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Abstract: The core of the rectangular phase-portrait approximation is the efficient partition of the control model. The

phase-portrait approximation based on quality reasoning is proposed. An approach for mode partition is then presented

based on the characteristic of the vector field, interesting polynomials and their Lie-derivative. A method for the refinement

of the abstract model based on the refined polynomials is also given. Experiment shows that the phase-portrait approxi-

mation based on the qualitative-reasoning partition obviously reduces the partition number of the mode state space, and

enhances the verification efficiency.
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2 (Preliminaries)
X = {x1, · · · , xn} , X

y ≡ a0 +
∑

xi∈X

aixi, ai ∈
Q(0 � i � n) . X

LTerm(X). y ∼ 0, y ∈

: 2008−05−30; : 2008−11−10.

: (60736024).
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Lterm(X), ∼∈ {<,�, =, >,�}.

. X Lin(X).

X :
∧

xi∈X

ẋi = txi
, txi

∈
LTerm(X) X . X

Affine(Ẋ, X). X :∧
xi∈X

ẋi ∈ Ixi
, Ixi

(xi ∈ X)

. X Rect(Ẋ).

X p, �p� p

.

3 phase-portrait
(Rectangular phase-portrait approxima-

tion of affine hybrid automata)
3.1 (Affine hybrid automata)

1 H =
(L,X, Lab, E, Init, Inv, Flow, J, U), :

· L , .

· X = {x1, · · · , xn} .

· Lab , τ .

· E ⊆ L × Lab × L .

· Init : L → Lin(X) .

· Inv : L → Lin(X) .

· Flow : L → Affine(Ẋ, X)
.

· J : E → Lin(X, X ′) , X ′

.

· U : L → Lin(X) ,

1[6] ,

,

, 1 . :

( l0) ,

( l1, l2), x1, x2

, ONi OFFi(i = 1, 2) ,

ai i , bi

, h .

h = 2, a1 = a2 = 0.01, b1 = b2 = 0.005.

1 .

H
[5](timed transition systems, TTS)�H� = (Q,Q0,

Qf , Σ,→), : Q,Q0 Qf

, Σ τ

, → . H ,

, Reach(�H�) ∩ ⋃
l∈L

�U(l)� = ∅.

1

Fig. 1 Hybrid automaton for gas-heating system

T = {Q,Q0, Qf , Σ,→},
[5]�⊆ Q × (Σ\{τ} ∪ R�0) × Q, q

σ�
q′, σ ∈ Σ\{τ}, q1, · · · , qk,

q
τ−→ q1

τ−→ · · · τ−→ qk
σ−→ q′, q

t� q′, t ∈ R�0,

t1, · · · , tk q
t0−→ q1

τ−→ q2
t1−→

· · · τ−→ q2k
tk−→ q′, t = t1 + · · · + tk

2[5] TTS: T1 =
(Q1, Q1

0, Q
1
f , Σ,→1) T2 = (Q2, Q2

0, Q
2
f , Σ,→2),

T1 T2 R ⊆ Q1 × Q2 :

· (q1, q2) ∈ R, σ ∈ Σ\{τ}∪R�0,

q2

τ� q′2, q′1 ∈ Q1, q1

σ� q′1 (q′1, q
′
2) ∈

R.

· q2 ∈ Q2
0, q1 ∈ Q1

0 (q1, q2)
∈ R.

· q2 ∈ Q2
f , q1 ∈ Q1

f (q1, q2)
∈ R.

T1 T2, : T2 
wT T1

H1 H2, TTS �H1�,

�H2�, �H1� 
wT �H2�, H2

H1, : H1 
wT H2.

:

1[5] H1 H2 H1


wT H2, H2 , H1 .

H phase-portrait

H ′, H 
wT

H ′ H ′ . 1 , H ′

, H .

3.2 phase-portrait (Rectangular phase-

portrait approximation)
phase-portrait
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,

. Phase-portrait

H ′ ,

: 1) H l,

Ψ(l) = {Ψ l
1, · · · , Ψ l

k}; 2)

(l, Ψ l
i )

,

LHAH ′ H 
wT H ′

,

, phase-portrait ,

4 (Mode partition

based on qualitative reasoning)
H l,

Sl = {(l, x)|x ∈ �Inv(l)�},

:

3 H

H l, P ,

P l Ψ(l) = {Ψ l
1, · · · ,

Ψ l
k} l ,

�Inv(l)� ⊆ ∪�Ψ(l)�,

�Ψ l
i � = {x ∈ Rn| ∧

α∈m1

pα(x) �

0 ∧ ∧
β∈m2

pβ(x) � 0 ∧ Inv(l)},
i = 1, 2, · · · , k,

m1 ∪ m2 {1, 2, · · · , |P |}1

P

Ψ : L → 2R
n

, P

. l 2|P | ( ),

k = 2|P |.

,

4.1 (Partition based on

characteristic of vector fields)
Phase-portrait (

),

. ,

, , .

,

,

:

H l : ẋi = ti,

ti ∈ Lterm(X)(i = 1, · · · , n), P =
{xi, ti}1�i�n .

P l Ψ(l) =
{Ψ l

1, · · · , Ψ l
k}. Ψ l

j , xi(1 � i �
n) 1 ti(1 � i � n) . ,

xi . ,

P xi 2 ,

xi ,

. ,

P xi 3 4 · · · K .

,

.

2 1 l1

ẋ1 = 2 − 1
100

x1 +
1

200
x2,

ẋ2 = − 1
100

x2 +
1

200
x1.

xi 1 P1

P1 = {x1, x2, 400 − 2x1 + x2, x1 − 2x2}.

4.2
(Partition based on interesting polynomials

and their Lie-derivatives)
4[8] H , l

Flow(l), p Flow(l)

LFlow(l)(p) =
∂p

∂x1

ẋ1 +
∂p

∂x2

ẋ2 + · · · + ∂p

∂xn

ẋn.

p

. ,

. , s

p � 0, LFlow(p) � 0,

p � 0 , p � 0 ;

LFlow(p) � 0, p � 0 ,

p � 0

pi(i = 1, · · · ,

k), pi, LFlow(pi) .

,

,

1|P | P .
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.

. tran
Algorithm 1 , poly(q) q

.

Algorithm 1 tran :

for every two adjacent modes q∈L×Ψl,

q′ ∈ L × Ψl do

for pq ∈ poly(q) and the corresponding

pq′ ∈ poly(q′)

do

if pq � 0 then

if R |= Inv(q)⇒LFlow(q)(p)�0 ∧ pq′ �0 then

tran ← (q, q′);

else if R |= Inv(q) ⇒ LFlow(q)(p) � 0 then

tran ← (q, q′);

end if

else if pq � 0 then

if R |= Inv(q)⇒LFlow(q)(p)�0 ∧ pq′ �0

then tran ← (q, q′);

else if R |= Inv(q) ⇒ LFlow(q)(p) � 0 then

tran ← (q, q′)

end if

end if

end for

end for

3 1 l1,

P2 = {x1 − 100, x1 − 80, x2 − 100, x2 − 80,

400 − 2x1 + x2, x1 − 2x2}.
4.3 (Refinement of polynomials)

phase-portrait

,

, ,

. H l

Pl = {pi}1�i�k, pi ∈ Pl

Flow(l) LFlow(l)(pi), LFlow(l)(pi)
Pl

, LFlow(l)(pi) Pl ,

P ′
l , P ′

l Pl

4 1 l1,

P = {x1, x2, x1 − 100, x1 − 80,

x2 − 80, x2 − 100},
P P ′

P ′ = {x1, x2, x1 − 100, x1 − 80, x2 − 100,

x2 − 80, 400 − 2x1 + x2, x1 − 2x2}.
, P ′ , P

5 (Rectangular dynamics ap-

proximation)
l , phase-portrait 2

(l, Ψ l
i )

.

,

.

. H l∧
xi∈X

ẋi = txi
= a0 +

∑
xj∈X

ajxj,

aj ∈ Q(1 � j � n).

(l, Ψ l
i ) Rflow(l, Ψ l

i )∧
xi∈X

ẋi ∈ Ixi
= [lxi

, rxi
].

Ixi
{�txi

�x|x ∈ �Inv(l, Ψ l
i )�} Ixi

, rxi

max ẋi = a0 +
∑

xj∈X

ajxj,

s.t. x ∈ �Inv(l, Ψ l
i )�.

lxi
.

, Ψ : L →
2R

n

, Rflow(l) tran .

phase-portrait

:

H = (L,X, Lab, E, Init,

Inv, Flow, J, U) Ψ : L → 2R
n

,

H phase-portrait H ′ = (L′, X ′,
Lab′, E′, Init′, Inv′, Flow′, J ′, U ′) :

· L′ = {(l, ϕ)|l ∈ L,ϕ ∈ Ψ(l)}.
· X ′ = X.

· Lab′ = Lab.

· E′ = E1 ∪ E2,
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:

E1 = {((l, ϕ), σ, (l′, ϕ′))|((l, ϕ), (l′, ϕ′)) ∈
tran ∧ (l, σ, l′) ∈ E};

E2 = {((l, ϕ), τ, (l′, ϕ′))|((l, ϕ), (l′, ϕ′)) ∈
tran ∧ l ∈ L}.

· ∀(l, ϕ) ∈ L′, Init′(l, ϕ) = Init(l) ∧ ϕ.

· ∀(l, ϕ) ∈ L′, Inv′(l, ϕ) = Inv(l) ∧ ϕ.

· ∀(l, ϕ) ∈ L′, Flow′ = Rflow(l, ϕ).
· ∀e ∈ E1, J

′((l, ϕ), σ, (l′, ϕ′)) = J(l, σ, l′);
∀e ∈ E1, J

′((l, ϕ), τ, (l′, ϕ′)) = stable(X),
stable(X) X ′ = X.

· ∀(l, ϕ) ∈ L′, U ′(l, ϕ) = U(l, ϕ) ∧ ϕ.

H ′ , :

2 H ′

H , H 
wT H ′

H ′ Ψ

, Ψ P ′, P ′ P ′′,
P ′′ H phase-portrait H ′′,

:

3 H 
wT H ′′ 
wT H ′.

2 H 
wT H ′,H 
wT H ′′.
H ′′ P ′′ H ′

P ′ , P ′ ⊆ P ′′ , H ′′ 
wT H ′,
H ′′ H .

5 1 H , 2,3

P1, P2, l1 P

P = P1 ∪ P2 =

{x1, x2, 400 − 2x1 + x2, x1 − 2x2,

x1 − 100, x1 − 80, x2 − 100, x2 − 80},
P l1 6 ,

2 .

(l1, ψ1) : ẋ1 ∈
[
8
5
,
5
2

]
, ẋ2 ∈

[
−1,−2

5

]
,

(l1, ψ2) : ẋ1 ∈
[
7
5
,
17
10

]
, ẋ2 ∈

[
−3

5
,− 3

10

]
,

(l1, ψ3) : ẋ1 ∈
[
7
5
,
8
5

]
, ẋ2 ∈

[
−4

5
, 0

]
,

(l1, ψ4) : ẋ1 ∈
[
5
4
,
8
5

]
, ẋ2 ∈

[
−2

5
, 0

]
,

(l1, ψ5) : ẋ1 ∈
[
8
5
, 2

]
, ẋ2 ∈

[
0,

2
5

]
,

(l1, ψ6) : ẋ1 ∈
[
7
5
, 1

]
, ẋ2 ∈

[
0,

1
2

]
.

2 l1

Fig. 2 Partition of the mode l1

phase-

portrait 3 .

3 l1 phase-portrait

Fig. 3 Rectangular phase-portrait approximation of

the mode l1

6 (Implementation and example)

PHAVer[9] . PHAVer phase-portrait

,

,

. :

– –

, partnumber

,

. P

( ,

, ).

partnumber ,

, PHAVer .

, partnumber , PHAVer
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[10]

, :

N × M ,

vd(i) = (sin(iπ/4), cos(iπ/4))
.

vd. M

i ∈ {1, · · · , 7} {A,B}, A

, B . N = M = 3,

(
ẋ

v̇

)
=

(
0 I

0 A

)(
x

v

)
−

(
0
A

)(
0

vd(i)

)
.

A =

(
−1.2 0.1

0.1 −1.2

)
.

x0 ∈ [2, 3] × [1, 2],
v0 ∈ [−0.3, 0.3] × [−0.3, 0.3].

.

M =

⎛
⎜⎝B 2 4

2 3 4
2 4 A

⎞
⎟⎠ .

1 , : AMD

1.4 GHz, 512 MB RAM Linux . 1

partnumber 0,2,3,4,5 ,

. partnumber 0 ,

phase-portrait .

, partnumber 4 , ,

partnumber 0 ,

1060, 78.24%. ,

,

, .

1

Table 1 Results of the experiment

partnumber /MB t/s /

0 89767 67.13 1406

2 37452 28.87 524

3 21910 18.79 402

4 22340 14.61 346

5 22352 16.04 353

7 (Conclusion)
phase-portrait .

,

. ,

phase-portrait

, .

,
[11].
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