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Observer-based optimal disturbance-rejection for linear systems

with time-delay in control action
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(1. College of Information Science and Engineering, Ocean University of China, Qingdao Shandong 266100, China;
2. College of Automation Science and Technology, South China University of Technology, Guangzhou Guangdong 510640, China)

Abstract: The optimal disturbance-rejection for linear systems with time-delay in control action and external persistent
disturbances is considered. By using the model transformation, this system is transformed into a non-delay one. The
existence and uniqueness of the optimal control law are proved and the optimal control law with a feedforward compensator
and a control memory term is derived from a Riccati equation and Sylvester equations. The feedforward control term and
the control memory term compensate for the effects of disturbances and the time-delay in control action, respectively. A
disturbance-observer is developed to make the approximate feedforward compensator physically realizable. Simulation
results demonstrate the effectiveness of the designed control law.
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2 Ja) @R (Problem description)
21 R R 5 # #(System description and

transformation)
F SRR BB P I i 2 R 4

{ i(t) = Az(t) + Bu(t — 1) + Do(t), t > 0,
(1
x(0) = xy,
st

Horp: z(t) € RMOPIRE W, u(t) € R AT &,
v(t) € RPINERIRB M &, A € R™™™, B € R™™,
D € RPN BMRE, 7 > 04 T4 2 il I .
Plu(t) =0,t € [-7,0).
AR ZN AR B R BIA R Gef E
W(t) = Gu(t),
{v(t) = Fw(t).

Hr: wi) € REAHLEIRE W E, G € R,
F € RPN B FE, rankF = p. &% (G, F)2&5¢
A ADULI Y, T A R GEQ) AR 25 A Fw (0) 7& AR HIH.
SRR GQ)RIR T — OB M FF LR 3, a5 ok
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x(t) =

eAtonrjOt "M [Bu(h—7)+Dv(h)|dh=

2

t
e+ A=A Bu(h)+ Do(h)]dh—

t
L eAU=Me=AT By (h)dh.

&

B, =e B,
t
2(t) = z(t) + At Bu(h)dh,  (3)

t—r1

WA ZE() et h R 8¢
2(t) = Az(t) + Byu(t) + Dou(t), t > 0,
Z(O) = X, (4)
x(t) = 2(t) — Lt_ M= Bru(h)dh,

Horhz(t) € R M puJR o0 i R 4 IR L i
2.2 B REHR AR 20 Hr(Quadratic performance
index analysis)
XF T FH X)) ik P I fr 28 968 1) e e 428 o )
8, T LRt 5 SRS QORI 103 R
1, 45 WS SRR T,
X 1A BRI 3 PR e D0 A2 ) ) R, 3 AR R E(2)

B 1B 15 R € BEATAEA BRI, wl i % — kY
PERETE bR

J = %ZT(tf)QfZ(tf) +
% fotf [(z7(1)Q=(t) + u™ (t) Ru(t)]dt, (5)

Hrpt ORI 2, Q, Qp € RV A 1EE
FEFE, R € R™ ™ g 1F % 5 R
PONS R/ {FR S TR v SR ST A W
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Tﬁﬁﬁﬂﬁﬁﬁgiﬁﬂ‘féﬁé?‘éifiz
J:jo (2" (1)Qz(t)+u™ (t) Ru(t)|dt.  (6)
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: 1 T T T
J = lim — fo (2T (£)Q2(t) + u™ (t) Ru(t)]dt.
(7

X T MR FR bR(6)FN(T), % (A, B) 2 58 4 R 45 11,
(A, C)E B AR P, HhChQ = CTCHATIH
TR .

RA()KT IR RE TR FR(5)(6) (T I e AL
PR ) R, AR T B LR il (¢), AR R
PEREFR bR JHUAF B ME. A SR B BIs e AR 4 4h &
GRS R, 4 MR RS () KT Ik B e
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3 %ﬁtﬁﬂﬂ%ﬂ‘]ﬁﬁ‘(Design of optimal con-
trol law)
3.1 A BRI A G AR R T (Design of

finite-horizon optimal control law)

EE 1 FEAROQFRMLN RS, 2T
IR R R BRSO W I DU A, Ay
u'(t) =
_R'BY[P(t)a(t)+P(1) Lt_ AU 5
Byu(h)dh+ Py (t)v(t)+ P (t)w(t)], (8)

Hr P(t) € R™™ 4Riccati%E K7 77 L
— P(t)=A"P(t)+P(t)A—P(t)SP(t)+Q,
{ t €[0,t), )
P(t;) = Qs
(RIME— 2 1F SE AR, Py(t) € R™P, Py(t) € R 9534



JE DR PRI i 2R G UL A 1) e L s 3 211

H2H
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{ — Py(t)=[A-SP(t)]"P(t)+P(t)D,
(10)

Pl(tf) =0,
— By(t) = [A= SP()]"Pa(t) + P (1) G+

{ P()FG, (1)
Py(ty) =0,

HS = B R BT,
e HRHE BT R, A8, ()T kA
P BE $5 A5 () I Fe A0 43 ) 1) gt S 350K At 1 o
(SRR
(t) = Az(t) — SA(t) + Du(t),
—\t) = Qz(t) + ATA(1), (12)
2(0) = @0, Alty) = Qyz(ty),
It H, il

u*(t) = —R'BIA(). (13)

>
—
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I

P(t)z(t) + Pi(t)v(t) + Pa(t)w(t), (14)

At) =
[P(t)+P(t) A= P()SP(t)]=(t)+ [Py (t) +
P(t)D — P(t)SPi()]o(t) + [Pa(t) +
Py(t)G+ Py (t)FG—P(t)SPy(t)|w(t). (15)
MAXA2)FAS), HHBEAT R (L), v(t), w(t)¥)
JEAL, TG H P (t), Py ()R Py (1) N 43 59 39 2 40 FE 1
73 JIRE9), A0)MI). HIFHEFER Y T RE(9)~(1 1)
AR IIAFAEME— PR, RUP (L), Py (t) M Py () A7 AE
— R RAHRANK13), 13 BRI
u*(t) = — R'B [P(t)z(t) + Pi(t)v(t)+
Py(t)w(t)]. (16)
¥R ) RAKA6), 133 RGE)H
HlHE(8). S H1AFE.
3.2 o BRI A A0 45 ) 4R 1 B v (Design of
infinite-horizon optimal control law)
2 SN, R T 0 RN R Ok B e R
h(6)%ﬂ$i’3 R BLVE RE TR bR(T), SL SR P il e LA
EATRIHE T S FEHEA R, BT EAa] L IR 5T
EE 2 FHEhAOMQMIEKZIRLE, K
T RPERESR bR (6) BT SR L FE I, D
W' (t) = —RBY[Pa(t) + P Lt_ AU 50

Byu(h)dh + Piw(t) —
(AT — PS)"'PDu(t)), a7
e P JyRiccati i 75 F
A"P+PA-PSP+Q=0 (18)

HIME—1F 52 fi#, P M Sylvester /i F&
(A" — PS)P, + P,G =
(AT — PS)"'PDFG (19)
1) E— 1.
I A R /A I i | B

F(HQR)RT Ik APERE aﬁ(6)i€(7)éﬂﬂiﬁ£h%ﬂ¢
FIBETh, S ECR M a0 T P8 LA ) @
(t) = Az(t) — SA(t) + Do(t),
— At) = Qz(t) + ATA(1), (20)
2(0) = zg, A(o0) =0,
It H, s h
u*(t) = —R'BIA(). Q1)
é\
A(t) = Pz(t) + Pow(t) + Pyu(t), (22)
3321

A(t) = (PA — PSP)z(t) + (P,G + P,FG —

PSP)w(t)+ (PD — PSPy)v(t). (23)

#2005 @3, JF2E B EHE R 2(t), v(t), w(t)

B p T, 1S H Pl A Riccati )7 F£(18), H1(A, B)5E

A, BRI (A, By)W5g4amT 5, K Riccati i

FEA8) A ME—IE i P. RN T Py, Py/&Sylvester J7
i

(AT — PS)P, + P,.G+ P,FG =0, (24

—(A" - PS)"'PD (25)

(i, ¥ 3RS (24), AT 43 21K AE P, ¥ Sylvester

JrFE(19). AR AL I IR A1 [A — SP]/&Hurwitz
FERAE, B

Re p; (A" —
AN ZRGE(2) 2R [, B
Re:u'J(G) < 07 .] = 1727"' , M,

PS)<0,i=1,2,--,n, (26)
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pi(AT = PS) + p1;(G) # 0, 7

BT LA, Sylvester )5 F2(19)4 M —fiit P, 18], 2K X (22)1%
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A2, 3 Bl LT
u*(t) = —R'BT[Pz(t) + Piw(t) + Pyu(t)].
(28)

KR (3)(25) 58 HARAR(28), 13 2 R G I e Lz ]

A7), 2 BI2AHIE.

3.3 FET UL 2 A g5 O 4% I R B B T (Design of
observe-based optimal control law)

VE e B B A ERR@MAT T # A A A &R
ZOHIPREw(t), KA BEA LI, S 7152
P B AT S B P A, T I i PR 0 B M N s ok
DX ) it

%F'@XT%?\ Q)51 N 2 PE AR Ay S AR i, ik
WH e Ra»xa fFQTT = [FT HYRAEA 7110,

WM =T = [M:M,), WHF = FT~' = [I, 0],
Ferp ol plir AR R, O ZAERE. Sw(t) = Tw(t),
|
(o a4
w(t) = [ﬁz(t) =Gu(t) =
Gll Glg 1(t) (29)
Ga1 G )|’
v(t) =w(t),

Hhw,, Gij(i, 5 = 1, 2) 50 AR IE A 4E 501 ) R
B?E. Koy s B AE R BN LI 7

n(t) = (G22 - E@m)n(t) +
(Ga1 — LG (1),
w(t) = Mon(t) + (My + MyL)o(t),

[(Gay — LG12) L+

(30)

oA LW g 25, B S 13 58)(Gag, Gro)
AU 7, DAL S 3 3ok 3 00 S0 2 3 25 L e 0 ) 4
M R T B A B IR A 2P R, AT AT PR IE I
fiy HHd (¢) AL SRR BOM AT TR Bw(t). 4
W AE e A 45 AR @) AN 17y L (8) BUARaw (), AT LA
B BRI, REQ) KT HRERIRG) M8l
il

() =(Gaz — LGr2)n(t) + (G2 — LG12) L+

@ﬂ—iému@

]
u(t) = — R'BT{P(t)] f
Biu(h)dh] + [Pi(t) + Pa(t) (M +
( ML)]o(t) + Pa(t) Mon(t)};

eAlt=h) 5

€2y
PLRAETERRIN K, AR G0 5K TP RERRAR(6) (D) K1 3

P26 4
RSl
(1(t) =(Gaz — LG12)(t) + [(Gaz — LG1o) L+

(Go1 — LG1)]o(t),
u(t) = — R'BI{Px(t) + Pf:, et

Bru(h)dh + [Pi(M; + MyL) — (AT—
PS)"'PDu(t) + P Myn(t)}.

(32)
H L TG DRI32) 2 &P s W &% 1 3 &
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4 4jj E7~%(Simulation examples)
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01
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-11

mm:mm
AR R e AR

e

G =

IS

0.1 0 Gd
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R 3l A i A 19, IR — IR R PE e 3R AR 2 5X(6),
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Fig. 1 State 1 curves of different control delays under

attenuation disturbances
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Fig. 2 State z2 curves of different control delays under

attenuation disturbances
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Fig. 3 Optimal control u* curves of different control delays

under attenuation disturbances
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Fig. 4 Performance indexes J of different control delays

under attenuation disturbances
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Table 1

Performance indexes J of different control
delays under attenuation disturbances

T 0.1 0.2 0.3 04 0.5 0.6

J 0.0947 0.1006 0.1071 0.1182  0.1355 0.1604
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Fig. 5 State z; curves of different control delays under

sinusoidal disturbances
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Fig. 6 State zg curves of different control delays under

sinusoidal disturbances
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Fig. 7 Optimal control ™ curves of different control delays

under sinusoidal disturbances
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Fig. 8 Performance indexes J of different control delays

under attenuation disturbances
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Table 2 Performance indexes J of different control
delays under sinusoidal disturbances

T 0.1 0.2 0.3 0.4 0.5 0.6

J 03224 04164 0.7387 1.3769 24154 3.9269
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5 458 (Conclusion)
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