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Problems of singular stochastic control with
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Abstract: Based on the stochastic calculus and the classical theory of optimal control, this paper generalizes a class of

the discounted model of singular stochastic control with stopping time. Drift and diffusion coefficients are introduced into

the controlled states to make them the solution of a stochastic differential equation. Meanwhile, the cost function is also

generalized. By solving a variational equation, we prove the existence of the optimal control and the optimal stopping time.

Moreover, we derive the explicit form for the optimal cost function.
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1 (Introduction)
,

, Karatzas[1],

:

(A): (Ω, F , P), (Ft)t�0

F σ-- . Wt(t �
0) (Ft) . B Ft

. ξ = {ξt, t � 0} ∈ B

: ξt = ξ+
t − ξ−

t , ξ±
t ∈ B

. ξ̌=̂ξ+
t + ξ−

t ξt, t � 0 .

∀ T > 0, x ∈ R,

ξ ∈ BT

J(x, ξ) = E[
� T

0
h(Xt)dt + ξ̌T ], (1)

Xt = x + Wt + ξt, t � 0. (2)

ξ∗ ∈ BT , J(x, ξ∗) =
inf

ξ∈BT

J(x, ξ), : J(x, ξ) (1).

[2∼4]

(2) , (1) ,

,

.

J(x, τ, ξ) = E[
� τ

0
e−αt(h(Xt)dt + Kdξ̌t) +

e−ατg(Xτ )], (3)

: τ ∈ T (T Ft ), α . [2]

h(·), g(·) , K = 1. [3] K

. [4] h(·), g(·)
, K = 1, [4]

, --

. (3)

(2) , ,

: 2008−06−18; : 2009−04−28.

: (70471001); (70771006); (2006XM044).
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Xt = x +
� t

0
μ(Xs)ds +� t

0
σ(Xs)dWs + ξt, t � 0, (4)

, μ(·) σ(·)
.

[5∼7], [5]

, μ(x) = μ > 0, σ(x) = σ > 0, [6]

μ(x) = ax + b . [7] μ(·), σ(·)
, [7]

.

, .

:

(A), T Ft . ∀ x ∈ R,

ξ ∈ B, τ ∈ T , (4),

μ(x), σ(x) :

1) μ(x) R , μ(x) <

αx, lim
x→∞

μ(x)
x

= 0, μ(0) = 0; σ(x) R

, inf σ(x) > 0; | μ(x) − μ(y) | + |
σ(x) − σ(y) |� k1 | x − y |, | μ(x) | + | σ(x) |�
k2(1+ | x |), x, y ∈ R, k1, k2 .

x ∈ R, (ξ, τ)
(3), : K, α ,

h(x), g(x) :

2) R , h(0) =
0, h′(x) > 0, x > 0;

3) g(x) R , g′(x) � K,

x > 0;

4) φ(x) =
h′(x)

α − μ′(x)
R , φ(0)

= 0. β > 0, x < β φ(x) < K;

x = β φ(x) = K, ∃ M > β, δ0 > 0,

x > M φ(x) > K + δ0.

, ξ∗ ∈ B

τ ∗ ∈ T ,

J(x, τ ∗, ξ∗) = inf
ξ∈B,τ∈T

J(x, τ, ξ),

: J(x, τ, ξ) (3).

R V (x), V (x) =
J(x, τ ∗, ξ∗), .

, ,

-- ,

, [8∼10] .

2 (Some conclusions and le-

mmas)
,

.

Wt, t � 0 (A) (Ft)
, a,

Ja(x) = E[e−R(τa)KI[τa<τ0] +� τa∧τ0

0
e−R(t)h′(Yt)dt], x ∈ [0, a], (5)

Yt (6)

Yt = x +
� t

0
(σ(Ys)σ′(Ys) +

μ(Ys))ds +
� t

0
σ(Ys)dWs, t � 0. (6)

K, α h(·), μ(·), σ(·) (3)

. τa = inf{t � 0 : Yt = a};

τa = +∞, {t � 0 : Yt = a} = ∅. τ0 = inf{t �
0 : Yt = 0}; τ0 = +∞, {t � 0 : Yt = 0} = ∅.

R(t) =
� t

0
(α − μ′(Ys))ds.

1 Ja(x) (5) , Yt (6)

, Ja(x) (7)(8):

σ2(x)
2

W ′′(x) + (σ(x)σ′(x) + μ(x))W ′(x) +

(μ′(x) − α)W (x) + h′(x) = 0, x � 0, (7)

W (0) = 0, W (a) = K. (8)

Wa(x) (7)(8) , ∀ x ∈
[0, a] Itô ,

e−R(τa∧τ0)Wa(Yτa∧τ0) − Wa(x) =� τa∧τ0

0
e−R(s)[

σ2(Ys)
2

W ′′
a (Ys) + (σ(Ys)σ′(Ys) +

μ(Ys))W ′
a(Ys) + (μ′(Ys) − α)Wa(Ys)]ds +� τa∧τ0

0
e−R(s)σ(Ys)dWs,

E
� τa∧τ0

0
e−R(s)σ(Ys)dWs = 0,

,

Wa(x) = E{−
� τa∧τ0

0
e−R(s)[

σ2(Ys)
2

W ′′
a (Ys) +

(σ(Ys)σ′(Ys) + μ(Ys))W ′
a(Ys) +

(μ′(Ys) − α)Wa(Ys)]ds +

e−R(τa)Wa(Yτa
)I[τa<τ0]}.

Wa(x) (7)(8) Yτa
= a ,

Wa(x) = E[e−R(τa)KI[τa<τ0] +� τa∧τ0

0
e−R(t)h′(Yt)dt].
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(5) , Ja(x)
(7) (8). .

1 (7)(8) Wa(x)
(5) ,

Wa(x) = E[e−R(τa)KI[τa<τ0] +� τa∧τ0

0
e−R(t)h′(Yt)dt], x ∈ [0, a]. (9)

2 Wa(x), x ∈ (0, a) (9) ,

a∗ ∈ (0,∞), ∀ x ∈ (0, a∗), 0 < Wa∗(x) <

K, W ′
a∗(x) � 0, W ′

a∗(a∗) = 0.

[7] Theorem 5.2

Theorem 5.3 , W ′
a∗(x) � 0, x ∈

(0, a∗) Theorem 5.3

, 3

.

3 Wa(x), x ∈ (0, a) (9) ,

0 < Wa(x) < 1 W ′
a(x) � 0, x ∈ (0, a).

, 1 , Wa(x) (7)(8),

Wa(0) = 0, Wa(a) = 1. ,

lim
x→0+

W ′
a(x) = W ′

a(0+) � 0.

, W ′
a(0+) < 0,

∀ ε > 0, W ′
a(x) < 0, x ∈ (0, ε),

Wa(x) (0, ε) , Wa(a) = K,

∃ x0 ∈ (0, a), Wa(x) x = x0 ,

Wa(x0) < 0 W ′
a(x0) = 0. Wa(x)

(7) 1) ,

σ2(x0)
2

W ′′
a (x0) < −h′(x0) < 0,

x = x0 . , W ′
a(0+) �

0. Wa(x) (0, ε) .

W ′
a(x) � 0, x ∈ (0, a). ∃ x̄ ∈

(0, a), W ′
a(x̄) < 0, lim

x→x̄

Wa(x) − Wa(x̄)
x − x̄

< 0.

∀ ε > 0, :

1) x ∈ (x̄ − ε, x̄) , Wa(x) > Wa(x̄);

2) x ∈ (x̄, x̄ + ε) , Wa(x) < Wa(x̄).

1), , ∃ η1 ∈ (x̄ − ε, x̄),

W ′
a(η1) < 0, ∃ η′

1 ∈ (η1, x̄), 0 <

Wa(x̄) < W ′
a(η

′
1) < W ′

a(η1). Wa(0) =
0 W ′

a(0+) � 0, [0, η′
1] Wa(x)

0, η′
1 . xM,

W ′
a(xM) = 0 Wa(x̄) < Wa(η′

1) < Wa(xM).

2), ∃ η2 ∈ (x̄, x̄ + ε), W ′
a(η2) < 0.

∃ η′
2 ∈ (x̄, η2), K > Wa(x̄) > W ′

a(η
′
2) >

W ′
a(η2). Wa(a) = K, [η′

2, a] Wa(x)
η′

2, a . xm,

W ′
a(xm) = 0 Wa(x̄) > Wa(η′

2) > Wa(xm).

1) 2) , xM < xm Wa(xm) <

Wa(xM). (7) ,

σ2(xM)
2

W ′′
a (xM) =

(α − μ′(xM))(Wa(xM) − φ(xM)),
σ2(xm)

2
W ′′

a (xm) =

(α − μ′(xm))(Wa(xm) − φ(xm)).

W ′′
a (xM) > 0, xM .

W ′′
a (xM) � 0, Wa(xM) � φ(xM), φ(x)

, Wa(xm) < Wa(xM) � φ(xM) <

φ(xm), W ′′
a (xm) < 0 xm .

, ∀ x ∈ (0, a∗), W ′
a(x) � 0,

Wa(x) (0, a) . .

4 α, K , μ(x), σ(x), h(x),

g(x) 1)∼4), g(0) =
σ2(0)
2α

W ′
a∗(0),

R V (x) a∗, 0 <

a∗ < ∞, ∀ x ∈ R, (a)∼(d) :

(a)

σ2(x)
2

V ′′(x) + μ(x)V ′(x) − αV (x) + h(x) � 0;

σ2(x)
2

V ′′(x) + μ(x)V ′(x) − αV (x) + h(x) = 0,

−a∗ � x � a∗;

(b) | V ′(x) |� K;

(c) V (x) � g(x);

(d) V ′′(x) � 0.

V (x)=
� x

0
Wa∗(u)du+

σ2(0)
2α

W ′
a∗(0), 0 < x�a∗;

V (x) = K(x − a∗) + V (a∗), x > a∗;

V (x) = V (−x), x � 0.

: Wa∗(x) (9) ( (9) a a∗), a∗

2 . V (x) 2 , V (x)
R .

1) 0 < x � a∗ , (7) ,

σ2(x)
2

V ′′(x) + μ(x)V ′(x) − αV (x) + h(x) =

σ2(x)
2

W ′
a∗(x)+μ(x)Wa∗(x)−α

� x

0
Wa∗(u)du −

σ2(0)
2α

W ′
a∗(0) + h(x) =
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0
[
σ2(u)

2
W ′′

a (u) + (σ(u)σ′(u) + μ(u))W ′
a(u) +

(μ′(u) − α)Wa(u) + h′(u)]du = 0.

x > a∗ ,

0 =
σ2(a∗)

2
V ′′(a∗)+μ(a∗)V ′(a∗)−αV (a∗)+h(a∗)=

σ2(a∗)
2

W ′
a∗(a∗)+μ(a∗)Wa∗(a∗)−αV (a∗)+h(a∗)=

μ(a∗) − αV (a∗) + h(a∗),

4) ,

σ2(x)
2

V ′′(x) + μ(x)V ′(x) − αV (x) + h(x) =

Kμ(x) − Kα(x − a∗) − αV (a∗) + h(x) =� x

a∗
(α − μ′(u))(φ(u) − K)du > 0.

x � 0 , −x � 0, σ(x), h(x), V (x)
μ(x) ,

σ2(x)
2

V ′′(x) + μ(x)V ′(x) − αV (x) + h(x) =

σ2(−x)
2

V ′′(−x) + μ(−x)V ′(−x) −
αV (−x) + h(−x) = 0.

(a) .

2) 0 < x � a∗ , V ′(x) = Wa∗(x) < K;

x > a∗ , V ′(x) = K; x � 0 , −x � 0;

V ′(x) = −V ′(−x) � −K, | V ′(x) |� K,

(b) .

3) g′(x) � K g(0) = V (0),

V (x) =
� x

0
V ′(u)du + V (0) �� x

0
Kdu + V (0) �

� x

0
g′(u)du + V (0) =

g(x) − g(0) + V (0) = g(x).

(c) .

4) 0 < x � a∗ , V ′′(x) = W ′
a∗(x) > 0;

x > a∗ , V ′′(x) = 0; x � 0 , −x � 0,

V ′′(x) = V ′′(−x) � 0. (d) . .

5 B θ± = {θ±
t ,

t � 0} :

1) −a∗ � Xt � x+
� t

0
μ(Xs)ds+

� t

0
σ(Xs)dWs+

θ+
t − θ−

t � a∗,∀ t > 0;

2) θ+
t {t : Xt � −a∗} ;

3) θ−
t {t : Xt � a∗} ;

t = 0 θ± , X0+

[−a∗, a∗] , , θ± .

[1].

3 (The

main theorem and the description of the opti-

mal strategy)
1 1)∼4) , 4

V (x), ∀ ξ ∈ B, τ ∈ T x

∈ R, V (x) � J(x, τ, ξ) = E[
� τ

0
e−αt(h(Xt)dt+

Kdξ̌t) + e−ατg(Xτ )].

Itô ,

e−R(τ)V (Xτ ) − V (x) =� τ

0
e−αt[

σ2(Xt)
2

V ′′(Xt) + μ(Xt)V ′(Xt) −

α]V (Xt)dt +
� τ

0
e−αtσ(Xt)V ′(Xt)dWt +� τ

0
e−αtV ′(Xt)dξt +

∑

0<t�τ

e−αt[ΔV (Xt) − V ′(Xt)ΔXt].

E
� τ

0
e−αtσ(Xt)V ′(Xt)dWt = 0.

, 4 ,

V (x) � E
� τ

0
e−αth(Xt)dt + E

� τ

0
e−αtKdξ+

t +

E
� τ

0
e−αtKdξ−

t −E
∑

0<t�τ

e−αt[V ′′(η)(ΔXt)2] +

Ee−R(τ)V (Xτ ) �
E[

� τ

0
e−αt(h(Xt)dt + Kdξ̌t) +

e−ατg(Xτ )], η ∈ (Xt, Xt+).

.

2 1)∼4) ,

(3) , (4) , a∗ 2

, :

0 < x � a∗ , ξ∗
t = −θ−

t ;

x > a∗ , ξ∗
t = K(x − a∗)I[t=0] −

θ−
t I[t>0];

−a∗ � x � 0 , ξ∗
t = θ+

t ;

x < −a∗ , ξ∗
t = K(−x − a∗)I[t=0] +

θ+
t I[t>0].

θ± 5 ; τ ∗ = inf{t � 0 :
X∗

t = 0}, :

X∗
t = x +

� t

0
μ(X∗

s )ds +
� t

0
σ(X∗

s )dWs + ξ∗
t .

V (x) = J(x, τ ∗, ξ∗) = inf
ξ∈B,τ∈T

E[
� τ

0
e−αt(h(Xt)
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dt + Kdξ̌t) + e−ατg(Xτ )].

0 < x � a∗ ,

J(x, τ ∗, ξ∗) =

E[
� τ∗

0
e−αt(h(X∗

t )dt + Kdξ̌∗
t ) + e−ατ∗

g(Xτ∗)] =

E[
� τ∗

0
e−αt(h(X∗

t )dt + Kdθ−
t ) + e−ατ∗

g(0)].

Itô (a) ,

V (x) =

−E
� τ∗

0
e−αt[

σ2(X∗
t )

2
V ′′(X∗

t ) +

μ(X∗
t )V ′(X∗

t ) − αV (X∗
t )]dt +

E
� τ∗

0
e−αtV ′(X∗

t )dξ∗
t + Ee−ατ∗

V (X∗
τ∗) =

E
� τ∗

0
e−αth(X∗

t )dt + E
� τ∗

0
e−αtV ′(a∗)dθ−

t +

Ee−ατ∗
V (0) = J(x, τ ∗, ξ∗).

x > a∗ ,

J(x, τ ∗, ξ∗) =

E
�

[0]
e−αt(h(X∗

t )dt + Kdξ̌∗
t ) +

E
�

[0,τ∗]
e−αt(h(X∗

t )dt+Kdξ̌∗
t )+e−ατ∗

g(Xτ∗)]=

K(x − a∗) + V (a∗) = V (x);

−a∗ � x � 0 ,

J(x, τ ∗, ξ∗) =

E[
� τ∗

0
e−αt(h(X∗

t )dt + Kdξ̌∗
t ) + e−ατ∗

g(Xτ∗)] =

E[
� τ∗

0
e−αt(h(X∗

t )dt + Kdθ+
t ) + e−ατ∗

g(0)].

,

V (x) =

−E
� τ∗

0
e−αt[

σ2(X∗
t )

2
V ′′(X∗

t ) +

μ(X∗
t )V ′(X∗

t ) − αV (X∗
t )]dt +

E
� τ∗

0
e−αtV ′(X∗

t )dξ∗
t + Ee−ατ∗

V (X∗
τ∗) =

E
� τ∗

0
e−αth(X∗

t )dt + E
� τ∗

0
e−αtV ′(a∗)dθ+

t +

Ee−ατ∗
V (0) = J(x, τ ∗, ξ∗);

x < −a∗ ,

J(x, τ ∗, ξ∗) =

E
�

[0]
e−αt(h(X∗

t )dt + Kdξ̌∗
t ) +

E[
�

[0,τ∗]
e−αt(h(X∗

t )dt+Kdξ̌∗
t )+e−ατ∗

g(Xτ∗)]=

K(−x − a∗) + V (a∗) = V (x).

1 ,

V (x) = J(x, τ ∗, ξ∗) =

inf
ξ∈B,τ∈T

E[
� τ

0
e−αt(h(Xt)dt+Kdξ̌t)+e−ατg(Xτ )].

.

,

0 < x � a∗ , , a∗

ξ∗
1 , , [0, a∗]
, , a∗

ξ∗
2 , · · · , 0 . ,

−a∗ � x < 0 , ,

−a∗ ξ∗
1 , ,

[−a∗, 0] , ,

−a∗ ξ∗
2 , · · · , 0

. x > a∗ x < −a∗ ,

ξ∗
0 , {−a∗, a∗}

, .

4 (The extend-

ed cost function)
(3)

, (3) L-S K,

f(x),

x ∈ R, (ξ, τ)

J̃(x, τ, ξ) = E[
� τ

0
e−αt(h(Xt)dt + f(x)dξ̌t) +

e−ατg(Xτ )], (10)

: h(x), g(x) 2)∼4), f(x) R

. , f(x) � K ,

(3) (10) ,

.

3 1)∼4) ,

(4) , (10) , a∗ 2

, f(x) R ,

f(x) � K, f(a∗) = K,

2 τ ∗, ξ∗, V (x) =
J̃(x, τ ∗, ξ∗) = inf

ξ∈B,τ∈T
E[

� τ

0
e−αt(h(Xt)dt+f(x)dξ̌t)

+e−ατg(Xτ )].

2 , ξ∗

±a∗ ,

J̃(x, τ ∗, ξ∗) =

E[
� τ∗

0
e−αt(h(X∗

t )dt+f(X∗
t )dξ̌∗

t )+e−ατ∗
g(Xτ∗)]=

E[
� τ∗

0
e−αt(h(X∗

t )dt+f(±a∗)dξ̌∗
t )+e−ατ∗

g(Xτ∗)]=

E[
� τ∗

0
e−αt(h(X∗

t )dt + Kdξ̌∗
t ) + e−ατ∗

g(0)]=
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J(x, τ ∗, ξ∗).

, 1, f(x) � K ,

J̃(x, τ, ξ) =

E[
� τ

0
e−αt(h(Xt)dt + f(x)dξ̌t) + e−ατg(Xτ )] �

E[
� τ

0
e−αt(h(Xt)dt + Kdξ̌t) + e−ατg(Xτ )] �

J(x, τ ∗, ξ∗) = J̃(x, τ ∗, ξ∗).

V (x)= J̃(x, τ ∗, ξ∗)= inf
ξ∈B,τ∈T

J̃(x, τ, ξ).

2 3

.
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