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its applications to power systems

YIN Ming-hui1,2, ZOU Yun1, XUE Yu-sheng2

(1. College of Automation Control, Nanjing University of Science and Technology, Nanjing Jiangsu 210094, China;
2. State Grid Electric Power Research Institute/Nanjing Automation Research Institute, Nanjing Jiangsu 210003, China.)

Abstract: On the basis of the existing electrical power engineering methods, a class of mathematical descriptions and

the criterion of Lagrange stability based on trajectories are proposed. Firstly, the concept of trajectory stability and swing

steadiness are defined. The sufficient conditions for the trajectory stability in terms of the geometric characteristics, called

the dynamical saddle points, are then presented. Finally, the proposed methodology is verified by simulations of power

systems. It provides a mathematical foundation for the emergency control in electrical power engineering and other fields.
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1 ÚÚÚóóó(Introduction)
3�äpé�E,�XÚ¥,dÛÜ¯���X

Ú�N�$��ÅC�FÃâÑ, X>å�ä��

$[1,2]. 3ùaA:G�e,~�eïá�XÚ�.

~~Ï¢SXÚ;É�Ì»���Ùk��ë�

d�.Ïd,k7�&¢XÛ3A:G�e, ��Ï

Lÿþ��¢S$Ä;,, ��XÚ�.5�

½XÚ6�¿Âe�$Ä½A5.

�d, ©z[3]JÑ
Äu�æ;�©Û�pÖ

qqSUþ9^OK(CCEBC)nØÚ*Ð�¡ÈO

K(EEAC)�{. ØÓuDÚ½5©Û, T�{k

��£;
O(ï��JK,�ï�.=|^;

,5©ÛXÚ�½5. ©z[4,5]$^êÆ�ó�

x
CCEBC¥�ÔnVg, ©z[6∼8]$^DÚ

½5nØ©ÛïÄ
CCEBC.ù
©zÑ´3}Á

$^Lyapnov½5nØ©ÛïÄCCEBC,F"é

�CCEBC¤�½�½5�Lyapnov½5�'X,

¼�
NõkÃ�(Ø. �©ò3©z[4,5]�ó�

Ä:þ, ÏLéCCEBC�?�ÚÄ�, 3Ø/Ïu

äN�.�§½ëê�cJe, JÑ
�a��Ä

u;��½5Vg9ÙnØ©Û�{. �©Ì�

ó��)Xeü��¡:

1) Ä��ïá
;,½!{g½!±9Ä

�Q:�Vg, �Ñ
|^;,AÛA�!ÏLÄ

�Q:5�ä;,½�¿©^�9Ùk�5½

n;

2) ÏL>åXÚ�ýO�, �y`²1)¥JÑ

�nØ^�·^u>åXÚ6�½©Û.

ÂvFÏ: 2007−09−03;Â?UvFÏ: 2008−11−06.
Ä7�8: I[g,�ÆÄ7]Ï�8(60474078, 60574015, 60874007);p�Æ�Æ¬Æ�:;��ïÄ7]Ï�8(20050288023,

20070288055, 200802880024).
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2 ÄÄÄ���VVVggg(Concepts)
�
k�/lêÆþÄ�½©Ûó§�{�

Ån,L�é;,(�XÚ�²ï:)½Â½5.

�d,�!òÄ�ÑeZÄ�Vg.

2.1 ~~~555;;;,,,���½½½ÂÂÂ(Definition of normal trajec-

tory)

�Ä��þ�½�¼ê:

x (t) ∈ R, t > t0, x(t0) = x0. (1)

Ø��t0 = 0. ¼ê(1)́ ��lx(0) = x0Ñu�$

Ä;,. �â¢SXÚ$Ä;,�Ä�A�,�©�

Ñ~5;,�½Â(=cJb�),Xe:

½½½ÂÂÂ 1 ¡ª(1)́ �|~5;,X�:

A1) ẋ (t)´ëY�;

A2) ẍ (t)´©ãëY�,�3ØëY:�8Ü¥

Ø�3k��à:;

A3) éu?¿t0 > 0,�3ε > 0,¦�e3(t0 −

ε, t0)½(t0, t0 + ε)þ, ẍ (t) 6≡ 0, Ké?¿�t ∈

(t0 − ε, t0)½(t0, t0 + ε),þkẍ (t) 6= 0.

w,,nÜb�A2)Úb�A3),��XeÚn:

ÚÚÚnnn 1 x (t) , t > 0´~5;,,éu?¿t0 >

0, �3ε > 0¦�3(t0 − ε, t0)½(t0, t0 + ε)¥, X

Jẍ (t)Øð�u0,@oẍ (t)½ð�u0,½ð�u0.

2.2 ;;;,,,���½½½555(Trajectory stability)

�Äp��m;,,½=

x (t) ∈ R
n, t > 0, x(0) = x0. (2)

½½½ÂÂÂ 2 éu;,x(t) ∈ R
n, t > 0,XJ�3

�k.�êL > 0,¦�éu¤kt > 0, ‖x (t) ‖6 L,

@o¡;,(2)́ Lagrange½({¡½)�. ùp

‖∗‖´R
n�m��ê.

�Äp��m;,(2),-

yk(t) = αT
k x(t), 1 6 k 6 m, m > n. (3)

Ù¥αk ∈ R
n´~�þ,�A = [α1, α2, · · · , αm ]´

1÷�Ý
. K¡ª(3)�;,(2)���ÝK;,.

½½½nnn 1 �;,(2)½�¿�^�´§�¤k

��ÝK;,(3)½�.

y²�ë�©[5], ùpÑ�. d½n1��,�?

Øn�;��½5,�Ié��;,�$ÄA5?

1©Û=�.Ïd,�YÙ!=?Øn = 1�;,(1).

2.3 {{{gggÚÚÚÄÄÄ���QQQ:::(Swing and dynamic saddle

point)

{Ä´¢S��;,Ak�,�´����$

ÄA�.�!Ì�é{g�5�?1©ÛÚïÄ.

½½½ÂÂÂ 3 �t2 > t1 > 0. XJ;,(1)÷veã

ü�^���, @ox(t)lx(t1)�x (t2)�$ÄL§

¡�x(t)�{g,P�(t1, t2)SW:

1) ẋ(t) ≡ 0, t1 6 t 6 t2. éu?¿ ε > 0,�3

ξ ∈ (t1−ε, t1),¦�ẋ(ξ) 6= 0,�t2 =max{τ : ẋ(t)≡

0, t ∈ [t1, τ ]}. ÷vT^��{g(t1, t2)SW¡�

Ê{.

2) ẋ(t) 6= 0, t1 <t< t2. �et2 6= ∞,Kẋ(t2)=

0;et1 6= 0,Kẋ(t1) = 0.

XJt2 < ∞,K{g(t1, t2)SW¡�k¡{²{

g,{¡�k¡{g; XJt2 = ∞,K{g(t1, t2)SW

¡�Ã¡{²{g, {¡�Ã¡{g; x(t2)�T{

g���:, {¡���{:. XJt1 = 0, K{

g(t1, t2)SW¡�;,�Ä{.

�u��ÝK;,´�a�~2��¼ê. Ï

d,3êÆþÄk7L£�,§�½¬k{gíº§

3?¿k��mS�$Ä�½�±dk��{g$

Ä¤�¤íº

ÚÚÚnnn 2 x(t), t > 0´~5;,, ẋ(T ) = 0,

T > 0�k��m,K�3��êN < ∞Ú

0 = s1 6 t1 < s2 6 t2 < · · · < sN 6 tN = T (4)

¦�ẋ(t)= 0, sk 6 t 6 tk, k = 1, 2, · · · , N�ẋ(t) 6=

0, tk < t < sk+1, k = 1, 2, · · · , N − 1.

y²�ë�N¹1.

íííØØØ 1 �x(t), t > 0´~5;,, Kéu?

¿k��mt0 > 0, �3ε > 0¦�3(t0 − ε, t0)½

(t0, t0 + ε)¥,XJẋ(t)Øð�u0,@oẋ(t)½´ð

�u0,½´ð�u0.

y²é{ü,ùpÑ�. dÚn2Ú½Â3,�±�

��ÑXe(Ø.

½½½nnn 2 �x(t), t > 0´~5;,. éu?¿k

��mT > 0,;,x(t)lx(0)�x(T )�$ÄL§ò

dk��{g�¤,=�3�êN < ∞Ú

0 6 s1 6 t1 < s2 6 t2 < · · · < sN 6 tN = T (5)

¦�(sk, tk)SWÚ(tk, sk+1)SWÑ´;,x(t)�{g.

d½n2��,~5;,äkXeûÐ�5�,=

§lÐ©:�?¿k���:�$ÄL§Ñ´dk

��{g�¤,Ù¥�)Ê{. �ÎÜó§¿Â¿{

z?Ø,�©?�Ú�ÑXeÜnb�:

A4) ��XÚ;,¥Ø¬ÑyÊ�{g.

½½½ÂÂÂ 4 �tD > 0.e

ẍ (tD) = 0½ẍ
(

t−D
)

ẍ
(

t+D
)

6 0; (6a)
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�3ε > 0,

¦�ẍ (t) ẋ (t) < 0, tD − ε < t < tD. (6b)

@o,¡;,:xDSP = x (tD)�;,�Ä�Q:.

ù�½Â��.�ë�©z[4]. Ä�Q:´;

,þ,�~�L§�(å:. T:��,XÚò�±

�k�$Ä��ØUC,U?\\��ã.

3 ÄÄÄ���QQQ:::���{{{ggg���²²²555(Dynamic sad-
dle point and swing steadiness)

3.1 {{{ggg���²²²555(Swing steadiness)

3;,½5©Û¥,{g��Ä�Q:�;,

�m�¥m�!,òÙ3½5�¡�A��x�

Ù´�~7��.

½½½ÂÂÂ 5 �x (t) , t > 0�~5;,. K¡Ù¥

���{g(t1, t2)SW´²�(steady),X�Ù÷v

Xeü�^�:

1) (t1, t2)SW´k¡{g,=t2 < ∞;

2) (t1, t2)SW{Ìk..½=|x(t2)−x(t1)| < ∞.

et2 = ∞, � lim
t→t2

x (t) → ∞, K¡(t1, t2)SW´

uÑ�.

ÚÚÚnnn 3 �x (t) , t > 0�~5;,, Ù¥��

�{g(t1, t2)SW.K

1) (t1, t2)SW´²�¿�^�´, t2 < ∞,

��3~êε > 0, ¦�ẋ (s) ẋ (t) < 0, Ù¥s ∈

(t2 − ε, t2) , t ∈ (t2, t2 + ε).

2) ex (t)�3��uÑ�{g(t1, t2)SW, KT

;,´Ø½�.

yyy ù´Ún1!íØ1Ú½Â5���íØ.

3.2 ÄÄÄ���QQQ:::���{{{ggg���²²²555(Dynamic saddle

point and swing steadiness)

½½½nnn 3 �x (t) , t > 0�~5;,, Ù¥Ñy

���k¡{g´(t1, t2)SW,K

1) eẍ
(

t−2
)

ẍ
(

t+2
)

> 0,K(t1, t2)SW´²�;

2) e(t1, t2]SØ�3tD, ¦�xDSP = x (tD)�

Ä�Q:,K(t1, t2)SW´²�.

yyy y²ë�N¹2.

½n3L²,Ä�Q:�±���½k¡{g²

A5�A�:.

½½½ÂÂÂ 6 �x (t) , t>0�~5;,. e�3t0∈

(t1, t2), ÷vẍ (t)3t = t0?ëY,�ẍ (t0) ẋ (t0) <

0, K¡«m(t1, t2)S;,�3~��ã; eẍ(t)3

t = t0?ëY,�ẍ(t0)ẋ(t0) > 0,K¡«m(t1, t2)S

;,�3\��ã.

ÚÚÚnnn 4 XJ{g(t1, t2)SW´~5;, x(t),

t > 0�Ä{�k¡{g, @o�3k���t̂1,

t̂2Út3, t1 < t̂1 6 t̂2 < t2 < t3 < ∞,¦�3(t1, t̂1)

S�3\��ã, 3
(

t̂2, t2
)

S�3~��ã, ��

3(t2, t3)S�32g\��ã.

yyy TÚn�d½Â5±9�©¥�½nÚb

�A1)∼ A4)��í�Ñ5,aqu½n3�y².

�
�\�ß�£ã{gS,\�$ÄÚ~�$

Ä�OÑy�$ÄA�,�©?�Ú�ÑXe½Â:

½½½ÂÂÂ 7 �x(t), t>0�~5;,. XJ�3tD
< tA, ¦�x (t)3(t1, tD)S�3~��ã, ��3

(tA, t2)S�3\��ã, K¡XÚ;,´3(t1 , t2)

S�O°Ä�.

dÚn4�±��í�ÑXe½n.

½½½nnn 4 �x (t) , t > 0�~5;,, Ù¥,�

{g�(t1, t2)SW. XJ(t1, t2)SW´k¡{g, K�

3tR > t2¦�;,x(t)3«m(t1, tR)S�O°Ä.

½n4�Ôn¿Â�~�ß,=;,3�¤��

k¡{g���t2c��½äk�O°Ä�$ÄA

�. ��ó,~5;,��UØäk�O°Ä�$

ÄA�.

½½½ÂÂÂ 8 {g(t1,∞)SW´~5;,x (t) , t >

0¥Ñy�Ã¡{g, XJÃ¡{gS=�3~��

ã,K¡{g(t1,∞)SW´[²�(quasi-steady).

I��Ñ�´,[²�{g��U�)kuÑ

{g. w,,XJÃ¡{gS=�3\��ã, K{

g(t1,∞)SWw,´uÑ�.

½½½nnn 5 �~5;,x (t) , t > 03«m(tR1 ,

tR2)S�O°Ä, XJ3«m(tR1, tR2)SØÑy

Ä�Q:, @o�½�3��t2 ∈ (tR1, tR2)Ú,

�t1 > 0,¦�(t1, t2)SW´x(t)�²{g.

yyy �âÚn4,�3tr1Útr2, tR1 < tr1 < tR2 <

tr2 < t3 < ∞,¦�

ẍ(tr1)ẋ(tr1) < 0, ẍ(tr2)ẋ(tr2) > 0. (7)

éu?¿t ∈ [tr1, tr2],XJ

ẋ (t) 6= 0, (8)

@o, dẋ(t)�ëY5Ú(7)��, �½�3tD ∈

[tr1, tr2], ¿÷vẍ
(

t−D
)

ẍ
(

t+D
)

6 0. Ïd, �â½

Â4,ª(8)�¤á¿�X3(t1, tR2)«mS¬ÑyÄ

�Q:xDSP = x (tD).w,,ù�ØÑyÄ�Q:�

^�gñ. ¤±,�3t̂2 ∈ [tr1, tr2],÷vẋ
(

t̂2
)

= 0.

-

t2 = min {t : ẋ (t) = 0, 0 6 t 6 tR2} , (9)
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t1 =

{

max {t : t ∈ Ω (t)} , Ω (t) 6= φ,

0, Ù¦.
(10)

Ù¥Ω (t) = {t : ẋ (t) = 0, 0 6 t < t2}. �âþã

½Â�t1Út2,��(t1, t2)SW ´k¡{g. 2�â½

n3,��{g(t1, t2)SW´²�. y..

½½½nnn 6 �x (t) , t > 0´~5;,, Ù¥,�

{g�(t1, t2)SW. XJ3«m(t1, t2]SØ�3Ä�

Q:,K

1) e(t1, t2)SW´k¡{g,K§´²�;

2) e�3¿©��ε > 0,¦�x(t)3(t1, t2 + ε)

Säk�O°Ä�$ÄA�,K(t1, t2)SW´²�;

3) XJ�3��t0 > 0, ¦�(t0,∞)S�X

Ú;,x(t)Øäk�O°Ä�$ÄA�, K;,

3(t0,∞)S¬Ñy��Ã¡{g, §�U´[²

���U´uÑ�.

yyy �â½n2∼½n5!½n6(Ø1)∼3)�y.

y..

½n6(Ø1)�k¡{g�cJ^�Lr, �v

k|^;,�A�. �'�e, ½n6(Ø2)�U`

²¯K,Ù|^
�O°Ä�;,A����½^

�, £ã
Ä�Q:ÑyÚ{g²5�'X. d

	,½n6(Ø3)3¿÷Z6�A:�/e´Ø~�

�,��3>åXÚ�ý¢�¥6��.Ïd,6Ø

éÙ�?�Ú?Ø.

4 {{{ ggg ²²²  555 ��� ;;; ,,,  ½½½ 555 ��� '''

XXX(Relationship between swing steadiness
and trajectory stability)
éu~5;,¥{g²5�;,½5�m

�'X,Ì�kXeü�¯K:

1) XJ;,¥�¤k{gÑ´²�, XÚ;

,´Ä½º

2) XJXÚ;,¥Ñy�²{g, XÚ;,

´Ä�º

��w,�(Ø´Ún3�{üíØ:

½½½nnn 7 �x (t), t > 0´~5;,. ex (t)Ñy

uÑ{g,Kx (t)Ø½.

�¯¢þ, éu���~5;,ó, {g²

5�;,½5�m�'XÉ~E,[4] . �d,e©

ò�\©Û,�°Ä~5;,�XÚ÷v�o��

A5�,âU�y¤k{g²=¿�X;,½.

3©z[4]�Ä:þ, �©ò;,��O°ÄA

�Vgí2�~5;,�°ÄXÚ, =Xe¤«�

���g£XÚ

mẍ = −F (t, x) , t > 0. (11)

T�.�Ú\´�
���|½5£ã�^�,

^±½5/�xÑù���aXÚ: Ù;,�

{g�²5=%ºX��;,�½5. �

DÚ�Lyapunov�{ØÓ, ù|^��´aqu

Lipschitẑ �����^, �äN½5©Û�{

ëêÃ'.

½½½ÂÂÂ 9 �x(t)´XÚ(11)�?¿;,. ¡XÚ

(11)3(t0, T )S'u(X1,X2)´���O°Ä�,X

�:éu?¿�½�T > t0 > 0,ex(t0)∈ (X1,X2),

x(T ) /∈ (X1,X2), Kx(t)3(t0, T )S´�O°Ä

�.

½½½nnn 8 �XÚ(11)'u(X1,X2)´���O

°Ä�,�Ù;,´~5�. XJlx (t0)∈(X1,X2)

Ñu�XÚ;,x(t)ØÑyÄ�Q:, @oXÚ

;,x(t)�¤k{g´²�=%ºXXÚ;

,x(t)´½�.

yyy ù´½Â2!½Â8�½n6���íØ.

½n8�ã
�g£XÚ¥,;,{g²5�

;,½5�m�'X.�éu���¢SXÚ,=

=�â½Â8´�Ju��g£XÚ����O°

ÄA5�. �
nØþ���5,e¡©O�é�g

£�F (t, x)Úg£�F (x)�ÑXÚ(11)���O°

Ä�ü|)Û^�.

ÚÚÚnnn 5 �XÚ(11)�;,´~5�. ∞ >

X2 > X1 > −∞�~ê. eé?¿�T > 0,�3

δT > 0, ÚX2 > X2T > X1T > X1, ¦��t ∈

(0, T )�,

F (t,X1T ) = F (t,X2T ) = 0, (12a)
{

F (t, x) (x − XkT ) < 0,

x ∈ (XkT − δT ,XkT + δT ) \{XkT }.
(12b)

Ù¥k = 1, 2, KXÚ(11)́ 'u(X1 ,X2)���O

°Ä�.

yyy b�½n^�¤á.e�3T > t0 > 0, ¦

�x(t0) ∈ (X1,X2)�x (T ) = X2,Kd;,�ëY

5,7�3��τ¦�

τ = min{t : x(t) = X2T , t0 < t < T}. (13)

u´díØ1,ª(13)¿�X�3¿©��ε > 0,¦

�

ẋ(t) > 0, t ∈ (τ − ε, τ). (14)

,��¡, dª(11)(12)��ẍ(τ) = 0, �é¿©�

�ε > 0,

ẍ(t) < 0, t ∈ (τ − ε, τ), (15a)

ẍ(t) > 0, t ∈ (τ, τ + ε). (15b)
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nÜª(14)(15),d½Â6=��x(t)3t = τNC´

�O°Ä�. Ón�ye�3T > 0¦�x (T ) =

X1��/. d½Â9,Úny..

íííØØØ 2 �XÚ (11)´g£�, ½= mẍ =

−F (x), Ù;,´~5�. XJ�3∞ > X2 >

X1 > −∞Úδ > 0, ¦�F (x)3x = X1Úx =

X2?ëY,�

F (X1) = F (X2) = 0, (16a)
{

F (x) (x − Xk) < 0,

x ∈ (Xk − δ,Xk + δ) \{Xk},
(16b)

Ù¥k = 1, 2, KXÚ(11)'u(X1,X2)´���O

°Ä�. ùpª(16)��±�O��F (x)©ãëY,

�F
(

X−

k

)

F
(

X+
k

)

6 0, k = 1, 2.

½½½nnn 9 �XÚ(11)�;,´~5�, �÷v

(12)(½ö½~�÷v(16)).XJlx (t0) ∈ (X1,X2)

Ñu�XÚ;,x(t)ØÑyÄ�Q:, @oXÚ

;,x(t)�¤k{g´²�=%ºXXÚ;

,x(t)´½�.

nÜ�!©Û��: eXÚ÷v�O°ÄA5,

K

1)XJ;,ØÑyÄ�Q:, Ù¤k{g²,

XÚ;,½.

2)XJ;,ÑyØ½{g, K{gS¬Ñy

Ä�Q:,XÚ;,�.

(Ø1)üØ
¤k{g²;,���U

�¹. Ó�,T(Ø�`²
XJXÚ;,�, K

;,S�½¬ÑyÄ�Q:. (Ø2)�Ñ
;,�

��«~�A�, =;,¥Ñy�mÃ¡! �

Ã.�uÑ{g,3T{g¥��½¬ÑyÄ�Q

:.

5 >>>åååXXXÚÚÚ¥¥¥������ýýý���yyy(Simulation verifi-

cation in power systems)

éu���O°ÄXÚ,�±r½n9��Ä�

Q:´;,��â�nØÄ:. XJU
?�Ú

�y>åXÚ¥��ÝK;,�°ÄXÚäk��

�O°Ä�A5, @o�Ò�CCEBCnØÚEEAC

�{A^Ä�Q:��;,��âC½
��#

�êÆnØÄ:.

CCEBC/EEAC¥, ��ÝK;,�°ÄXÚ�

¡�N�XÚ[3,9]. �n�Å|¤�>åXÚnØþ

�32n−1 − 1�N�XÚ.�d, CCEBC/EEAC¿©

|^>åXÚ¢S6�L§¥LyÑ�üÅ+©l

�Ì��Ä�A�[3,10∼15] ,ò�©Û�N�XÚ�

� ��A�,¡��Ì�N�[3]. �©�=ÀJÌ

�N�����y�N�XÚ.

d½Â8��,�ý�yN�XÚäk���O

°ÄA5�'�´, (½��k��>. �ΘAD ,

¦�N�XÚ�¤kü��$Ä;,, ={g, 3

�L�BÑy�O°Ä�A�. �d, �©A�H

{#=�=�ýXÚ(10Å391�)�1�n��æ,

�O���~249�. Ù¥, ²{g12468�,Ø

½{g225�.�,=ÏL�ýêâéÌ�N���

��O°ÄA5?1
�y, ��ý�~À���

¡5Ú¿©5�±é�§Ýþ�y�y(J��

(5.

ã 1 ���O°ÄA5����>.�(y©A)

Fig. 1 Boundary of uniformly alternating-driven

characteristic(separation modeA)

�ý¥uy3«Ì��Ì�N�XÚ, §�

éA�y©©O´A�{(5) , (1 ∼ 4, 6 ∼ 10)}, B�

{(9) , (1 ∼ 8, 10)}Ú C �{(1 ∼ 9) , (10)}.ã1∼ã3

©O�Ñ
ù3�Ì�N�;,¥�¤k��{g

� �&E.ã¥, ±/20I£ØÑyÄ�Q:�

²{g,Ùî�I�{g�Ð©�Ý,p�I�{

g�(å�Ý,=��:�Ý;±/△0Ú/▽0©O

I£ÑyÄ�Q:�Ø½{gÚ²{g, §�

�î�I�{g�Ð©�Ý, p�I�{gÑy1

��Ä�Q:��Ý.�â�ýêâ9ã1∼3,��

1) ¤k��~¥, Ì�N�;,ÑÑy
�

��Ø½{g. Ïd,�©��ý�~�U
�y

Ì�N�3���þ´Ä�3>.�.

2) éu¤kÑyÄ�Q:�{g, Ì�´��

�Ø½{g,§�Ñy1��Ä�Q:� ��

±3��k.���S,ò§�����P�ΘDSP .

éuØÑyÄ�Q:�²{g(t1, t2)SW, §�

��:����P�ΘFEP (ã1∼3¥^J�I£).

ΘFEP � ΘDSP 3ê�þ´�C�. XJ ΘFEP <

ΘDSP,K�òΘAD���ΘDSP;XJΘFEP > ΘDSP,
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K�òΘAD�����uΘFEP�,��.ü«��

�{Ñ�±�y,éu¤k�ý¼��;,,3�L

���>.�ΘAD(ã1∼3¥¢�¤«)�,Ñ¬Ñy

Ä�Q:,läk�O°Ä�A�. Ïd�y
Ì

�N�XÚ3���þäk���O°ÄA5.

ã 2 ���O°ÄA5����>.�(y©B)

Fig. 2 Boundary of uniformly alternating-driven

characteristic(separation modeB)

ã 3 ���O°ÄA5����>.�(y©C)

Fig. 3 Boundary of uniformly alternating-driven

characteristic(separation modeC)

6 (((ØØØ(Conclusion)
�©�Ì�ó��o(Xe:

1) ²(JÑ
�«Äu;,�½5Vg, =

;,½5. T½5«OuDÚ�Lyapnov½5

nØ.ü«½5����«O3uéuêÆ�.

��65. XJÃl¼�O(�êÆ�.!$�v

käN�.�,�U|^XÚ�¢�;,A�5©

Û!µ�XÚ�½5, ùB´;,½5JÑ�

Ä�g�.ù��/3A:G�e²~¬u).

2) �\©Û
Ä�Q:!{g²59;,

½5�m�'X,(½
�aU
¦^Ä�Q:�

�;,�A��XÚ.XJXÚ´���O°Ä

�,@o;,ØÑyÄ�Q:K½; ;,�7½

ÑyÄ�Q:. d�, ;,½5��½Äu;,

�AÛA�,=´ÄÑyÄ�Q:,�ÄuXÚ�

.. ù�ÄuÄ�Q:�;,½5�½©Û�{

3��ÄåÆXÚnØ�¡�?�Úÿ2C½
ê

ÆnØÄ:,¿²(
T�{�·^��.

���O°Ä��´éXÚ5���å, �

�Lyapnov½5©Û�{�', ;,½5©Û

�{3éXÚ5���¦Ýº§Ýþ´ØÓ�. §

ØI���°(�½þ�., �I�����oN

þ½5�5�.

3) ÏL�þ�ýO�, �y`²
>åXÚ¥

Ì�N�XÚäk���O°Ä�A5, �CCEBC

nØÚEEAC�{A^Ä�Q:��;,��â

C½
��#�êÆnØÄ:.
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NNN¹¹¹ 1 ÚÚÚnnn 2���yyy²²²(Appendix 1 Proof of
Lemma 2)

db�A1)(=ẋ(t)´ëY�)Úẋ(T ) = 0,��

s1 = min {s > 0 : ẋ (s) = 0} (A1)

´k½Â�,�s1÷v0 6 s1 6 T . Ïd,�âb�A1),�

3t1 6 T¦�

t1 = max {t : ẋ (s) = 0, t > s > s1} . (A2)

XJt1 =T ,Ky²�.. ÄK,2g�âb�A1),�3t1 <

s2 < T ,¦�

s2 = max {s : ẋ (t) 6= 0, t1 < t < s} . (A3)

Ón,�é«m[s2, T ]EþãL§,�±��t2, s3. ±d

aí,�ª�����«mS�Xe:

0 = s1 6 t1 < s2 6 t2 < · · · < sn 6 tn 6 T. (A4)

Ù¥: ẋ (t) = 0, sk 6 t 6 tk, k = 1, 2, · · · , n�

ẋ (t) 6= 0, tk < t < sk+1, k = 1, 2, · · · , n − 1.

2�âb�A2)Ú�©¥�½n, �3tk1, tk2 ∈

[tk, sk+1],÷v

ẍ (tk1) > 0�ẍ (tk2) < 0. (A5)

b�Ø�3��k��êN¦�tN = T ,@o

lim
k→∞

(sk+1 − tk) = 0. (A6)

- t0 = lim
k→∞

{tk}. �âª (A6), �±�� t0 =

sup{sk, tk : k = 1, 2, · · ·}´éu¤ktk 6 T���à:.

nÜª(A5)ÚÚn1��,T(ØØ÷vb�A3). Ïd,�

3��k��êN¦�tN = T . y..

NNN¹¹¹ 2 ½½½nnn 3���yyy²²²(Appendix 2 Proof of
theorem 3)

b�ẍ(t−2 )ẍ(t+2 ) > 0¤á. �â~5;,�½ÂÚí

Ø1,Ø���5�b½ẋ (t) > 0, t ∈ (t1, t2). �(Ø1)¤

á,K�3ε > 0¦�

ẍ (t) ẋ (t) < 0, t ∈ (t2 − ε, t2) . (A7)

ÄK,éu?¿ε > 0,�3η ∈ (t2 − ε, t2)¦�

ẍ (η) > 0, η ∈ (t2 − ε, t2) . (A8)

,��¡,éu¿©��ε > 0,o�3ξ ∈ (t2 − ε, t2)¦�

0 = ẋ (t2) = ẋ (t2 − ε) + ẍ (ξ) ε. (A9)

Ïd

ẍ (ξ) < 0, ξ ∈ (t2 − ε, t2) . (A10)

dÚn1��, ª(A8)Ú(A10)�b�A3)gñ. ¤±,

ª(A7)¤á.ù�,d½nb�^��b�A2)=��,�3

¿©��ε > 0¦�

ẍ (t) < 0, t ∈ (t2 − ε, t2 + ε) (A11)

Ïd, ẋ (t) = ẍ (ζ) (t − t2) < 0, t ∈ (t2, t2 + ε), Ù¥ζ ∈

(t2, t). �âÚn3,(Ø1)�y. dª(A7)��, x (t2)÷v

ª(6b),?éÜ(Ø1)=�(Ø2). y..
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