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Stability of fuzzy control systems based on
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MIAO Zhi-hong', LI Hong-xing?
(1. Department of Fire Protection Engineering, The Chinese People’s Armed Police Force Academy, Langfang Hebei 065000, China;
2. School of Electron and Information Engineering, Dalian University of Technology, Dalian Liaoning 116024, China)

Abstract: For fuzzy control systems, there is no effective way to determine stability conditions less conservative than
the usual ones by fully utilizing the fuzzy rules structure information. We develop the stability conditions and the design
method for the fuzzy control system by dividing its input space in a new way. The properties of the fuzzy rule base are
derived from the division of the input space. A less conservative stability condition is obtained by constructing a piecewise
differentiable quadratic Lyapunov function. This condition is transformed into the form of linear matrix inequalities for
designing the fuzzy controller. Simulation examples are given to show the effectiveness of the proposed method.
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1 5|3 (Introduction)
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FKARLME R G, 15 KA A 2 1 42 1 388 52 1) 3 1)
KVE. T-SHEORIA AL A2t — AUBOR K44 i, SL )5 1
SRR VRN, IXFE RS ME Z e () 42 il 1) it £ 1 FH
A G ME RGBSR oy M. AET-SEOM 2 R G,
— i LAT-SBOMI BB A O v oh B B AR AR e 1 R 4,
428 il 4 B TR H R4 2304 #M (parallel distributed
compensation, PDC) /7 %2,
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(131153 77 3, AR 78 53 1 I ASEA A U] iy A2 1 &6 4
{5 K. Johansson¥ N5 [& T # 4 A\ 25 (8] %)) 73 g 2 A~
DX 35k (1) 7325, AR R S — AN 93 BOE SE 1 Lyapunov BR
L B IR A, FF BRI A 1) X388 e K T R #
Zhang%F N KT 10 5 K SR 8 FE R BRI, (B3
7053 ) 0 B/ IN R AR 2, N 3 Bl A B
14K, Antoniol 145 NI RO RN F7 4 55 =
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ety 2o H R I — b, WSOk (16~ 18] {F U
73X FER R 3 77 2 B SR (1613 A7 78 73 A1) F B
BRI S T A ) 8 R A IR, T SCHR [17, 18] 5L 7% JE SR
T DN A )t R 15 L, (LS SR 3 T R O I i) 3
oy BAL X LRI AER. S8k, HN A )R IX
BRI 3 AT A2 1 2 R Soe 2 B — 2 R BR
L1 S T o O N [ B 2 e e d o VA P A B e
AN FIZE R 25 K15 2. B4, dnder & 73 A B2 40
/IR SRy AE Sy

AR SCAESCHR [8, 10, 13] FRHEfth R A —FoBr i)
fan N )R 73 77 =X, 49 B0 0R ST M SEAR AR UE M 8 00
ZAE. BEAN, FIH 73 BEPDC T VA 45 T 5E T4 EJE
FEAN%5 5 (linear matrix inequalities, LMI) ¥ R 45
Wt Tk, B AT B T AR SO I 4R S
Wk (13170 B 4 18 HAT SN B OR 7 1. A1)t a3
W T A ST A R
2 BIWI R 48 K 2 ] BRI 53 (Fuzzy sys-

tem and partitioning of input space)

AR AT-SHEI ALy 2 b0 010, 34300 0]
EjipY I

IF 2, (t) is F} and --- and z,(t) is F' THEN
z(t) = Ajz(t) + Biu(t), i=1,2,---,r, (1)

Forbe Ay, B H AT I8 254 450 9525 BB, AT
(K1( A, Bi) MR i1 R G FjRRBEMIEE, u(t) 2
ARG 3L

2(t) = (z1(t), (1), -, 2z(t)",
.’B(t) = (xl(t>7 xQ(t)7 T 7xn(t))T'

X T8 E XS (2(8), w(t)), K H 5 mBOR)
A SRBUERLATINBCF- S A RO 5 15

£(1) = 2 hi(=(0)(Aa(t) + Bu(t). @
X
mz) = [T F )/ 3 1 F).

el i=1j—

HARSCHER 8145 HH IR 4 AT T RO 3 145 &,
AR TROS T A 00 SR A L — A 2 SR PR R I o R
B P, 3X BATARAFAEAR R B PR~y 1, H H g pex — 17
AT T B 2 — 2 R AR ) A N\ 225 1) 147 )
a5, RN 23 [ K1 53 24 22 /S DX 10 100 R s AE 45 A
X3k bk f#—~ X Lyapunov 7 F£. BRILZ 4b, 1E%
WAl L1717 o T W i 7 135 541 2 S = A W PR )
S BE KR 2 1 BRI AR P AR AR IO R ST k. AR AR
S 5y — R O7 Jok RIS ), FRER HAE DG 1

Jot.

PAR B i us I 7 SCHR [15)70 45 H 1 50 T 108
RO (B o h . R g I NS 7k, LR RS L
M.

WA FY, 2, FRUERENRIU =
[a,b] C REFI—ANFrvEROR LIl 53 (standard fuzzy par-
tition), H: 04 55 20 il &ct, e, - -+, AL ! <
A< < FERBU ESINE + 149 55d0, dY
o dMERAT AR R AR

a=d'<c<d' <?<d® < < F<d =0

HHERE X[, T B F(2) = FHY ()1
—AN L TRARREU LA X H[d,dY, [d,
&), A5 dY] BRIV € [d, &

F’L(Z) >Fj(z)7 .7 - 1727'” ak'
D TE] [, AU RR D BRI AR Fi 32 X ). (Rl g —
MR — > F 2 X H), Jfad:

m(F") = min{F*(d'""), F'(d")},

M(F") = max{F"(d'""), F'(d")}.
WYz € [di71,dY], Fi(z) = m(F?).

X T AR ORI, G SR W AR BRI SR FY, F,
ooy FUXE N AR X ) 4R ) 2 dy, dy Y, [di
d Y, e [die, die Y], TR T LAAA 3 s 4 i N 25 ]
AR

Sy = [di,dP) x [d, d ] x - x [di die T
AT I of 45— AN SR K U), R A) DA A 3zt — AN AH B
(R R VR . 3K RE A ST BUKS Ja N 25 18] K1) 3 e A 45

YE: S1, Sy, -+, S, WIS T 244 N 25 [R) 1
(P19 R A1k,
ZZ
c 3
£ } :
S, | S, s,
4% I R
Fi( e?) s, S s,
7 A O RS S
1 SI SZ S'5
F, 3 2,
F(z) € |¢ 39, ¢ d’ c;
F| (Zl) Fll Flz F|3

B A il ki —A gy
Fig. 1 A partition of the input space
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JITA VAT BRAE LS, T A A A 2 0T AR ) 4 A
oy J— A KR A, ZRABL T SR (1517 45 i) e K AL
2 U ZH (maximal overlapped-rules group) &, 43¢
25 HVEEX ERAE 38S, PR T BRI R U 4 -

R, = {Rk’hk(Z) >0,dz € Sz}a
XU R AR ERAESLS, ERBOE AL, HAR A
BB RN — B AER . T2 A5 XIS, b, AH A1 JR)
HR R IR

z(t) = ké hii(z(t))(Agix(t) + Briu(t)), (3)

Horbe AR ANEG B (2 (8)) s R FB AR
IV B, A2 BB DR A R (1 — N
J&E, I

hia(2(t) > 0, fjl hia(2(t)) = 1.

(Ags, Biy) 2 SRR LSRN T RS AT &
G AR BRI B 1) — ST R

FBBFEIN T RG(A;, By) WAERXA R A4
th, BT R GRS E D T

(Au, Bli) = (Ai7 Bi); Eﬁ?%%éﬁﬁﬁ}?%*ﬁﬁﬁ:
TEREARISOR) R G0 H P9 /N BRHES .

1) fn B ) X3S 0] Y ) JR) R T A T
T R4 (As,B‘s), (Az,Bz), (Aszs)a (Aﬁ,B(s), i
B AT AE S Ry H AT gy K IR e (A,
313), (A23,Bz3), (A337B33)’ (A437B43)- hki(z(t))
Eih(z(t)) Z TAAT FALRT0S B 5K &R

XS RAEIES, 2 SR BHFAE pR £

i z) = 4
0; /i:\/f‘mu

EFEBOBIAL L (2) nf BLECS

r fi
&(t)=>_ ANi(2) > hii(2(t)) (Ariz(t) + Briu(t)).
=1 k=1
&)
WU ez (k = 1,2,- - )R 3. ik &
WU (k = 1,2,---,s) L BRI 5 50 5l 2 Fy
(i=1,2,--- ,my, k=1,2,--- ). A IAERFAE
BRI 5> EARCE — AN SR 4L G e — AN T4, 4 P
AR — A, Wi
F = {(FlzlvF2127 7FSZS)‘1 g 'il < mq,
1<i2<m27"'7]—<i5<ms}- (6)
EX 1 F—DT-SEORIE A E 55 1, WitAH
NSRRI 55 19 3 80 2 A A A —— g
FH _E A AN AT 20 R P

PEB 1 W R A T-SHORI AR AL S 45 1), A
BIROWAL T AT = mymey - - - m AR,

EX 2 FR—T-SERIBIAY A 58 2 bnfE i, A
S SR LI 56 % 1), ARl 70 2 bR

X SE bR I T-S BRI S AT i+ PR

PEBT 2 G R T-SHOMI R (2) 2 58 46 bt ), )
XHRVEIS AT

1) hi(z) =46, Vze€ S;;

2) hi1i(2) = hgi(2), YVz€ S;,k=1,2,---, fi;

3) 0< hpi(2)hi(z) < Bri, V2 €S,y k1l =1,

2, fu, HH
1, k=1=1,
Bri =4 72, k=1#1,
0.25, HAth.
T AL

& = m(F)m(Fy)---m(F),
v = max{M(F}),- -, M(F.)}.

UE e R B & RO e = my -
M - Mg, SRR LR BERI 3 2 Ar e,
FTLLS . 7 () =1. BE S wi(z) = 1. X FEh,(2) =

=1 i=1
wi(2)i = 1.2, 7).

ET%VE@SZJ:K%&}ZM == F1F2 e FS, EEFL
Fy, -, ESPRWIU, Us, - - -, Ug EERIRI 3
M. TR RS 2 HE, Fy, -+, FINER
DX TR B ) — AN DX 3. ALk

hli(Z) 2 m(Fl)m(Fg) s -m(FS), Vz € Sz

fEREK # 1, A5k

hii(z) = Gi(21)Ga(22) - - Gu(2s),
iZ;ﬁGl, Gz, ce 7G51Eéé7\%lj7~%i/giﬂﬁ(]17 Ug, Ty USJ:
BRI 73 th i — N BOR AR, R RIG 5 F 2R —A
WIU; EWAEAE, B2 DA XA, S
DX [ PR
Gl(zl) < Fl(zl)a o aGs(Zs) < FS(ZS),VZ S Sz
{':IEI%XTJVZ c Si’ ﬁhh(Z) > hki(Z).

R AWEG, 5 FAN, W)

Gr(21)Ga(22) -+ Ga(2) < Gilz) < M(FY),

v(21, DY
(Al

G1(2'1)G2(Z2) T Gs(zs) <

7Zs) S Si7
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max{M(Fy), -, M(F)}, Y(z1, -,
TR, <k #1, Vz € 8)).
XF AR 3AN 4 e PR R (B STk [13]):
hiihis < hyi(1 = hyi) < 0.25, K # L
EEE.
3 BOMIE SR SRR P 45 1 (Stability condi-

tions for fuzzy control systems)

EERTBORIREAL(S), A SO e R T A2 i

ZS) S S’i-

w. =) €SN S, #4). t=m.

Horp
fi
k=1
M7, 7oy, T TA S TP, 7,38 R AR 2 (¢) 3]

IR BN A L IR I 8], FARBEAR B2 (1) FEREA
IS 18] 35 40 A S SE ).
SR B3R S LR P PR R S

&(t) = ; (@) é lizl hihus (A — BuaKo)ao(t).
: o ®)
SILL RIS
lei - (Akz - BkiKli)a
Qrri = ngipi + PG,

Qrii = (G + lei)TPi + Pi(Gri + sz‘))/z-
Horpe d £ j, PO RR e @ 5 FE.
,u (=] J:T’ ﬁfﬁiZ %F(?:fﬁu_ft
EE 1 BB REE@) LW E W, W
BT < 0, HXANS(i=1,2, -+, r)#AFAE—
[F] R0 PR I 7 R B Py, — 20 R I 2 R B Ry (B <
D), U —HRE P Xy = X, AR AR BEANSE
AT
i
1) Qi+ > Riui+4; <
k=2

2) Quri + Qrii — 2Ry + 24,
k=2 fi, hihgi #0;
3) Quri — Ripi + Ni < Xigpiy k=2, , fi;
4) Quii + Quri — Rii + 24; < Xy + Xy
k<l k1, hyihy #0;
Xivi oo Xagi
5) Dot <6

X

< Xigi + Xk,

fi
EKHA; = -8Ry + > > BuiReu-

k=1 k<L S,
e 8 HEAES; ¥ Lyapunovef £ 4
Vi(x) = 2" Px.
Mz(t) € Si,t # T, IR pREON I 1A] (1] 24

i(a(n) = & 3 fz hshisGra) P +

hiihiGriie =

T M:&

f
Ripp»
L 2 T
Z hi; {33 Qkkﬂ’} +
k=1

f

i Z hyihui {xT (lei + Qlki) 33}

k=1 k<I<f;
1ES; b BT B34 45 W BT, i = B Ry e

XPRRIE € F R, PR st an B J LA X o
hfinRma: — 6%z Ry > 0;
hiihii®" Ry — hyhie” Ry > 0
k=1,2,---, fs
B Ree — highyx” Ry > 0, k <1,
ny
Vi(z) <

fi
Z(hlzhlzx lezm_hlzhkzm lez )

fi
Z > (ﬂklw Ry — hyihyx® Ryx) =

k<I<fi

V( ) + (hii.'l}'TRlli.'E — 52$TR111‘CC) +

x>
[

hi‘mT(Qni + Z Ry + A))x
k=2

fi
> hiihgx® (Quri + Qrii — 2Ry + 2A;)x
=2
fi
> hix T (Quri — Riks + Aj) +
k=2
fi
oo > heihieT (Qui + Quei — Rii + 24;)x.
k=2 k<I<f:
FH e L IR 44, 75
Vz(w) < Z i: hyihye® Xy < 0.

k=11=1
X R Bl z(t) € S;NS;, t = 1)/t FEUN
SE St R Sk (10140 [, BRI b Sk (10714
EH2AM, RE LAl ieem. uEE
U S BRI A R, T TH R AR A R 4
R, R AR AR e M 4 F T TR,
Bl 1 ZIET-SEMIEA AW KRGS
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—1 1 —1

A =171 B A= |
10 0 10
b —2 —10 1

B, = Ay = By = .
>“ ol 7? 1 o |”7° [0.5]

7 E3 N T RG WA AR S N [-1, —15). T &
T RGN i 25 K, 0] L Ackermann /s 1\ 15 3],
b4 BITERK [7[50, 100], [10, 50] P HE I, A3
FHAR K T SCHk (815 #H2, SCHR [13]5€ FE3LA Je A S
W BT T RUEIAE. 3N E B IS 6, =
0,7 =0.5,6=0.5.

50 e © © e © © @© e e e
45 e © © ©® © © © © © ©
40 o © © © © © © © e ©
35 o o © © © e © © & e
< 30 o 0o o © © ©® © © © ®©
25 o o e e e e e ® x
20 o e e © e
15 e ®
104 * * " * "
50 60 70 80 90 100
a

B2 RES I RGN ARE 1 5
Fig.2 The points at which the system can be determined to
be stabilized

E1 PR

1) ARA “o” M RURBEHI SR [13]7h 2 BT A B2 E
R FR EANRERT AR E

2) B “o” M “@” I KIS BE A SCE PLRE S 1
W R GE A RSE F R T x 7 S AN REWT A AR I R

3) P T AT e A SR SCHR (817 S BN 32 A BE 4 i

M2 ] LLE H, %Va € [50, 100], Vb€ [10, 50)
SCHR (817 5 BEEI AN HE 4 Wy 28 48 A A 1), TR I 5T
R (1317 5 BB 5 748 20 s AR IR IS 7T LAy 2R 48
RRE AR, KU B SCRR (1317 5 #8038 T SCR 8] A2
BRI SR F AR SC @ BRI T DU ok B (9 ROA
AL E SR (1317 5 BELRE ) A BSE minn Had 4
TARZ, INEASOE BT 46 AF ELSCHR (13170 45 HH 1)
FAF RSP,

4 BRFE H 28 ¥ vh(Design of fuzzy con-
troller)

TR BRI A A AN O T S 2l K 1 2
TR AR, DA HAN e T4 T R Bt FE 5K 8) o A6t
WP s, 1 E BESS T R LMDV BRSO
Pl as Bk

IR MR RS8R 11, 0 R
T < o0, HXﬂL/I\S,(Z =1,2,--- 7f,)%lz’(%7£~/\;j\:

[ (RN PR LE 8 B Z,, — 2 B W, — AR PR IE 8
FiFEV (k < 1), LE—AH Yy = Y5, 115 a0
NN

1) Ay Z; + Z AT, — (Bu,Wy; + WEBT) +

fi
> Viki + 1 < Yo
=2

2) (Avi + Aw)Zi + Zi(An + Aw)™ —
((B1iWhi + BeiWhi) + (B1iWh +
BuiWi)") =2V +201 < Yigi+ Y, k=
2, fis hashes # 05

3) AwiZi + Z AL — (BuiWi + WEBL) —
Viwi + 13 < Yiriy k=2, fis

4) (Api + A Zi+ Zi(Api + Au)™ —
(BriWii + BiiWhi) + (BriWis +
BiWii)") = Vs + 205 < Yigi + Yipa, b <
l, k#1, hyihg; # 0;

Yiu - Yig
5 | ¢ . <0,
Yiaioo Yy
Horr:
fi
I = -8V + > > BriVi,

k=1 k<I< S
S 825 0 K s = Wi 20
UE AEE B A 5 o3l A e Ay e R [
P It
Zi=P", Wy=KyZ,
Vi = ZiRyiZi, Yii = ZiXwiZi.

R RAF A E B AR 45 PF. UEER

TE 2 AL R T HFEZ, Wiy Viss Y
DS R Sl N = WP B A D B i O D= e A K
fif, T 1T A SR FIMATLAB LML T 2 A
KA.

Bl 2 R s B e SN R g, HT
FE A1

i=—i"—0.022—0.12°4+(140.132°)u.  (9)

o o F AL S, wAEH ).

Wy =, xo =da. A ICHER 201 A S AL A0 3
Tk, AEERAE A (—1.5, —-1.5), (0, —1.5), (1.5, —1.5),
(-1.5,0), (0,0), (1.5,0), (—1.5,1.5), (0,1.5), (1.5,
1.5)4b BT 43 5l 5 tAH B 1R e MR AL, W2y = 4,
2o = mo, 132NN R TE A BRI

IF 2, (t) is FF¥ and 2,(t) is F! THEN
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z(t) = Ajz(t) + Bu(t), i=1,2,---,9,
H: k=mod(i—1,3)+1, I =fix((i—1)/3) + 1.
mod(x, y) R xR Ly IR AL, fix (@) o k2 O

RAORIAE G FI(j = 1,2) % 5 & & B0~ g
W

1, 2 < —15,
1 —

Fi(z) = —2/1.5, —15<2<0,
0, z >0,
(z+1.5)/15, —15< 2<0,

2 —

Fi(z) =< (1.5—2)/1.5, 0 <2< 1.5,
0, HoA,

0, z <0,
30, —

FP(z) =1 2/1.5, 0 < 2 < 1.5,

1,  z>15.

R BRI A TE A KV 5 2400 = 0.25,

v = 0.5. K& #2, FEMATLAB F A FILMIT L4
AT DK A0 T B AR LA (1 e U A, X L
25 Sy FouF VIR S Tt

Ky = [17.2795, 6.4487],

K, = [12.4710,6.6307],

K3, = [6.2063, 5.5754],

Ky = [6.1262, 5.3683].

15 SIS AR A 46 45 Ao = [2, —1.5) 1
xo = [1.5, LBJREAT T 1 LS5, I3 A K42 AH MY 1)
ma N il e, AN ] UR H, RGO FRE 1. X
LT BN 7 U B A R SR AR PR — e Re R
EJR R gefese v, 5 H i AT BT UE BB R g0t
JRR G FLAT 8 IR I R B, DA 2 — Bl AT 2%
(7 i%.

3 WA ATz = [2, —1.5) T F ZRGORA 0 1 2%
Fig. 3 The state response of system with the initial condition
zo = [2,-1.5]T

t/s

B 4 Wbk 5 Aeo = [1.5,1.5]T N ZRGOIRA A i B i 2%
Fig. 4 The state response of system with the initial condition
xo = [1.5,1.5]T

5 %5i(Conclusion)

ARSI T T-SHOHI ) 2 48 A e 1 g il 2%
TCUE ) FE. kg A 42 ) 22 8 0 A e 1k 4 AR R e P BRI,
— T IHASSCIR AR E PEA A 78 20 R 1 0Tl 43 (1)
—UfE R, I 7 R A [F] R AR 4 AN TR 1)
PDCEE K4 1478 ) HE . Ay BEAS SOy HY T PR
D) N 25 )BT P X 2 SRS FTRF 9T T E X PRI R
PR A TR FE S AN A S P . FH 2 BT i — ik
Lyapunovis i 1 7712, 3-43 1 0/ S Pk AR i As e 1k
TG, R T KA ME ST A A DG T S G 2R
(P2 P B AN S5 5K, DT SR A 17 40 ) B e R 42 ol
RGN o 5, B Ja A3 B T VRO 4 A OR ST
PE AR R4 41
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