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From Boolean algebra to Boolean calculus
CHENG Dai-zhan, ZHAO Yin, XU Xiang-ru
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Abstract: Boolean functions are of special importance, though they are the simplest class of finite-valued functions. It is

widely applied to many fields, including information, control and so on. The theoretical foundation of Boolean functions is

introduced in this paper, involving some main results from Boolean algebra to Boolean Calculus, applications in information

and control and some recent frontiers and developments. The semi-tensor product approach to these fields is introduced

emphatically.
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1 (Introduction)
[1] ,

: Boole (1815 1864

) 19

. D = {0, 1}, f : Dn → D
n , n � 2 ,

. , ¬ .

¬x = 1 − x, x ∈ D. (1)

: ∧ ;

∨ ; → ;

↔ , ( 1).

,

[2].

1

Table 1 Truth table

p q p ∧ q p ∨ q p → q p ↔ q

1 1 1 1 1 1

1 0 0 1 0 0

0 1 0 1 1 0

0 0 0 0 1 1

1

1847 , (De Mor-

gan) . 1854 ,

,

,

.

,
[3].

[4, 5],
[6], [7] ,

,
[8].

.

,
[9, 10], ,

[11, 12]. ,
[13]. ,

[14, 15],

, .

( ,

Boole ), ,
[16], ,

: 2011−03−14.

: (61074114, 60736022, 60821091).
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.

1 [1] D 3 :

¬ : D → D; ∧ : D×D → D, ∨ :
D×D→D. {D; ¬, ∧, ∨} Boole ,

:

i) : {
x ∨ y = y ∨ x,

x ∧ y = y ∧ x.
(2)

ii) :{
(x ∨ y) ∨ z = x ∨ (y ∨ z),

(x ∧ y) ∧ z = x ∧ (y ∧ z).
(3)

iii) :{
x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z),

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).
(4)

iv) : {
x ∨ 0 = x,

x ∧ 1 = x.
(5)

ii) : {
x ∨ ¬x = 1,

x ∧ ¬x = 0.
(6)

1 ¬ , ∧ , ∨
( ). ,

Boole GF (2) =
{D,⊕,�}, {

a ⊕ b := a + b(mod 2),

a � b := ab(mod 2).
(7)

, ⊕ � ∨̄ ∧.

, a ⊕ b a � b a + b ab.

, ,

.
[17] : · · ·

.

. ,

, ,

. (

.)

, .

,

.

2
(Semi-tensor product of matrices and the ma-

trix expression of logic)
,

[18]. [19]

,
[20]. ,

[21∼23],

3, 4 .

. ,

:

1) Mm×n: m × n , m = n

Mn.

2) Col(A)(Row(A)): A ( ) ,

Coli(A)(Rowi(A)) A i ( ).

3)

diag{A1, A2, · · · , Ak} =

⎡
⎢⎢⎢⎢⎣

A1 0 · · · 0
0 A2 · · · 0
...

...
...

...

0 0 · · · Ak

⎤
⎥⎥⎥⎥⎦ .

4) Dk: Dk = {0, 1, · · · , k − 1}, D := D2.

5) δi
n: In i .

6) Δn: Δn = {δi
n | i = 1, 2, · · · , n};

7) L ∈ Mm×r , Col(L)
⊂ Δm. m × r Lm×r.

8) L ∈ Lm×r, L = [δi1
m δi2

m · · · δir
m].

,

L = δm[i1 i2 · · · ir].

9) B ∈ Mm×r , B

bi,j ∈ D, m × r Bm×r.

10) A = (ai,j), B = (bi,j) ∈ Bm×n

. A B

A B , ¬A = (¬ai,j),

A ∧ B = (ai,j ∧ bi,j) .

11) ⊗ Kronecker , A = (aij) ∈
Mm×n, A ⊗ B

A ⊗ B =

⎡
⎢⎣

a11B · · · a1nB
...

...
...

am1B · · · amnB

⎤
⎥⎦ .

12) W[n,m] mn × mn ,

[18]. Δn Δm

( (9)),

.
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.

2 [18] A ∈ Mm×n, B ∈ Mp×q, c =
lcm(n, p) n p . A B

(STP)A � B

A � B = (A ⊗ I c
n
)(B ⊗ I c

p
). (8)

n = p , A � B = A × B,

. ,

,

� .

. ,

.

1[20]

1) x ∈ R
m, y ∈ R

n .

W[m,n]xy = yx. (9)

2) x ∈ R
t , A .

xA = (It ⊗ A)x. (10)

3) x ∈ Δn, x2 = Mn
r x,

Mn
r := diag{δ1

n, δ2
n, · · · , δn

n}
n .

, 1 ∼ δ1
2 , 0 ∼ δ2

2 , D ∼ Δ.

, x ∈ D,

x ∼
(

x

x + 1

)
.

Dn X = (x1, x2, · · · , xn),

:

1) : (x1, x2, · · · , xn)
,

χ = x12n−1 + x22n−2 + · · · + xn, (11)

+ .

2) : xi Δ ,

x := �
n
i=1xi ∈ Δ2n . (12)

. 3 ,

, 3 .

2 X = (x1, x2, · · · , xn). χ

, x ∈ Δ2n

x = δ2n−χ
2n . (13)

, x = δt
2n ,

χ = 2n − t. (14)

1 X = (0, 0, 1, 1, 0, 0, 1, 1),

χ = 25 + 24 + 2 + 1 = 51,

x = δ2
2δ

2
2δ

1
2δ

1
2δ

2
2δ

2
2δ

1
2δ

1
2 = δ201

256

(13) (14).

,

f : Dn → D f : Δ2n → Δ.
[24].

1 f(x1, · · · , xn) ,

f : Δ2n → Δ.

Mf ∈ L2×2n , f ,

f(x1, · · · , xn) = Mf � x, (15)

x = �
n
i=1xi.

2 .

2

Table 2 The structure matrix of logical operators

¬ M¬ = δ2[2 1]

∧ M∧ = δ2[1 2 2 2]

∨ M∨ = δ2[1 1 1 2]

→ M→ = δ2[1 2 1 1]

↔ M↔ = δ2[1 2 2 1]

∨̄( ⊕) M⊕ = δ2[2 1 1 2]

3 (Boolean function )
,

. ,

,

. ,

,

,

.

.

,

. [3, 7, 25].

3.1 (The expressions of Boolean

function )
,

. 1

,

,

. , 1

. ,

[7, 26, 27].
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f

, :

[f(δ1
2n) f(δ2

2n) · · · f(δ2n

2n )]T. (16)

1 f Mf 2 × 2n

, 1

mT
f = Row1(Mf).

, mf f . ,

,

.

, x ∈ D,

x1 = x, x0 = x + 1, c ∈ D,

xc =

⎧⎨
⎩1, x = c,

0, x �= c.
(17)

X = (x1, x2, · · · , xn) ∈ Dn C = (c1, c2, · · · ,

cn) ∈ Dn,

XC :=
n∏

i=1

xci

i =

⎧⎨
⎩1, X = C,

0, X �= C,
(18)

f(X) =
2n−1∑
C=0

f(C)XC . (19)

(19) x1 x0 x x + 1 , f(x)
GF n(2) :

f(x) = a0 +
n∑

k=1

∑
1�j1<···<jk�n

aj1···jk
xj1 · · ·xjk

.

(20)

(20) f .

m A, A(Im ⊗ B) =
A ⊗ B, (15) 1 ,

f(x) =

mT
f

(
x1

x1 + 1

)(
x2

x2 + 1

)
· · ·

(
xn

xn + 1

)
=

mT
f

[
0 1
1 1

](
1
x1

)
· · ·

[
0 1
1 1

](
1
xn

)
=

mT
f

⎛
⎜⎜⎜⎝
[
0 1
1 1

]
⊗ · · · ⊗

[
0 1
1 1

]
︸ ︷︷ ︸

n

⎞
⎟⎟⎟⎠⊗

(
1
x1

)(
1
x2

)
· · ·

(
1
xn

)
:=

mT
f Pnξn,

Pn =

⎛
⎜⎜⎜⎝
[
0 1
1 1

]
⊗ · · · ⊗

[
0 1
1 1

]
︸ ︷︷ ︸

n

⎞
⎟⎟⎟⎠ , (21)

ξn =

(
1
x1

)(
1
x2

)
· · ·

(
1
xn

)
=

(1, xn, xn−1, xn−1xn, xn−2, · · · , x1x2 · · ·xn)T

(22)

GF n(2) , mT
f Pnξn

f .
[7, 28], ,

.

mT
f Pnξn (20),

GF n(2)

ηn = (1, x1, · · · , xn, x1x2, · · · , xn−1xn, · · · ,

x1x2, · · · , xn)T.

ξn

. :

2

Φn = δ2n [1 φ1 φ2 · · · φn], (23)

φr = (μ1,2,··· ,r, μ2,··· ,r+1, · · · ,

μn−r+1,n−r+2,··· ,n),

r = 1, 2, · · · , n,

μi1,i2,··· ,ir
=

r∑
j=1

2n−ij + 1,

+ .

f mf ,

β :{
β = mT

f PnΦn,

mT
f = βΦT

nP−1
n .

(24)

2

f(x1, x2, x3) = x1 ∨ (¬x2 ∧ x3), (25)

,

f(x1, x2, x3) =

M∨x1M∧M¬x2x3 =

M∨(I2 ⊗ M∧M¬)x1x2x3 =

δ2[1 1 1 1 0 0 1 0]x1x2x3 = Mfx.
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Mf 1

mT
f = [1 1 1 1 0 0 1 0]

f .

f(x1, x2, x3) =
7∑

C=0

f(C)XC =

x1
1x

1
2x

1
3 + x1

1x
1
2x

0
3 + x1

1x
0
2x

1
3 + x1

1x
0
2x

0
3 + x0

1x
0
2x

1
3 =

x1x2x3 + x1x2(x3 + 1) + x1(x2 + 1)x3 +

x1(x2 + 1)(x3 + 1) + (x1 + 1)(x2 + 1)x3 =

x1 + x3 + x1x3 + x2x3 + x1x2x3. (26)

2,

P3 =

[
0 1
1 1

]
⊗

[
0 1
1 1

]
⊗

[
0 1
1 1

]
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 1 1 1 1
0 0 0 1 0 0 0 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 1 1 1 1 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

f(x) = mT
f P3

(
1
x1

)(
1
x2

)(
1
x3

)
=

[0 1 0 1 1 0 1](1, x3, x2, x2x3, x1,

x1x3, x1x2, x1x2x3)T =

x1 + x3 + x1x3 + x2x3 + x1x2x3.

(26) .

,

Dn

X = (x1, x2, · · · , xn), Ω = (ω1, ω2, · · · , ωn)

X · Ω = x1ω1 + · · · + xnωn ∈ D, (27)

QΩ(X) = (−1)Ω·X . Walsh :

Sf(ω) = 2−n
2n−1∑
x=0

f(x)Qx(ω), (28)

f Walsh .

f(x) =
2n−1∑
ω=0

Sf(ω)Qω(x). (29)

, Walsh [7]

(f(0), f(1), · · · , f(2n − 1)) =

(Sf(0), Sf(1), · · · , Sf(2n − 1))H(n), (30)

H(n) =

[
1 1
1 −1

]
⊗ · · · ⊗

[
1 1
1 −1

]
︸ ︷︷ ︸

n

.

,

. ,

2-- .

3.2 (The linear structure of

Boolean functions)
(20),

.

.

3 f : Dn → D .

1) a ∈ Dn f ,

f(x + a) + f(x) = 0.

2) a ∈ Dn f ,

f(x + a) + f(x) = 1.

3)⎧⎪⎪⎨
⎪⎪⎩

E0 := {a ∈ Dn | f(x + a) + f(x) = 0},
E1 :={a ∈ Dn | f(x+a)+f(x)=1},
E := E0 ∪ E1,

(31)

E f .

4) E �= {0}, f .

, E0 �= {0},

f , f .

, . f(x1, x2, · · · ,

xn) , Mf . a = (a1, a2,

· · · , an) ∈ E0,

MfM⊕a1x1M⊕a2x2 · · ·M⊕anxn =

Mfx1x2 · · ·xn. (32)

a = �
n
i=1ai, x = �

n
i=1xi.

MfM⊕ �
n−1
i=1 (I22i ⊗ M⊕) �

n−1
i=1 (I2i ⊗ W[2,2i])ax=

Mfx. (33)

Ψf := MfM⊕�
n−1
i=1 (I22i ⊗ M⊕)�n−1

i=1

(
I2i ⊗ W[2,2i]

)
,

n, Mf , .

Ψf 2n Ψf = [Ψ1 Ψ2 · · · Ψ2n ], :

3 α =n
i=1 ai = δi

2n . (a1, · · · , an) ∈ E0,

Ψi = Mf . (a1, · · · , an) ∈ E1,

ψi = M¬Mf .
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3 2 ,

f(x1, x2, x3) = x1 + x3 + x1x3 + x2x3 + x1x2x3,

.

,

Ψf = δ2[2 1 2 2 1 1 1 1 1 2 2 2 1 1 1 1
2 2 2 1 1 1 1 1 2 2 1 2 1 1 1 1
1 1 1 1 2 1 2 2 1 1 1 1 1 2 2 2
1 1 1 1 2 2 2 1 1 1 1 1 2 2 1 2].

ψ8 = Mf , E0 = {0}, E1 = ∅, f

.

3.3 2-- (Bi-decomposition of Boo-

lean functions )
,

, .
[4, 5],

2-- .

4 f : Dn → D , Γ ∪ Λ

{1, 2, · · · , n} . f Γ Λ 2--

, 3 F : D2 →D, φ : {xγ |γ ∈
Γ} →D, ψ : {xλ|λ ∈ Λ} → D,

f(x1, · · · , xn) = F (φ(xγ |γ ∈ Γ ), ψ(xλ|λ ∈ Λ)).
(34)

Γ = {1, 2, · · · , k}, Λ = {k + 1, k + 2, · · · , n}.
(35)

,

.

3 f (35) Γ Λ 2--

, f

Mf = [μ1Mψ μ2Mψ · · · μ2kMψ], (36)

Mψ ∈ L2×2n−k ; μi ∈ S, ∀i, S

:

1 S = S1 = {δ2[1 1], δ2[2 2]};
2 S =S2 ={δ2[1 1], δ2[1 2]} S =S2 =

{δ2[2 2], δ2[1 2]};
3 S = S3 = {δ2[1 2]}, {δ2[2 1]};
4 S = S4 = {δ2[1 2], δ2[2 1]}.

Γ Λ 2--

, .

1 f Mf

3 , F , φ, ψ

:

1) {μ1, · · · , μ2k} δ2[p,

q],

MF = [δ2[p, q] δ2[p, q]] ; (37)

δ2[p1, q1], δ2[p2, q2],

MF = [δ2[p1, q1] δ2[p2, q2]] . (38)

2)

μi = MFδti

2 , i = 1, · · · , 2k,

Mφ = δ2[t1 t2 · · · t2k ]. (39)

3) Mψ (36) Mψ.

3 (35), ,

.

.

4 2

f(x1, x2, x3) = x1 ∨ (¬x2 ∧ x3),

.

3 . Mf = δ2[1 1 1 1 2 2 1 2].
Mψ = δ2[2 2 1 2], μ1 = δ2[1 1], μ2 = δ2[1 2]

2. MF = δ2[1 1 1 2], Mφ = δ2[1 2].
.

5 f(x1, x2, x3, x4, x5)

Mf = δ2[1 1 2 2 1 2 2 1 1 1 2 2 1 1 2 2

2 2 1 1 2 1 1 2 2 2 1 1 2 2 1 1].

Mf 3.

, Λ = {x1, x4} , x2, x3, x5

x1 ,

M̃f = MfW[2,23]W[2,2]W[23,22] =

δ2[1 2 2 1 1 2 2 1 1 2 2 1 2 1 1 2

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1].

4,

Mψ = MF = δ2[1 2 2 1],

Mφ = δ2[1 1 1 2 1 1 1 1].

f(x)

f(x) = {[x2 ∧ (x3 ∨ x5)] ∨ ¬x2} ↔ {x1 ↔ x4} .

Γ Λ .

, 2-- .

5 f : Dn →D , Γ ∪ Θ ∪
Λ {1, 2, · · · , n} . f Γ ∪ Θ Θ ∪
Λ 2-- , 3 F : D2 →
D, φ : {xγ |γ∈Γ ∪ Θ}→D, ψ : {xλ|λ ∈ Λ ∪ Θ} →
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D,

f(x1, · · · , xn) =

F (φ(xγ |γ ∈ Γ ∪ Θ), ψ(xλ|λ ∈ Θ ∪ Λ)). (40)

⎧⎪⎨
⎪⎩

X1 = {x1
1, · · · , x1

k1
} = {xi|i ∈ Γ},

X2 = {x2
1, · · · , x2

k2
} = {xi|i ∈ Θ},

X3 = {x3
1, · · · , x3

k3
} = {xi|i ∈ Λ}.

(41)

3 ,

4 f : Dn → D , Mf

. f (40),

Mf = [μ1,1M
1
ψ μ1,2M

2
ψ · · · μ1,2k2M

2k2

ψ

μ2,1M
1
ψ μ2,2M

2
ψ · · · μ2,2k2M

2k2

ψ

...

μ2k1 ,1M
1
ψ μ2k1 ,2M

2
ψ · · · μ2k1 ,2k2M

2k2

ψ ],

(42)

:

M s
ψ ∈ L2×2k3 , s = 1, · · · , 2k2 ;

μi,j ∈ S, i = 1, · · · , 2k1 , j = 1, · · · , 2k2 .

S 3 S1, S2, S3, S4 .

,

, 2-- [22].

4 (Boolean calculus)
4.1 (Boolean derivative)

Reed
[29], [30∼32]

. [33] ( )

, [8]

.

( )

, , ,
[31, 34]. [35] ( )

, ( )

.

, .

, ( ) [22, 36, 37],
[38], [39],

[40, 41], [42],
[43] .

( ) ,
[44].

6 f(x1, · · · , xn) : Dn → D

.

1) f xi

∂f

∂xi

=f(x1, · · · , xi, · · · , xn)⊕

f(x1, · · · ,¬xi, · · · , xn). (43)

2) f xi1 , · · · , xik

∂kf

∂xi1 · · · ∂xik

=
∂

∂xi1

(
∂

∂xi2

(· · · ( ∂f

∂xik

))). (44)

:

4[45] ∂f

∂xi

xi ,

∂2f

∂2xi

= 0.

∂2f

∂xi∂xj

=
∂2f

∂xj∂xi

, (45)

∂(f1 ⊕ f2)
∂xi

=
∂f1

∂xi

⊕ ∂f2

∂xi

, (46)

∂(f1f2)
∂xi

=
∂f1

∂xi

f2 ⊕ f1

∂f2

∂xi

⊕ ∂f1

∂xi

∂f2

∂xi

. (47)

f̄ := ¬f , x̄ := ¬x,

∂f̄

∂xi

=
∂f

∂xi

,
∂f

∂x̄i

=
∂f

∂xi

. (48)

f(x1, · · · , xn) Mf ,
∂

∂xi

M∂if . x := �
n
i=1xi,

∂f

∂xi

= M∂ifx = Mfx ⊕ Mfx1 · · · x̄i · · ·xn. (49)

, M∂if

M∂if = M⊕Mf [I2n ⊗ Mf(I2i−1 ⊗ M¬)]M2n

r , (50)

f .
∂f

∂xi

. ,

.

5 f(x1, · · · , xn) g(x1, · · · , xn)
mf ,mg ∈ B2n . σ

,

mfσg = mfσmg. (51)

5,

mT
∂if

= mT
f ⊕ mT

f (I2i−1 ⊗ M¬). (52)

: mT
∂if

= mT
f �B

(I2i−1 ⊗ 12×2), �B GF (2)
. ,

:

5 f(x1, · · · , xn)
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Mf ,
∂f

∂xi

M∂if

M∂if =

[
Row1(Mf) �B̃ Ξi

n

¬Row1(Mf) �B̃ Ξi
n

]
, (53)

Ξi
n = I2i−1 ⊗ 12×2.

,
∂f

∂xi

= M∂ifx,

∂if m∂if = [Ξi
n]T mf .

∂f

∂xi

xi ,

∂f

∂xi

xi :

∂f

∂xi

= M∂[i]fx1 · · · xi−1 x̂ixi+1 · · · xn, (54)

x̂i xi . , M∂if

2i M∂if = [C1 C2 · · · C2i ]. M∂[i]f

M∂if (

), :(
I2i−1 ⊗

[
I2n−i

02n−i×2n−i

])
,

M∂[i]f =

[
Row1(Mf) �B̃ [Ψ i

n]T

¬Row1(Mf) �B̃ [Ψ i
n]T

]
, (55)

Ψ i
n =

(I2i−1 ⊗
[
I2n−i 02n−i×2n−i

]
) �B̃ (I2i−1 ⊗ 12×2) =

Ii−1 ⊗ 1T
2 ⊗ In−i.

2 f(x1, · · · , xn)
mf ,

∂f

∂xi

(x1, · · · , xi−1, x̂i, xi+1, · · · , xn)

m∂[i]f = Ψ i
nmf . (56)

[42] .

3 mT
f 2i

mT
f = (c1,1 c1,2 c2,1 c2,2 · · · c2i−1,1 c2i−1,2),

mT
∂[i]f

:

mT
∂[i]f

=

(c1,1 ⊕ c1,2 c2,1 ⊕ c2,2 · · · c2i−1,1 ⊕ c2i−1,2). (57)

4
∂kf

∂xi1 · · · ∂xik

( i1 > i2 >

· · · > ik):

m∂[ik,··· ,i1]f = Ψ ik

n−k+1Ψ
ik−1
n−k+2 · · ·Ψ i1

n mf . (58)

.

, f(x1, · · · , xn)

:⎧⎨
⎩Gj(xi, f,

∂f

∂xi

, · · · ,
∂kf

∂xi1 · · · ∂xik

) = cj,

j = 1, · · · , s, i = 1, · · · , n.
(59)

: f(x1, · · · , xn)
. stuck-at-faults xi(s−a−α), xj(s−a−β)

:

x̄α
i xβ

j

∂f

∂xi

⊕ xα
i x̄β

j

∂f

∂xj

⊕ x̄α
i x̄β

j

∂2f

∂xi∂xj

= 1, (60)

α, β ∈ D, x1 := x, x0 := x̄.

.

5 , F (0)
= 0:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂F

∂x3

= ¬x1 ∧ ¬x4,

∂2F

∂x1∂x4

= ¬(x2 ∨ x3) ∨ (x2 ∧ x3),

∂2F

∂x2∂x4

= ¬x1,

∂2F

∂x1∂x3

∨ ∂2F

∂x1∂x2

= 1.

(61)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M∂[3]F = δ2[2 2 2 2 2 1 2 1],

M∂[1,4]F = δ2[1 2 2 1],

M∂[2,4]F = δ2[2 2 1 1],

Col(M∨M∂[1,3]F (I4 ⊗ M∂[1,2]F )(I2 ⊗ W[2])×
(I4 ⊗ M2

r )) = {δ1
2}.

F [a1 a2 · · · a16],

a1 ⊕ a3 = 0, a2 ⊕ a4 = 0,

a5 ⊕ a7 = 0, a6 ⊕ a8 = 0,

a9 ⊕ a11 = 0, a10 ⊕ a12 = 1,

a13 ⊕ a15 = 0, a14 ⊕ a16 = 1

a1 ⊕ a2 ⊕ a9 ⊕ a10 = 1,

a3 ⊕ a4 ⊕ a11 ⊕ a12 = 0,

a5 ⊕ a6 ⊕ a13 ⊕ a14 = 0,

a7 ⊕ a8 ⊕ a15 ⊕ a16 = 1,

a1 ⊕ a2 ⊕ a5 ⊕ a6 = 0,
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a3 ⊕ a4 ⊕ a7 ⊕ a8 = 0,

a9 ⊕ a10 ⊕ a13 ⊕ a14 = 1,

a11 ⊕ a12 ⊕ a15 ⊕ a16 = 1

a3 ⊕ a7 ⊕ a11 ⊕ a15 = 1,

a4 ⊕ a8 ⊕ a12 ⊕ a16 = 0.

F (0) = 0 a16 = 0,

:

mT
F = Row1(MF) =

[a b a b c a ⊕ ¬b ⊕ ¬c

c a ⊕ ¬b ⊕ ¬c ¬b ⊕ ¬c a ⊕ ¬c

¬b ⊕ ¬c a ⊕ c a ⊕ ¬b 1 a ⊕ ¬b 0].

a, b c .

4.2 (Boolean integral)

,

. :

7 f(x1, · · · , xn).

F (x1, · · · , xi−1, z, xi, · · · , xn),

∂F

∂z
= f(x1, · · · , xn), (62)

F f(x) i ,�
f(x1, · · · , xn)d[i] =

F (x1, · · · , xi−1, z, xi, · · · , xn). (63)

(56), :

Ψ i
n+1mF = mf . (64)

F (x1, · · · , xn) dF

dF :=
∂F

∂x1

dx1 + · · · + ∂F

∂xn

dxn.

, + .

.

8

fi(x1, · · · , xi−1, x̂i, xi+1 · · · , xn), i = 1, · · · , n.

F (x1, · · · , xn),

∂F

∂xi

= fi, i = 1, · · · , n. (65)

F

dh = f1dx1 + f2dx2 + · · · + fndxn

, dh .

F dh , F̄ dh

. F F̄ .

.

6

dh = f1dx1 + f2dx2 + · · · + fndxn,

dh F , F̄

∂fi

∂xj

=
∂fj

∂xi

, 1 � i < j � n. (66)

dh , dh�
dh = F (x) + C(C ∈ D).

6 , F .�
dh = F (x), F (0) = 0;�
d̄h = F̄ (x), F̄ (0) = 1.

F (x) :

7 dh = f1dx1 + · · ·+ fndxn

,

z( , z, z̄

. , z2n = 0):

Ψn �B z = b, (67)

Ψn =

⎡
⎢⎢⎢⎢⎣

Ψ 1
n

Ψ 2
n

...

Ψn
n

⎤
⎥⎥⎥⎥⎦∈Bn·2n−1×2n , b=

⎡
⎢⎢⎢⎢⎣

mT
f[1]

mT
f[2]

...

mT
f[n]

⎤
⎥⎥⎥⎥⎦∈Bn·2n−1 .

6 dh = x2dx1 + ¬x1dx2,

m∂[1]f = [1 0]T, m∂[2]f = [0 1]T.

(67) ⎡
⎢⎢⎢⎣

1 0 1 0
0 1 0 1
1 1 0 0
0 0 1 1

⎤
⎥⎥⎥⎦ �B

⎡
⎢⎢⎢⎣

z1

z2

z3

z4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

1
0
0
1

⎤
⎥⎥⎥⎦ .

F (0) = 0 z4 = 0.

z1 = 0, z2 = 0, z3 = 1, z4 = 0,

mF = [0 0 1 0]T. ,�
x2dx1 + ¬x1dx2 = (¬x1) ∧ x2, (68)

�
x2d̄x1 + ¬x1d̄x2 = (¬x1) ∧ x2 ⊕ 1. (69)

5 (Conclusion)

.

,
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