹e,�âXÚÑ\ÚÑÑ
�O
¢�3�yXÚ¥�Daì�æÚ�1ì

�æ��æ�äì,¿Ó�¢y
XÚG��*ÿ.
|^FD�(J�Ñ
Ôn�¢y�Ä��`N�
��Æ.

2 XXXÚÚÚ£££ãããÚÚÚÃÃÃ���¢¢¢===���(System formula-
tion and delay-free transformation)

2.1 XXXÚÚÚ£££ããã(System formulation)

�ÄXe�k�æ��5�¢��XÚ:


































ẋ(t) = A0x(t) +A1x(t− d) +B0u(t)+

B1u(t− τ) +D1f(t), t > 0,

x(t) = x0(t), t ∈ [−d, 0],

u(t) = 0, t ∈ [−τ, 0),

y(t) = Cx(t) +D2f(t).

(1)

Ù¥: x ∈ R
n, u ∈ R

pÚy ∈ R
q©O�G�!��

Ñ\Ú�ÿÑÑ�þ; x0(t)�®��ëYÐ©G�

�þ; f(t) ∈ R
m��æ&Ò�þ�´Ø���ÿþ

�; A0, A1, B0, B1, C,D1ÚD2´·��ê�~þÝ


; d > 0Úτ > 0©O�G�¢�Ú��¢��m

~ê.

�æ�Ä�A5de�	XÚ£ã:






















ϕ̇(t) = Gϕ(t), t > t0 = min{ta, ts},

ϕ(t0) = ϕ0,

ϕ(t) = 0, t ∈ [0, t0),

f(t) = Fϕ(t).

(2)

Ù¥:

ϕ(t) =

[

ϕa(t)

ϕs(t)

]

, f(t) =

[

fa(t)

fs(t)

]

,

G =

[

Ga 0

0 Gs

]

, F =

[

Fa 0

0 Fs

]

.

ϕ ∈ R
r(m 6 r)�	XÚ(2)�G��þ, �æ�Ð

©��t0ÚÐ©G�ϕ0´���. G ∈ R
r×rÚF ∈

R
m×r�~þÝ
. ϕa ∈ R

r1Úfa ∈ R
m1©O�L�

1ì�æG��þÚ�1ì�æ�þ, �1ì�æ

u)�Ð©���ta; ϕs ∈ R
r2Úfs ∈ R

m2©O�

LDaì�æG��þÚDaì�æ�þ, Daì
�æu)�Ð©���ts. �t < ta�kϕa(t) = 0,
�t < ts�kϕs(t) = 0. Ga, Gs, FaÚFs´·��ê

�~þÝ
.

2.2 ÃÃÃ���¢¢¢===���(Delay-free transformation)

�¢���3¦XÚ�FDÚN���Æ�¦)
C���(J,�d,Ú\�5C�r�¢XÚ=z
¤Ã�¢XÚ[11] .�Ä�6uÝ
A��5C�

z(t) = x(t) +
w t

t−d
eA(t−d−θ)A1x(θ)dθ +

w t

t−τ
eA(t−τ−h)B1u(h)dh. (3)

A´���½ÂÝ
,éª(3)�©¿(Üª(1)��

ż(t) = Az(t) + (B0 + e−τAB1)u(t) −

(A−A0 − e−dAA1)x(t) +D1f(t). (4)

-

A = A0 + e−dAA1,

B = B0 + e−τAB1,
(5)

Kª(4)C�

ż(t) = Az(t) +Bu(t) +D1f(t). (6)

��ò�¢XÚ(1)=z�XeÃ�¢�dXÚ:










ż(t)=Az(t)+Bu(t)+D1f(t), t>0,

z(0) = z0,

η(t) = Cz(t) +D2f(t).

(7)

Ù¥z(t) ∈ R
n�=z�Ã�¢XÚ�G�Cþ.

XÚ(1)ÚXÚ(7)�Cþ'X�

x(t) = z(t) −
w t

t−d
eA(t−d−θ)A1x(θ)dθ −

w t

t−τ
eA(t−τ−h)B1u(h)dh,

y(t) = η(t) − C
w t

t−d
eA(t−d−θ)A1x(θ)dθ −

C
w t

t−τ
eA(t−τ−h)B1u(h)dh. (8)

bbb��� 1 (A,B)��U�, (C,A)��U*ÿ,
�ª(5)k).

3 ���`̀̀NNN���������ÆÆÆ������OOO(Design of optimal
fault-tolerant control law)
�!Äk�O�`N���Æ,¦XÚ3u)�

æ��¹e÷v�g.5U�I�`.

3.1 555UUU���III���ÀÀÀ���(Selection of performance in-

dex)

�u�Ì, d?=?ØÃ�����`FTC̄
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K.�éd	XÚ(2)£ã��æ�ØÓ�/,�±À
�ØÓ��g.5U�I. é	XÚ(2)ìC½�
�/,�±ÀJXeÃ�����g.5U�I:

J =
w

∞

0

[

zT(t)Qz(t) + uT(t)Ru(t)
]

dt. (9)

Ù¥QÚR©O���½Ý
Ú�½Ý
.

é	XÚ(2)�½��ìC½��/, �À
�Xe�²þ�g.5U�I:

J = lim
T→∞

1

T

w T

0
[zT(t)Qz(t) + uT(t)Ru(t)]dt.

(10)

XÚ(1)'u5U�I(9)½(10)��`N���
¯K, Ò´�Ïé�`N���Æu∗(t), ¦��æ
�¹e��g.5U�IJ��4��. )ö��,
éudª(9)Ú(10)£ã�5U�I5`, Ù�`�
�Æ±9§�í�L§´�Ó�. �¦Ã����
�`N���Æ�3,�Xeb�.

bbb��� 2 Ý
G�¤kA��÷v

Re[λi(G)] 6 0, i = 1, 2, 3, · · · , r,

�äk"¢Ü�A���G���õ�ª�ü�.

3.2 ���`̀̀NNN���������ÆÆÆ������OOO(Design of optimal
fault-tolerant control law)

3?Ø�`FTCc,kÚ\±eÚn[12] .

ÚÚÚnnn 1 �Ā ∈ R
n×n, B̄ ∈ R

m×m, C̄ ∈ R
n×m,

X ∈ R
n×m,KÝ
�§

ĀX +XB̄ = −C̄

�)X�3����¿�^�´

λi(Ā)+λj(B̄) 6=0, i=1, 2, · · · , n, j=1, 2, · · · ,m.

Ù¥λi(Ā)Úλj(B̄)©O�Ý
ĀÚB̄�A��.

½½½nnn 1 dª(1)Ú(2)£ã��k�æ��5
�¢XÚ,3÷vb�1Úb�2�^�e,Ù'u5
U�I(9)½(10)��`N���Æ�3���, ¿
deª£ã:

u∗(t) =

−R−1BT[Px(t) + P
w t

t−d
eA(t−d−θ)A1x(θ)dθ +

P
w t

t−τ
eA(t−τ−h)B1u(h)dh+ P1ϕ(t)]. (11)

Ù¥P�RiccatiÝ
�§

ATP + PA− PSP +Q = 0 (12)

����½); P1�Sylvester�§

(AT − PS)P1 + P1G = −PD1F (13)

���), S = BR−1BT.

yyy �â�`��nØ�±�Ñ, XÚ(1)Ú(2)
'u�g.5U�I(9)½(10)��`N���Æ�
�O,��¦)Xeü:>�¯K:
{

ż(t) = Az(t) − Sλ(t) +D1Fϕ(t), z(0) = z0,

− λ̇(t) = Qz(t) +ATλ(t), λ(∞) = 0.

(14)

¿�,�`��Æ�

u∗(t) = −R−1BTλ(t). (15)

d©Û�-

λ(t) = Pz(t) + P1ϕ(t), (16)

K

λ̇(t) = (PA− PSP )z(t) + (P1G+

PD1F − PSP1)ϕ(t). (17)

dª(14)Ú(17)�

(ATP + PA+Q− PSP )z(t)+
[

(AT − PS)P1 + PD1F + P1G
]

ϕ(t) = 0.

�Ä�þªé?¿z(t), ϕ(t)þ¤á, K��ÑP
÷vRiccati�§(12),�P1÷vSylvester�§(13)©

e¡y²�`��Æ���5. w,, �y
�`��Æu∗(t)���5, �Iy²PÚP1��

�5=�. db�1�XÚ(7)́ �����, K
d�`��nØ�, Riccati�§(12)k���½
)P . �â�`��nØ�(A − SP )´HurwitzÝ

,K(AT − PS)´HurwitzÝ
,=

Re[λi(A
T − PS)] < 0, i = 1, 2, 3, · · · , n. (18)

	XÚ(2)́ ½�,=Reλ(G) 6 0,�k

λi(A
T − PS) + λj(G) 6= 0,

i = 1, 2, · · · , n, j = 1, 2, · · · , r.
(19)

dÚn1��, Sylvester�§(13)k��). òª(16)
�\ª(15),���`��Æ

u∗(t) = −R−1BT[Pz(t) + P1ϕ(t)]. (20)

òª(3)�\ª(20),��XÚ(1)����`N�
��Æ(11). y..

dª(11)�wÑ,�`N���Æu∗(t)�¹
�

æG�ϕ(t)ÚXÚG�x(t). ϕ(t)��Ø´Ôn

þ,=¦�¹Ônþf(t),du®b½�æ´Ø��
�ÿþ�, ¤±^ϕ(t)��u∗(t)¥�Cþ´ÔnØ

�¢y�. ,	é���XÚ5`, x(t)Ø�½Ñ´
Ônþ,½Ø�½Ñ�ÿþ,d�^x(t)��u∗(t)¥

�Cþ´ÔnØ�¢y�. �
¢y�`FTC,7L
)ûϕ(t)Úx(t)�ÔnØ�¢y¯K.
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4 ÔÔÔnnnØØØ���¢¢¢yyy ¯̄̄KKK���)))ûûû(Solution of
physically unrealizable problem)

-ψ(t) =
[

z(t)T ϕ(t)T
]T

,(Üª(2)Ú(7),Kk

ψ̇(t) = A2ψ(t) +B2u(t),

η(t) = C2ψ(t).
(21)

Ù¥

A2 =

[

A D1F

0 G

]

, B2 =

[

B

0

]

, C2 =
[

C D2F
]

.

bbb��� 3 ((C(λI −A)−1D1F +D2F ) , G) Ú

(DF,G)Ñ´��U*ÿ�. Ù¥D =
[

DT
1 DT

2

]T
,

λ�S(G) − S(A)
⋂

S(G)�?¿A��, S(∗)�∗�

A��8Ü.

d (C,A) ���*ÿÚb�3, |^�*5�
PBHA��þ�â, �y²(C2, A2)´��U*ÿ

�.

��B�æ�äì��O§�E���ÛÉÝ


T =
[

T T
1 CT

2

]T
∈ R

(n+r)×(n+r),¿-

T−1 =
[

H1 H2

]

, H1 =

[

H11

H21

]

, H2 =

[

H12

H22

]

,

Ù¥H1, H2, H11, H12, H21 ÚH22 Ñ´·��ê�

Ý
.'u�æ�äì��O,�ÑXe½n.

½½½nnn 2 �Ädª(1)Ú(2)£ã��5�¢X
Ú,3÷vb�1Úb�3�^�e,Ù�æ�äì�
deª£ã:















































































ẋc(t) =(T1 − LC2)[A2H1xc(t) +B2u(t)+

A2(H1L+H2)y(t)+

A2(H1L+H2)CM(t)],

x̂(t) =H11xc(t) + (H11L+H12)y(t)+

(H11LC +H12C − I)M(t),

ϕ̂(t) =H21xc(t) + (H21L+H22)y(t)+

(H21L+H22)CM(t),

f̂a(t) =
[

I 0
]

Fϕ̂(t),

f̂s(t) =
[

0 I
]

Fϕ̂(t).

(22)

Ù¥:

A2 =

[

A D1F

0 G

]

, B2 =

[

B

0

]

, C2 =
[

C D2F
]

,

M(t) =
w t

t−d
eA(t−d−θ)A1x̂(θ)dθ +

w t

t−τ
eA(t−τ−h)B1u(h)dh.

0ÚI�·��ê�"
Úü 
. ϕ̂(t)��äÑ�

�æG�, x̂(t)�*ÿÑ�XÚG�, f̂a(t)��äÑ

��1ì�æ, f̂s(t)��äÑ�Daì�æ.

yyy -w(t) = T1ψ(t),Kk

Tψ(t) =

[

T1

C2

]

ψ(t) =

[

w(t)

η(t)

]

,

=

ψ(t) = T−1

[

w(t)

η(t)

]

= H1w(t) +H2η(t).

-ψ̄(t) = Tψ(t),Kk

ψ̄(t) =

[

w(t)

η(t)

]

.

éψ̄(t)¦��






















ẇ(t) =

T1A2H1w(t) + T1A2H2η(t) + T1B2u(t),

η̇(t) =

C2A2H1w(t) + C2A2H2η(t) + C2B2u(t).

(23)

d(C2, A2)��U*ÿ,�T =
[

T T
1 CT

2

]T
��ÛÉ

Ý
, ��(C2A2H1, T1A2H1)´��U*ÿ�. é
ª(23)�ELuenberger*ÿì

˙̂w(t) = (T1 − LC2)[A2H1ŵ(t) +A2H2η(t)+

B2u(t)] + Lη̇(t) .

Ù¥ŵ´G�w��O�, L´*ÿì��"OÃÝ

.

�
�Ø�©�η̇,Ú\Cþ��

xc(t) = ŵ(t) − Lη(t),

Kk










ẋc(t)=(T1−LC2)[A2H1xc(t)+B2u(t)+

A2(H1L+H2)η(t)],

ψ̂(t) = H1xc(t) + (H2 +H1L)η(t).

(24)

dª(24)��ü�G�*ÿì






















ẋc(t)=(T1−LC2)[A2H1xc(t)+B2u(t)+

A2(H1L+H2)η(t)],

ẑ(t) = H11xc(t) + (H11L+H12)η(t),

ϕ̂(t) = H21xc(t) + (H21L+H22)η(t).

(25)

|^ª(8)Ú(25),¿òDaì�æÚ�1ì�æ
©l����æ�äì(22). y..

�
��Ônþ�¢y��`N���Æu∗(t),
òª(11)¥� x(t)Ú ϕ(t)©O^ª(22)¥�*ÿ�
x̂(t)Úϕ̂(t)O�,K���Ônþ�¢y�Ä��`



1 6Ï oï�:V�¢XÚ��æ�äÚÄ��`N��� 1025

N���Æ�
{

ẋc(t)=A
′xc(t)+B

′u(t)+C ′y(t)+C ′CM(t),

u∗(t) = D′xc(t) +G′y(t) +G′CM(t).

(26)

Ù¥:

A′ = (T1 − LC2)A2H1, B
′ = (T1 − LC2)B2,

C ′ = (T1 − LC2)A2(H1L+H2),

D′ = −R−1BT(PH11 + P1H21),

G′ =−R−1BT[P (H11L+H12)+P1(H21L+H22)].

5 ���ýýý¢¢¢~~~(Simulation example)
�Ädª(1)£ã�XÚ,Ù¥:

A0 =

[

0 1

−2 1

]

, A1 =

[

1 0.3

0.6 0.5

]

, B0 =

[

1
1

]

,

B1 =

[

0.5
0.8

]

, D1 =

[

2 0

1 0

]

, x(0) =

[

0.3

0.1

]

,

D2 =
[

0 1
]

, C =
[

1 0
]

, d = 10, τ = 2.

�Ädª(2)£ã��æ,Ù¥:

G =











0 1 0 0

−1 0 0 0

0 0 0 1

0 0−9 0











, F =

[

1 0 0 0

0 0 0 1

]

,

ϕ(t0) =
[

1 0 0 1
]T
, ta = 40 s, ts = 20 s.

�5U�I(10)¥�Q = I2, R = 1, �æ�ä
ì�4:�−5 ± j1, −4, −1 ± j1. ^MATLAB?1
�ý. ã1Úã2©O��æ�äìÑÑ��1ì�
æÚDaì�æ��ä�Úý¢��é'�ã.
ã3Úã4©O��`FTCÚ²;�`��e�G�
Cþx1(t)Úx2(t). |^ª(10)O���`N���
5U�I�J = 2.7696, ²;�`��5U�I
�J = 6.9082.

ã 1 �1ì�æ�ä�f̂a

Fig. 1 Diagnosed actuator fault̂fa

dã1Úã2�wÑ:T�æ�äì�äÑ��1

ì�æ�ÚDaì�æ�ìCª�uÙý¢�, `
²�©JÑ�FD�{´k��Ú���. dã3Ú
ã4�wÑ: �XÚu)�æ�, 3P~�æéXÚ
SÜG�Cþ�K��¡, �©��`FTC²w`
u²;��`��. d�`FTC�5U�I²w�
u²;�`���5U�I, Ó�`²�©��
`FTC̀ u²;��`��.

ã 2 Daì�æ�ä�f̂s

Fig. 2 Diagnosed sensor fault̂fs

ã 3 G�Cþx1

Fig. 3 State variablex1

ã 4 G�Cþx2

Fig. 4 State variablex2

6 (((ØØØ(Conclusions)

�©ïÄ
�5�¢XÚ�FD�{ÚÄ��

`N���Æ��O¯K. ÏLÚ\�5C�{z


�OL§¥�O�.ÏLr�æz�O2XÚ�
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G�, �O
¦�æ¢�y�ü��æ�äì.

ÏL�`��nØÚFD(J, ¿|^RiccatiÝ
�

§ÚSylvester�§�Ñ
Ôn�¢y�Ä��`N

���Æ��O�{. �ý(Jy¢
�©JÑ

�FD�{ÚÄ��`N���Æ��15Úk�
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