FE3MEH I
2017 4 H

ol I A
Control Theory & Applications

5 & Vol. 34 No. 4

Apr. 2017

DOI: 10.7641/CTA.2017.16033

KB AE S5 50 B I B ) w] e 2R BRIV

AT, BRIgRR?, EAOCT, & &
(1. iﬂ@ﬂ&i# folv et TAEERE, WFd ¥&BH 471003,
2. BT WL S TR0, K 300071; 3. RS RHE A 15 B TRESERE, VRS V&FH 471003)

E: KIS A — B 5 4 B T B —50 5 1 22 5K & F(semi-tensor product of matrices, STP), /£ A 7t T A&,
A B R R P R E AR I TR A B AR, WAL T KB AT 55 4 T i P AT AR A e ST B R TS AR AR AE
] &, F A STPI7 245 2 B (1) ke A F 2 ST B T 78 o0 BE A . BE T IR Be i R 78 0 0 B 5% 1, 37 T RE B R HH ]
E'Jﬁﬁﬁkljﬁ%%%m%ﬁ“ﬁ& K 13 45 TR R B R BEAT 570 e 100 51, 159 31 T 1% 1] AT R 1 P A 78 40 b B
kA, A, I IR Ee T A B, R B T — G B I A i 40, 584 i 5 ZE(completely optimal schedules) ]
{F1E.

KRR KPUEATSS L kNFRELR,; TTARE, B T7 2 HE R Tk A

HhE S TP273 SCERARIRAD: A
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Abstract: The theory of graph and a new mathematical analysis tool, semi-tensor product (STP) of matrices are applied
to consider the solvability conditions of k-track assignment problem by investigating the necessary and sufficient conditions
of k-internally stable sets of graphs (k-ISS). By defining characteristic vectors for vertex subsets of graphs and using the
STP, several new necessary and sufficient conditions of k-ISS are obtained, based on which two algorithms able to find all
the k-ISSs of a graph are established. The results obtained are further applied to the k-track assignment problem, and two
necessary and sufficient conditions of the solvability of the problem are proposed; also some interesting phenomena such
as completely optimal schedules are discovered by the new method.
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1 Introduction

The multi-track assignment problem is a key issue
in operational research and control theory, and has been
applied to many areas such as production scheduling
and control, discrete event dynamic systems and opti-
mal design of engineering. The problem has been in-
vestigated extensively in recent years. Cornelsen and
Stefano!!! considered how to assign tracks of a station
to some trains such that they can leave and enter with-
out conflicting with any other one. Later, the problem
of track assignment of a station was further examined
by Demange, et al.”?). The described this problem as an
online coloring of circle graphs or permutation graphs
under the assumption that a station is composed of ser-
val parallel tracks and each track is approachable from
one or both sides for one or multiple trains. As regard
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the optimization of track assignment, Severson and Pa-
ley®! proposed a method to optimize the performance
of assignment in the circumstance of multiple shipboard
radar systems by maximizing the collective search area
of the radars. As a continuation, Severson and Paley!*
discussed the optimization problem in the context of
ballistic missile surveillance and tracking.

However, to the best of our knowledge, there has
been no result on how to find out all the feasible sched-
ules and all the optimal schedules for a given multi-
track assignment problem. Finding all the feasible
schedules and all the optimal schedules is useful to un-
derstand the inherent logical relationship of multi-track
assignment problem. Hence it is meaningful to discuss
complete solution sets of the problem, and of course it
is a challenging work.
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Graphs provide mathematical models to analyse
successfully many concrete real-world problems. Re-
garding the problem of multi-track assignment, it can
be modeled as a k-internally stable set of a graph (k-
ISS). A k-internally stable set is an extension of inter-
nally stable set that there is no a path of length equal to
or less than k between any two vertices of the set, where
an internally stable set is a set of vertices in which no t-
wo vertices are adjacent, in other words, there is no path
of length 1 between any two vertices of the set.

Unfortunately, little attention has been paid on how
to find out all k-internally stable sets of graphs. Encour-
agingly, the theory of semi-tensor product (STP), which
was proposed by D. Cheng and H. Qil®! in recent years,
provides a promising approach to model and analyse the
structure of graphs. Y. Wang!®! is the first who intro-
duces the STP to graph theory. Using the STP he inves-
tigated the problems of the maximum weight stable set
and vertex colouring, and presented several new results
and algorithms, which can be used to study some prob-
lems of multiple agent systems such as the group con-
sensus. Later, M. Meng and J. Feng!”! applied the STP
to the field of hypergraph. Using the STP, they stud-
ied the problems of stable set and colouring of hyper-
graphs and obtained some new results and algorithms
that can find all the colouring schemes and minimum
colouring partitions. Besides, STP has been applied
successfully to many fields such as Boolean network-
st game theory!!>"13), nonlinear systems!'*!, fuzzy
control systems!!>! and finite automatal'®!?!, Especial-
ly in the field of graph theory, as Y. Wang!® said, the
STP method can express graph problems in a clear way
and is helpful for further study of graph problems.

Motivated by the above, one of the aims of our work
is to investigate the k-internally stable sets of graphs
and establish their new necessary and sufficient condi-
tions and search algorithm by using STP as a main re-
search tool. Another aim is to apply the results obtained
to the k-track assignment problem, and further to es-
tablish an algorithm to find out all the feasible sched-
ules and optimal schedules for a given multi-track as-
signment problem. Our main contributions are as fol-
lows. We provide a new mathematical formulation for
k-internally stable sets of graphs, and obtain several
new theoretical results and algorithms. These new re-
sults are further applied to consider the k-track assign-
ment problem and two necessary and sufficient condi-
tions of the solvability of the problem are proposed; al-
so some interesting phenomena are discovered by the
new method, which differs greatly from the existing re-
sults. It is worth noting that our focus of this paper is on
the theoretical results and solution algorithms. How to
reduce the computational complexity is our next work.

The paper contains the following contents. Section
2 gives some preliminaries on the STP and k-internally

stable sets of graphs. Section 3 devotes to discuss how
to search k-internally stable sets of graphs by the STP,
and present serval new results on the issue. The solv-
ability conditions of the k-track assignment problem is
presented in Section 4. Section 5 tests the correctness
of the results by an illustrative example; this is followed
by some concluding remarks in Section 6.

2 Preliminaries

This section gives some necessary preliminaries on
the STP, k-ISS, k-MISS and k-AMISS of graphs.

Definition 1°!  For M € M,,,.,, and N € M.,
their semi-tensor product, denoted by M x N, is de-
fined as follows: M x N := (M ® I,,,)(N ® I,,,),
where s is the least common multiple of n and p, and ®
is the Kronecker product.

Remark 1

al matrix product, when n = p, it reduces to the latter. Not

STP is a generalization of the convention-

only do almost all the major properties of the conventional ma-
trix product remain true for STP, for instance, the associative
law is that for A € Myxn, B € Mpxg, and C' € M5, we
have (A X B) x C = A x (B x C), but STP can overcome
some defects of the conventional matrix product; the follow-
ing is an interesting example. For a detailed description, please
refer to [5].

Definition 25! A swap matrix W, is an
mn X mn matrix, which is defined as follows. Its
rows and columns are labelled by double index (i, j),
the rows are arranged by the ordered multi-index
Id[(I, J), (, )], and the columns are arranged by the
ordered multi-index Id[(7, J), (4, j)]. Then the element
at the position [(Z, J), (i,7)] is

1, I=d¢and J =
I1,J
Wit 6g) = 0] = { ’ ’

0, otherwise.
Remark 2  From Definition 2, it is easy to see that for
any X € R™ and Y € R", we havel
{W[m_’n] XX XY =Y x X,

ey
Winm) XY X X = XY,

This can be seen as the “quasi-commutative law” of the STP,
which the conventional matrix product does not hold.

Let “1” and “0” represent the logical “True”
and “False” , respectively, and D := {0, 1}. In many
cases, we use the following vectors to represent them.
T :=1~ 63, F :=0 ~ 42, where 0’ is the ith
column of the identity matrix I,,, and “~” denotes

“identity” . Similarly, a k-valued logical variable
x € Dy,
Dk::{oa ﬁa %7 T 1}7
can be represented with the vectors:
H ~Oi=1,2 k.
The following are some notations used in this paper:
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A, ={6L,---,0"}. Especially Ay = {43,83} is
the vector form of the logical range D := {0, 1}.

k, € R™ is a column vector with each element be-
ing real number k.

col;(A) is the ith column of matrix A, col(A) is the
set of the columns of A.

Definition 312! The Boolean product of matrices
A = [aijlpxqg and B = [b;j];x,, denoted as C' =
AxgB = [Cijlpxr, is defined as follows: c¢;; =

v (@i A byj), where VV and A are the logic addition and

n;ultiplication on D, respectively. Further the Boolean
power of matrix A is defined as A% = A, A*s =
AR g Ak =1,2,---.

A graph G consists of a finite nonempty set V' of ob-
jects called vertices and a set E of 2-element subsets of
V called edges. The sets V' and E are the vertex set and
edge set of G, respectively. So a graph G is an ordered
pair of two sets V and FE, denoted by G = (V, E). For
a graph G = (V, E) with V. = {vy,vq,- -+ ,v,}, if
e;; = (v;,v;) € Eimplies ej; = (v;,v;) € E, G
is called an undirected graph; otherwise,G is called a
directed graph. A graph G’ = (V' E’) is called a
sub-graph of G if V! C V and E' C E. A path of
a graph G=(V, E) is a sub-graph P = (V’, E’) of the
form V'={w;,,vi,, -, vi, }» B'={(vi,, vi, ), (Vig, Uiy ),

-, (viy_,,vi, ) }- The number of the edges of a path
from v; to v; is its length, denoted as d(v;,v;). For
i = j, we define d(v;,v;) = 0.

Definition 41> A set S of vertices of graph G
is a k-internally stable set (k-ISS) of G if for ev-
ery pair vertices v; and v; of S there is no path with
d(v;,v;) < k between them. A k-internally stable set
S is said to be maximum (k-MISS) if any vertex subset
strictly containing .S is not a k-internally stable set. A
k-internally stable set with the largest number of ver-
tices is called a k-absolute maximum internally stable
set (k-AMISS).

3 Algebraic approach to search k-ISSs and
k-AMISSs

In this section we investigate how to search k-ISSs
and k-AMISSs of graphs in a mathematical manner and
present the main results of this paper.

3.1 Searching k-internally stable sets
Consider a graph G= (V, E) with V' = {vy, vy,
-, Up }. The adjacency matrix A = [a;;] of G is de-
fined by

17 iy Vg GE,
ij:{ (vi, v;) )

0, otherwise.

The k-adjacency matrix A*! of G is defined as
AWMl = A A% ..oy AFB (3)

where A"2(i = 1,2,---,k) are the Boolean power

of matrix A, and V is defined as follows. For A =
[aij]an and B = [b”]an, then A V B = [CL”\/
bij}mxn'

For a given subset S C V, we define Vg =

[€1, 29, ,x,] as its characteristic vector, where
1, ifzx, €8
xi:{o’ e )
, otherwise.
Further we define
Ys = xi1¥s, (5)
where y; = [z, 7)Y, Z; =1 — @, 1 =1,2,--+ ,n.

Remark 3  According to [5], every y; in Eq.(5) can be
derived from Yg. y; is defined by x; that is determined unique-
ly by the subset S. Thus Yg is in one-to-one correspondence
with Vg, and therefore Yg can also be called the characteristic
vector of .S. In this paper Yg and Vg can be used interchange-
ably without arising confusion. One can get a subset S if a
characteristic vector Yg is known.

We first introduce the following definition.

Definition 5 We call FEg4iomer(m,n) and
Eqjatter (M, n) dummy operators, where

Ed,former(mvn) - [Im7 e 7Im])

Ed,latter(ma n) = [In7 e 7In]
————

m
The reason we call them dummy operators is that
for m- and n-valued logical variables, u € A,, and
v € A, we have

Ed,former(my n) XuXv=uv,
E W, - ©)
d,latter(m, n) X Win,m) X 4 XU = u.
For notation concision, when m = n = 2, de-

note Eq tormer(2,2) and Egjatter(2,2) as Eq and EY,
respectively.
Theorem 1 Let AF = [ay;]] be the k-adja-
cency matrix of graph G = (V, E) with V' = {vy, v,
- ,Un}. G contains a k-internally stable set if and
only if thereis a 7,1 < j < 2", such that

col;(M) = 0,, @)
where
M,
M2 n (k]
M = 7Mi:QZaijﬂj7i:1727'”7n7
: j=1
M,

7—‘1-]- = (Ed)”_2 ¢ W[QJ"anj] X W[2i72j7171],
Q=[1000].

Proof We first prove that there is a path with
d(v;,v;) < k from vertex v; to v; if and only if
ay;] = 1. Consider A'* = [al],1 < | < k. The
definition of Boolean product of matrices implies that
al = vV (am VAN Ay VANEERIAN ailflj). (8)

1j .
i1, 500
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Observing Eq.(8), it is easy to see that aﬁ.j = 1iff That is,
there exist [ — 1 subscripts 41, o, - - - , ;1 such that MxYs=0 (13)
- ns
Qigy = Qiyiy = ==+ = Gy_y5 = L. M,
This together with Eq.(2) tell us that there exists an M,
edge between vertices v; and v;,, v;, and v, - -, V;,_, where M = .
and v;, respectively. Thus aéj = 1 is equivalent to M
n

that vertices v; and v; are connected by a path with
d(v;,v;) < I; if the subscripts i,4q, 42, - , 41, ] are
distinct from each other, the length of the path is [.
Now we consider AFl = [ay;-]]. ay;»] =a; Va;V
~--\/afj = 1 if and only if there is an [,1 < [ < k,

such that aéj =1, i.e., there is a path with d(v;, v;) <
from vertex v; to v;, therefore, ay;] = 1if and only if
there is a path with d(v;, v;) < k from vertex v; to v;.

Next we prove Theorem 1. (Necessity). If G' con-
tains a k-internally stable set S with characteristic vec-
tor Vg = [1, 29, -+ , x,], itis easy to know from Defi-
nition 4 that for any two vertices v;, v; € V, if ay;] =1,
that is, there is a path with d(v;,v;) < k between v;
and v, then either v; ¢ S or v; ¢ S, by which and
Eq.(4) we have z;z; = 0. Thus the characteristic vec-
tor Vs = [z1,Zq, -+ ,x,] of S satisfies the following
equations

(%]

aj;xic; =0,1=1,2,--- n. )

-

1

J
Since x;x; = x;x;, without loss of generality, we
assume ¢ < j in the following. Using Eqs. (1) and (6),

fory; = [x;,1 — 2;]" and y; = [z;,1 — z;]T, we can
get the following equation:
YiY;j
(Ed)n_QZ/jH o YnYir1 o Yi—1Yr o Yi—1YilY; =
(Ed)n_2W[2j72"*J]yi+l e yj—lyl “ e yn —

(Ba)" *Wias gn-) Wi gi—i-y1 - Yilig1 * Yo =
T:;Ys, (10)
where T;; = (Ed)”72 X Wigs on—i1 X Wigi 2i—i-1), Y5 =
X g Yi-
Because x;2; = Q(y; X y;), we then have

€Tyl = Q(Tz] X YS)7 (1)
where @ =[1 0 0 0].
Equation (9) can be therefore rewritten as
> 4 QT x Ys) = Q(Y ajj T,;) x Vs =
j=1 j=1
M;xYs=0,1=1,2,--- ,n, (12)
where M; = Q(> a£§]nj).
j=1
Note that Eq.(12) are equivalent to

M, x Vg =0,
M, x Y =0,

Mn X YS = 0.

Now we can get that if G contains a k-inter-
nally stable set S with characteristic vector Vg = [z,
Zg,-+- ,T,], then Eq.(9) is solvable, equivalently,
Eq.(13) holds, which implies that there exists a column
of M that is 0,,. The necessity is obtained.

(Sufficiency). If thereisa 7, 1 < 7 < 27, satisfy-
ing col;(M) = 0,,, then the vector Yy = 63, satisfies
Eq.(13). Hence, Eq.(9) has a solution (z1, z2, -+ , Z,),
which corresponds to a characteristic vector of a subset
of V, say, S. Since x; € D and ay;] > 0, we have
a,[i’;]azixj > 0. This together with Eq.(9) indicates that
ay;]azixj = 0 holds for any 7 # j, which tell us that
if ay;] = 1 then either z; = 0 or z; = 0, i.e., either
v; ¢ Sorv; ¢ S. By the definition of k-internal stable
set, S is a k-internal stable set of G. We then get the
sufficiency. The proof is completed.

To construct, based on Theorem 1, an algorithm to
search all k-internally stable sets of graphs, we express
Theorem 1 in another form as follows:

Theorem 2 Consider a graph G = (V, E) with
the k-adjacency matrix A = [ay;]]. For a given
subset S C V, let its characteristic vector be Vg =
(21, @2, ,2,), and let Y = xP_y; = 05., y; =
[2;,7;]". Then S is a k-internally stable set of G iff

col, (M) = 0,, (14)
where
M,
v | M—g S a1, o,
: i=1
Mn J

T,; = (Ed)nf2 X W[ngn—j] X W[Qi,gj_i_l},
Q=1[1000].

Proof (Necessity). If S is a k-internal stable set
of GG, from the proof of the necessity of Theorem 1,
we know that the characteristic vector Y = 85, of S
satisfies Eq.(13), i.e., M x 65, = 0,,. Note that the di-
mension of M isn x 2™ and Yg is of 2" x 1 dimension.
In this case the semi-tensor product of matrices reduces
to the conventional product of matrices. Thus M x 45,
is just the kth column of M. The necessity is proved.

(Sufficiency). If col,(M) = 0, then the vector
Ys = 6%, satisfies Eq.(13). Recall the proof of the suf-
ficiency of Theorem 1, and we know S is a k-internal
stable set of GG. The proof is then completed.



No. 4

YUE Ju-mei et al: Solvability of k-track assignment problem: a graph approach 461

Based on the proofs of Theorems 1 and 2, the follow
conclusion is obvious.

Corollary 1  For a given graph G = (V, E), as-

sume its k-adjacency matrix is A¥) = [ay;]}. Assign
each vertex v; € V a characteristic variable x; as de-
scribed in Eq.(4) and define y; = [z;,7;]*. Then G
contains a k-internally stable set if and only if the fol-
lowing equation

M =, y; =0, (15)
has at least one solution, where M is given in Eq.(14).
Moreover the number of k-internally stable set equals
to the number of the solutions. One can get, according

to Remark 3, a k-internally stable set from each solu-
tion.

Theorem 2 suggests an algorithm which can find out
all k-internally stable sets of an arbitrary graph.

Algorithm 1 Given a graph G = (V, E) with
AlFl = [ay;]] as its k-adjacency matrix, assign each ver-
tex v; € V a characteristic variable x; as described in
Eq.(4) and define y; = [z;,1 — z;]T. Taking the fol-
lowing steps one can obtain all k-internally stable sets
of G.

Step1 Compute the matrix M in Theorem 2.

Step 2 Check whether there exists a zero-column
0, in M. If not, G has no k-internally stable set and
the computation comes to end. Otherwise, set

K = {i|col;(M) = 0,}. (16)

Step 3 For each [ in K, consider the equation
X Yi = 5én- We define

S? = (Ed)n71 X ‘/‘/[27211—1]7

S = (Ea)" ™" x Wigign-y, 17

Sy = (Ba)" .
Then y; can be obtained by computing y; = S;*
Obyi=1,2,-++ ,m.

Step4 Select y; =44 and construct S; = {v;|y; =
d3}. S, is a k-internally stable set of G.

All k-internally stable sets of G are

{5l € K, S, is produced by Steps 3 and 4.}

The k-internally stable number of G is B (G) =
rlnalgi{]Sl\}, where |S)| is the cardinality of S;. All k-
e

X

absolute maximum internally stable sets of GG are

(= {Sl‘ ’Sl| = Bk(G)}-
Remark 4

internally stable sets of a graph, we can get some k-internally

Since the algorithm above can find all k-

stable sets with some special properties, such as, there is no
common vertex between every two k-internally stable sets of a
family of k-internally stable sets, say, {S1, 52, -, Sm}.

Remark 5  All the operations related to STP in Algo-
rithm 1 and Theorems 1 and 2 can be easily completed by the
MATLAB toolbox developed by Professors D Z Cheng and H
S Qi, which is accessible at: http: //Isc.amss.ac.cn/dcheng/stp/
STP.zip.

3.2 Searching k-absolute maximum internally
stable set

Algorithm 1 provides a way to find out all k-
internally stable sets of graphs, of course, including k-
absolute maximum internally stable sets (k-AMISSs).
In this subsection, we investigate the problem separate-
ly and present a necessary and sufficient condition of
such kind of subset and an algorithm able to search all
k-AMISSs of an arbitrary graph.

Lemma 12! Tet A¥ = [ay;]] be the k-adja-
cency matrix of graph G = (V, E), S C V is a giv-
en subset. Assign each vertex v; € V a variable x;
that z; = lifv, € Sandz; = 0ifv; ¢ S, then S
is a k-AMISS if and only only if (z1,x, -+ ,x,) is a
maximum point of the function

f(xla R
>Ywi—(n+1) )
i=1 i=1j=1,j%i
and the maximum value of f is non-negative.
Theorem3 Let A = [ay;]] be the k-adjacency
matrix of graph G = (V, E). Consider a subset S C V

whose characteristic vector is Vg = [z, Za, -, Z,].
Assume that

axn):

S oaMaa;,  (18)

1J

Ys = Xy y; = b, yi = [4, 4],
then S is a k-AMISS of G if and only if the kth com-
ponent of M is maximum among all the non-negative
components, where
n

M=PT)—(n+1)M, (19)

i=1
in which
P = []. 0], Ti = (Ed)n_l X W[27,72n7i],

n n

Q=[1000, M=Q(X > aT;),
i=1j=1,j7#i
ﬂj = (Ed)n72 X W[ngnﬁ] X W[Qi,Qj—i—l],

Proof From the proof of Theorem 1 we know that

T;T; = Q(E] X Ys)

Thus the part > > a[k]mia:j of f can be ex-

ij

i=1j=1,ji

pressed as
> > Qi Tilj = QY. X Q;j Ti;) x Ys.
i=1j=1,j7i i=1j=1,ji

(20)

n
Next, we consider another part > x; of f.
i=1
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Using Eqgs.(1) and (6), we can get
Yi = (Ba)" ™ X Y1 X Y XYy X Ky =
(Ed)"_1 X Wigign—i] X Y1 X -+ X Y, =
(E)" ' x Wigi gn—i) X Y.
Thus 2; = Py; = P((Ea)" ™" X Wigi gn-i X Ys). We

then have

ix = P((3 (Ba)" ™" % Wigron)) % Ys). (21)

i=1
Substituting Eqs.(20) and (21) to Eq.(18), we get
f(xh“' axn) -
P((3 (Ba)" ™" X Wigigns)) —
i=1
(n+DQ(Y X aj'Ty))xYs=
i=1 =1, %
M x Yy, (22)
where M is given in Eq.(19).
Recall that Ys = X vy; y; = [z, 7" and
(x1,xq,- - ,x,) are determined uniquely by each oth-

er, or say, they are in one-to-one correspondence with
each other, by which we know from Lemma 1 that
if S is a k-AMISS of G, then its characteristic vec-
tor Yg = (5& is a maximum point of Eq.(22) and the
maximum value is non-negative, i.e., M x Yg is the
maximum non-negative value of Eq.(22). Note that
M x Ys = M x 85, is just the kth component of M,
and that the range of f is the set consisting of all differ-
ent components of M (because Ys = X7 y; € Agn).
Therefore the kth component of M is a maximum one
among all the non-negative components.

Conversely, if the kth component of M is a max-
imum component among all the non-negative compo-
nents, from Eq.(22) and the assumption that the char-
acteristic vector of S is Yg = 65,, we know Yy is a
maximum point of Eq.(22) and the maximum value is
non-negative. Therefore, according to the equivalence
between Eq.(22) and Eq.(18) and the one-to-one corre-
spondence between Yy and (x1, xo, - - , T, ), we know
(x1,x9, -+ ,x,) is a maximum point of Eq.(18) and
the maximum value is non-negative. By Lemma 1 we
know that S is k-AMISS of GG. The proof is completed.

Similar to the relationship between Algorithm 1 and
Theorem 2, Theorem 3 provides a way to search all k-
AMISSs of graphs.

Algorithm 2 Assume that A% = [ay;]] is the k-
adjacency matrix of graph G = (V| E), assign each
vertex v; € V a characteristic variable x; as described
in Eq.(4) and define y; = [z;,1 — z;]*. To get all k-
AMISSs of G, one can take the following steps.

Step1 Compute the matrix M in Theorem 3.

Step 2 Check whether all components of M are
negative, if yes, G has no k-AMISS and the computa-

tion comes to end. Otherwise, set
K = {i|col;(M) = max(col(M))}. (23)

Step 3 For each [ in K, consider the equation
X" ,y; = Ob.. Define SP' = (Eq)" ™" x Wigi gn-i),
1 = 1,2,--- ,n. Then y; can be obtained by comput-
ingy; = SP X 8bayi=1,2,--+ ,m.

Step4 Select y; = d3 and construct the set

Sr = {vily: = 83}
S'is a k-AMISS of G. All k-AMISSs are
{Si|l € K, S, is produced by Steps 3 and 4.}.

The following conclusion on k-maximum weight
internally stable set (k-MWISS) can be proved in a very
similar way to that of Theorem 3, and the proof is omit-
ted.

Theorem 4  Consider a graph G = (V, E) with
a non-negative function w : V' — R. For a given subset
S C V, suppose that the characteristic vector of S is
Ys = 0%.. Then S is a k-maximum weight internally

stable set of GG if and only if the kth component of M
is the largest one, where

M = P(Y w(w)Ti) = (1+ Y w(w)M, 24)
i=1 i=1
in which P, T} and M are given in Eq.(19).

Remark 6

gorithm to find out all k-maximum weight internally stable sets

From Theorem 4 we can establish an al-

of graphs, which is very similar to Algorithm 2, just replace M
of Algorithm 2 by M in Eq.(24), and therefore we omit it here.

4 Solvability of k-track assignment problem

The k-track assignment problem is a kind of re-
source allocation problem in operation research and
scheduling theory with aiming to assign n jobs to k-
machines. Each job starts and ends at specific times
and can be processed by only one machine. Each ma-
chine operates in a certain track (period) beginning and
finishing at certain times. Moreover each machine can
handle only one job or is idle at a time. A schedule is
an assignment of jobs to machines such that the time in-
tervals of the jobs assigned to the same machine do not
conflict with each other, and that these time intervals are
contained in the working time interval of the machine.

Mathematically the k-track assignment problem
can be expressed as follows. Let I be the set of all inter-
vals corresponding to all jobs, and I be the set of the
time intervals of the jobs which can be processed on the
machine j. The k-track assignment problem is to find &k
disjoint sets S1, Sy, - - -, .5, C I satisfying

1) SJ QFJ fOI'j: 172,"' ,k;

2) The intervals in .S, are not overlapped with each
other;

3) |51 USy U+ US| is maximal. S = (S,
Sg, -+, Sk) is called a feasible schedule if Egs.(1)-
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(2) hold. If Eq.(3) holds additionally, S = (.S, S5,
--+, Sk) is said to be optimal.

The k-track assignment problem can be modeled by
circular-arc graphs. A circular-arc graph is the intersec-
tion graph of a set of arcs on a circle. It has one vertex
for each arc in the set, and an edge between every pair
of vertices corresponding to arcs that intersect.

Formally, let I1, I, - - - , I,, be a set of arcs, the cor-
responding circular-arc graph is G = (V, E) where
V ={L,,---,1,} and (I;,I;) € E if and only
if (I; N 1;) # @. Fig.1 is an illustrative example.

(a) Setof arcs

I, I,

I I
(b) Corresponding circular-arc graph
Fig. 1 Example of circular-arc graph

For a given k-track assignment problem, using arcs
to represent time intervals of jobs, the k-track assign-
ment problem can be represented by a circular-arc
graph. A schedule is then to find some group of dis-
connected vertices in the circular-arc graph, which cor-
responds to finding interval stable sets. To make the
number of assigned jobs be largest, one needs to find
some absolutely maximum internally stable sets in the
circular-arc graph.

In this section, as an application of k-internally sta-
ble set and k-maximum internally stable set, we con-
sider a simple case that the £ machines have the same
function, i.e., every job can be assigned to every ma-
chine. In this case, the k-track assignment problem is
to find some disjoint internally stable sets or absolutely
maximum internally stable sets in the set I, which can
be achieved by the results/algorithms presented in Sec-
tion 3. To solve such k-track assignment problem, we
only need to set the & in the obtained results to be 1, con-
sequently the k-internally stable set and k-absolutely
maximum internally stable sets reduce to the internal-
ly stable set and absolutely maximum internally stable
sets, respectively.

Based on the analysis above and the results of Sec-
tion 3, we have the following conclusions.

Proposition 1  For a given k-track assignment
problem, assume that its graph model is G = (V, E)

with Al = (a%]) being the 1-adjacency matrix.
The k-track assignment problem has a feasible sched-
ule if and only if there exist £ column indices 1 <

jl)jZ?' T 7jk § 2™ such that
COlji(M):On? 121727 ak:' (25)
where
M,
My LAY .
M: ’M,L':lejlaijﬂj7l:1’2’...7n’
]:

M,
Ti; = (Ea)" ™ x Wigi gn-i) X Wigi 2i-i-1),
Q =[1,0,0,0].
Proposition 2  The k-track assignment problem

in Proposition 1 has an optimal schedule if and only if
there are £ maximum non-negative components in M,

M = P(f T,) — (n+1)M, (26)
i=1

in which
P = [1,0], T‘z = (Ed)n_l X W[2i72nf71],
M = Q(Z Z ag’;]Tij)ﬂ Q = [1,0,0,0]7
i=1j=1,j%i
Tij = (Ed)n72 X W[Qj,gn—j] X W[2i72j—i—1].
The proofs of Propositions 1 and 2 follow from The-
orems 1 and 3 immediately and are omitted.
Remark 7

be applied to solve the track assignment problem after a slight

Based on Proposition 2, Algorithm 2 can

modification that in Step 1 of Algorithm 2 replace the matrix
M by the matrix M in Proposition 2. In practice, we first use
Algorithm 2 to find out all 1-absolute maximum internally sta-
ble sets of the graph that is the model of the track assignment
problem to be solved, then collect the disjoint sets among these
1-absolute maximum internally stable sets, the resulting set-
s are the optimal schedules of the track assignment problem.
Next we use an example in [21] to illustrate it.

Example 1 Consider the k-track assignmen-
t problem shown in Fig.2(a), which contains eight jobs
varying from 8 a.m to 11 p.m, whose graph model is
G=(V,E),V ={1,2,---,8}, as shown in Fig.2(b).

Fig.2(a) Jobs varing from 8 a.m. to 11 p.m.
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Fig.2(b) Corresponding graph model

We first give the 1-adjacency matrix AlYl = [ag-]]
of G.
[0 001110 0]
00001O0T11
00000O0OO0T1
qn_|10000101
11000110
10011000
01001000
0111000 0]

Step 1 According to (26) we can get the matrix
M as follows:

M =
[—190,—-137,—155,—102,—137,—84, —102, —49,
—-119,-66,—-102, —49, -84, —-31, —67, —14,
-137,-102, -102, -102,-67,—67, —32,—66,—31,
—49,-14,—-49,—-14,-32,3,—173, —138, —138,
—103,—-120, —85, —85, —50, —102, =67, —85, —50,
—67,-32,-50, —15, —120, —103, —85,—68,—85,
—68,—-50,—33, —49, —32, —-32, —15, —32, —15,
—15,2,-137,-102,—120,—85,—84,—-49,-67, —32,
—84,—-49,-85,-50,—49,—14,-50, —15, —84, —67,
—67,-50, —49, —32, —32, —15, —31, —14, —32,
—15,-14,3,-15,2,-120,-103,-103, —86, —67,
-50,-50,-33,-67, —50, —68, —51, —32,—15,—-33,
-16,—67,—68, —50,—51, —32,-33,—-15, —16, —14,
—15,-15,-16,3,2,2,1,—137, —84, —102,—49,
—-102,—-49, —67, —14,—84, - 31, —67, —14, —67,
—14,-50, 3,-102,—-67,-67, —32, —85, —50, —50,
—15,—-49, —-14, -32, 3,—50,—15,-33,2,—120,—85,
—85,—-50,—85, =50, =50, —15, —67,—32,-50,
—15,-50, -15, —33, 2, -85, —68,-50, —33, —68,
-51, —-33, -16, —-32, —15, —15, 2, —33, —16, —16,
1, -84, —-49,—-67,-32, —49, —14, —-32,3, —49,
—14,-50, -15, -32, 3,—-33, 2, —49, —32, —32,
—15,-32,-15,-15,2, 14,3, —15, —15, 2, —-16,
1,—-67,—-50, =50, =33, —32, —15, —15, 2, —32,
—15,-33,-16,-15,2, -16,1, =32, —33, —15,
-16,-15,1-16,2,3,2,2,1,2,1,1,0].
Step 2 There are nine maximum non-negative
components 3 in M, which are marked by underlines.

Their positions are 32, 94, 125, 144, 156, 200, 206, 218
and 249, respectively. Thus

K = {32,94,125, 144, 156, 200, 206, 218, 249}.

Step 3 For each element | € K, computing y; =
S8 X Ohsg, i =1,2,---, 8, where S? are defined as in
Eq.(17). Take [ = 32 for example, we get

Y1 = 51 X 8355 = 03, Y2 = S5 X 8356 = 05,
Ys = S5 X O3 = 0, ya = S§ X 03z = 03,
Ys = S5 X G35 = 035, Yo = Sg X O3z = 0,
yr = 55 X 8326 = 03, ys = Sg X 053 = 0.

Step 4 Select y,,%2,ys and construct the set
S3s = {1,2,3}. S35 is a 1-absolute maximum inter-
nally stable set of G.

All the other 1-absolute maximum internally stable
sets can be obtained in a similar way. All of them are
listed as follows:

S32 = {17 27 3}7 SQ4 = {17 37 7}7 5125 = {17 77 8}7

8144 = {27 Ba 4}7 5156 = {25 35 6}7 S200 = {3) 4) 5}7

S206 - {37 47 7}7 5218 - {37 67 7}7 5249 - {67 77 8}
(27

For the 2-track assignment problem, just choose t-
wo disjoint sets in Eq.(27), the collected sets correspond
to an optimal schedule. All optimal schedules are as fol-
lows:

({1,2,3},{6,7,8}),({2,3,4},{6,7,8}),
({3,4,5},{6,7,8}),({1,7,8},{2,3,4}), (28)
({1,7,8},{2,3,6}), ({1,7.8},{3,4,5}).

To obtain the optimal schedules of 3-track as-
signment problem, we need to know additional
I-internally stable sets, which can be achieved by Al-
gorithm 1, all of them are listed in the following. (The
detailed process is omitted, which is similar to the above
analysis procedure).

Sea = {1,2}, So6 = {1,3}, Si2s = {1},
5160:{2,3}; 5176:{274}7 5188:{276}7
5192 = {2}7 S208 = {374}, 5216 = {3; 5}7
Shoo = {3,6}, Shog = {37 7}7 Sooq = {3},
Sasg = {47 5}7 Saszs = {47 7}, So40 = {4}7
5247 = {578}7 5248 = {5}, 5250 = {6; 7}7
Sos1 = {6,8}, Sy = {6}, Sos3 = {7,8}7
Sosq = {7}7 Sass = {8}

(29)

Collecting two disjoint sets from (28) and (29), one
from (28), the other from (29), we can get all optimal
schedules of the 3-track assignment problem, which are
listed as follows:

({17 27 3}7 {47 5}7 {67 77 8})7

({17 2}’ {37 47 5}7 {6’ 7’ 8})7

({17 77 8}7 {27 6}7 {37 47 5})7
({1,7,8},{4,5},{2,3,6}).

Remark 8 It is interesting to find from Eq.(30) that
each of the four optimal schedules contains all the jobs; hence

(30)

three tracks (machines) are enough for the assignment prob-
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lem. We call the schedule having the least number of track-
s and containing the entire jobs completely optimal schedule.
Our method provides a way to find all the completely optimal
schedules for the k-track assignment problems.

Remark 9

applied to solve other similar assignment problems which can

The method described above can also be

be modeled as circular-arc graphs such as the frequency assign-
ment problem, memory assignment problem and room assign-
ment problem.

S Illustrative example

This section uses an example in [21] to illustrate
the procedure to search all k-internally stable sets of a
graph by using the proposed method, and to verify the
correctness of the results/algorithms presented in this
paper.

Example 2 Consider the directed graph G =
(V,E) with V' = {v, va, - , v} as shown in Fig.3.

v, v, v,
v,

v, U, ¢
Vg v,

Fig. 3 The graph of Example 2

We use Algorithm 1 to search all k-internally stable
sets and k-absolute maximum internally stable sets of
G. Let us first consider the case of k = 2.

According to Eq.(3),
adjacency matrix of G.

it is easy to get the 2-

01111000
00100101
00000111
i 00000110
00000O0T1O0
00000O0O0CO
0000001 0]

Steps 1 and 2 With Al we can have the matrix
M in Eq.(7), in which the numbers of zero-columns
are 123,124,126,127,128,174,176,184, 190, 192,
216, 224, 238, 240, 247, 248, 251, 252, 254, 255.

And thus, the set K is

K = {123,124,126,127,128,174,176, 184,
190,192,216, 224, 238, 240, 247, 248,
251,252,254, 255}.

By Theorem 1 we know that G contains a 2-

internally stable set; by Corollary 1 we further know

that these twenty zero-columns determine twenty 2-
internally stable sets.

Step 3 For each element | € K, computing y; =
S8 x O, we can get y;, i = 1,2, - -+, 8. Then the set
S; = {vi|y; = 65} is a 2-internally stable set.
Take | = 123 for example, we have
y1="57 x 0358 =05, yo =55 x 0,55 =03,
Y3 =153 X 0335 =03, ya =54 x 6,23 =103,
s = S5 O3 =%, =S w 312 =6},
yr =157 ® 6355 =03, ys=S553 X 0535 =105.
Collecting 1, ys, and ys, we then get a 2-inter-
nally stable set Sio3 = {v1,vs,vs}, which is shown
in red in Fig.3.
Consider another example, for [ = 174, computing
Y =S¥ x 0304, i=1,2,--- 8, we obtain the follow-
ing:

€2y

= 5w BT = 02, yo= 55 w SYd =0},

ys=953 % 0,55=103, ya=15§ x 0355 =03,

Ys =55 X 053 =03, Yo =155 X 035="03,

U =3 w B3I =}, s =S5 x G314 =03,

Y2, Y4 and y; indicate another 2-internally stable set
Si74 = {va, vy, v7}, which is marked in blue in Fig.3.

(32)

Similarly, by computing y; = S? x b for oth-
er [s in K, all the other 2-internally stable sets can be
obtained. They are listed in the following.

Sioa= {Ul) 06}7 S126 = {Uh U?}, Sia7= {Ul ) Us},
S1as = {v1}, S17a = {v2,v4}, Sir = {v2, 05},
Sig4 = {v2,v7}, S100 = {v2}, S102 = {v3,v5}
So16 = {vs}, Saza = {v4,v7}, Sags = {4},
Saso = {vs,vs}, Saas = {5}, Sas1 = {vs, vs},
Sas2 = {ve}, Sasa = {vr}, Sass = {vs}-

Next, we consider the case of k& > 3

For k = 3, using the procedure similar to the case
of £ = 2, we can get all 3-internally stable sets. The
following are the ones except single vertex (a single
vertex is always a k-internally stable set for any inte-
ger k and any graphs): {1,7},{2,4},{2,5},{3,5},
(5,8}, 16,8}

For k = 4, all 4-internally stable sets except sin-
gle vertex are {2,4},{2,5}, {3,5}, {5, 8}, {6, 8}.

Continually applying Algorithm 1, we find an in-
teresting result that when k > 4 the k-internally stable
sets are the same. Actually we can prove this by show-
ing that A*! remains unchanged when k > 4.

Now, we consider k-absolute maximum internal
stable sets of G. For k = 2, the maximum non-negative
element of the matrix M in Eq.(19) is 3, which occurs
at the positions 123 and 174 of M. From Egs.(31) and
(32), we know that the sets S123 = {vi,vs,vs} and
Si74 = {v9, vy, v7} are 2-absolute maximum internally
stable sets of M.

For k = 3, there are six maximum non-negative
elements 2 in the matrix M in Eq.(19), whose posi-
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tions are 126, 176, 184, 216, 247, 251, respectively.
Thus the set K in Step 2 of Algorithm 2 is K = {126,
176, 184,216,247,251}.

For each element [ € K, computing y; = S5x
b, we can get the following 3-absolute maximum
internally stable sets: {1,7},{2,4},{2,5},{3,5}, {5,
8},{6,8}.

When k£ > 4, similarly to the case of k-internal
stable set, the k-absolute maximum internally stable
sets of G also remain unchanged as follows: {2,4},
{2,5},{3,5}, {5.8}. {6.8}.

The results above are consistent with [21]. As for
the Theorem 3 and Algorithm 2 regarding searching k-
AMISSs of graphs, the correctness of them has also
been verified by Example 1 in Section 4.

6 Conclusions

Graphs provide discrete mathematical models for
many concrete real-world problems. This paper intro-
duces STP to the field of graph theory and uses it to
investigate the problems of k-internally stable set, k-
maximum internally stable set, and k-absolute maxi-
mum internally stable set of graphs. These concepts
serve as mathematical models for some real-world prob-
lems such as the k-track assignment problem. A set of
new results are obtained with the help of STP, includ-
ing three necessary and sufficient conditions of the three
kinds of internally stable set. Based on these new con-
ditions, two algorithms able to find all these subsets of
graphs are established. Moreover, the new results are
applied to the k-track assignment problem, and a new
method is proposed for solving the problem. The ap-
proach of this paper provides a new angle and means to
understand and analyse the structure of graphs and the
related problems.
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