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Abstract: Global robust stability of interval recurrent neural networks with mixed time-varying delays (discrete time-

varying delay and distributed time-varying delay) is investigated. Being different from existing reports, the novel delay-

dependent robust stability criteria for interval recurrent neural networks with mixed time-varying delays employ a new

augmented Lyapunov-Krasovskii functional. In the new augmented functional, we introduce an integral term to the ac-

tivation function, which gives a preferable representation of the relation between states of the system and the activation

function. Because of the new functional, the criteria proposed in this paper are less conservative than the currently exist-

ing ones. Moreover, the employment of the Jensen’s inequality in proving the criteria relaxes the restriction on the time

derivative of the time-varying delay in the proposed criteria. The simulation is provided to verify the effectiveness of the

proposed results.
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IRNNs

. L-K

(Lyapunov-Krasovskii)

. Lyapunov LMI ,

. LMI ,

Jensen [12], ḋ(t) < 1
. .

2 (System description)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ż(t)=−Dz(t)+Af(z(t))+Bf(z(t − d(t)))+

C
� t

t−τ(t)
f(z(s))ds + U ,

z(t) = φ(t), ∀ t ∈ [−max (h, ρ), 0].
(1)

: z(t) = [z1(t) z2(t) · · · zn(t)]T

, f(z(t))=[f1(z1(t)) f2(z2(t)) · · · fn(zn(t))]T

, D = diag{d1, d2, · · · ,

dn} , A = (aij), B = (bij)
C = (cij)

, i, j = 1, 2, · · · , n, U = [u1 u2

· · · un]T , φ(t) = [φ1(t) φ2(t)
· · · φn(t)]T ,

(1) , d(t) τ(t)
, :

0 � d(t) � h, ḋ(t) � μ, (2)

0 � τ(t) � ρ, (3)

f(·) :

1 f(·) ,

0 � fi(u) − fi(v)
u − v

� li,

u �= v.

,

, , D,

A, B C :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

DI = {D = diag{di} : D � D � D, i.e.,

di � di � di},
AI = {A = (aij) : A � A � A, i.e.,

aij � aij � aij},
BI = {B = (bij) : B � B � B, i.e.,

bij � bij � bij},
CI = {C = (cij) : C � C � C, i.e.,

cij � cij � cij}.

(4)

f(·) , (1)

. z� = [z�
1 z�

2 · · · z�
n]T

(1) , x(t) =
z(t) − z�, (1) :⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẋ(t) = −Dx(t) + Ag(x(t)) + Bg(x(t − d(t)))+

C
� t

t−τ(t)
g(x(s))ds,

x(t) = Φ(t), ∀t ∈ [−max (h, ρ), 0].
(5)

: x(t) = [x1(t) x2(t) · · · xn(t)]T

(5) , Φ(t) = φ(t)− z�. g(x(t)) =
[g1(x1(t)) g2(x2(t)) · · · gn(xn(t))]T, gi(xi(t)) =
fi(xi(t) + z�

i ) − fi(z�
i ), i = 1, 2, · · · , n. ,

(1) ,

(5) .

1 gi(·)
0 � gi(xi)

xi

� li, (6)

gi(0) = 0.

, [4]

[11] , (5)

ẋ(t) =−(D0 + EDGDED)x(t) +

(A0 + EAGAFA)g(x(t)) +

(B0 + EBGBFB)g(x(t − d(t))) +

(C0 + ECGCFC)
� t

t−τ(t)
g(x(s))ds. (7)

:

D0 = 0.5(D + D), HD = 0.5(D − D) = (h(D)
i ),

A0 = 0.5(A + A), HA = 0.5(A − A) = (h(A)
ij ),

B0 = 0.5(B + B), HB = 0.5(B − B) = (h(B)
ij ),

C0 = 0.5(C + C), HC = 0.5(C − C) = (h(C)
ij ),

ED = diag{
√

h
(D)
1 ,

√
h

(D)
2 , · · · ,

√
h

(D)
n },

Ek =
[√

h
(k)
11 e1 · · ·

√
h

(k)
1n e1 · · ·

√
h

(k)
n1 en · · ·√

h
(k)
nnen

]
n×n2

,

Fk =
[√

h
(k)
11 e1 · · ·

√
h

(k)
1n en · · ·

√
h

(k)
n1 e1 · · ·

√
h

(k)
nnen

]T

n2×n

,

ei n × n i , k =
A, B, C. GD, GA, GB GC

:



12 : 1327

GT
mGm � I, m = D, A, B, C. (8)

1 U , V W ,

M M =MT, V TV �I ,

M + UV W + WTV TUT < 0,

ε,

M + ε−1UUT + εWTW < 0

.

3 (Main results)
L-K

.

1
(5),

P = PT =

[
P11 P12

PT
12 P22

]
> 0, Q = QT > 0,

Λ = diag{λ1, λ2, · · · , λn} > 0,

Z = ZT =

[
Z11 Z12

ZT
12 Z22

]
> 0, Y = Y T > 0,

R = RT > 0, S1 = ST
1 > 0, S2 = ST

2 > 0,

W1 = diag{w11, w12, · · · , w1n} > 0,

W2 = diag{w21, w22, · · · , w2n} > 0.

εj > 0, j = 1, 2, 3, 4,

⎡
⎢⎣Ω11 Ω12 Ω13

∗ Ω22 0
∗ ∗ Ω33

⎤
⎥⎦ < 0. (9)

:

Ω11=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ω11 Z22 ω13 ω14 P11C0 ω16 −hD0Z22

∗ ω22 0 LW2 0 ZT
12 0

∗ ∗ ω33 ω34 ω35 ω36 hAT
0 Z22

∗ ∗ ∗ ω44 0 ω46 hBT
0 Z22

∗ ∗ ∗ ∗ ω55 CT
0 P12 hCT

0 Z22

∗ ∗ ∗ ∗ ∗ ω66 0
∗ ∗ ∗ ∗ ∗ ∗ −Z22

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

ΩT
12=

[
μPT

12 0 0 0 0 0 0
0 0 0 μP22 0 0 0

]
,

Ω13 = [−ξD ξA ξB ξC ],

Ω22 = diag{−μS1,−μS2},
Ω33 = diag{−ε1I,−ε2I,−ε3I,−ε4I},
ω11 = −P11D0 − D0P11 + Q − Z22 + ε1E

T
DED,

ω13 = P11A0 + P12 − D0Λ + LW1 − h2D0Z12,

ω14 = P11B0 − P12,

ω16 = −D0P12 − ZT
12,

ω22 = −(1 − μ)Q − Z22,

ω33 = ΛA0 + AT
0 Λ + R + h2Z12A0 + h2A0Z

T
12 +

h2Z11 − 2W1 + ρ2Y + ε2F
T
A FA,

ω34 = ΛB0 + h2Z12B0,

ω35 = ΛC0 + h2Z12C0,

ω36 = AT
0 P12 + P22,

ω44 = −(1 − μ)R − 2W2 + μS1 + ε3F
T
B FB,

ω46 = BT
0 P12 − P22,

ω55 = −Y + ε4F
T
C FC ,

ω66 = −Z11 + μS2,

ξT
m = [(EmET

m)
1
2 P11 0 (EmET

m)
1
2 (Λ + h2ZT

12)

0 0 (EmET
m)

1
2 P12 h(EmET

m)
1
2 Z22].

I , m = D, A, B, C, ∗
, (5)

.

L-K

V (x(t)) =
6∑

i=1

Vi(x(t)). (10)

:

V1(x(t)) = ηT
1 (t)Pη1(t),

V2(x(t)) = 2
n∑

i=1

λi

� xi(t)

0
gi(s)ds,

V3(x(t)) =
� t

t−d(t)
xT(s)Qx(s)ds,

V4(x(t)) =
� t

t−d(t)
gT(x(s))Rg(x(s))ds,

V5(x(t)) = h
� 0

−h

� t

t+θ
ηT

2 (s)Zη2(s)dsdθ,

V6(x(t)) = ρ
� 0

−ρ

� t

t+θ
gT(x(s))Y g(x(s))dsdθ.

: ηT
1 (t) = [xT(t)

� t

t−d(t)
g(x(s))ds], ηT

2 (t) =

[gT(x(t)) ẋT(t)], P = PT =

[
P11 P12

PT
12 P22

]
> 0,

Λ = diag{λ1, λ2, · · · , λn} > 0, Q = QT > 0, R =

RT > 0, Z = ZT =

[
Z11 Z12

ZT
12 Z22

]
> 0, Y = Y T > 0.

(5) , (2)(3) Jensen

, Vi(x(t))(i = 1, 2, · · · , 6)
,

V̇1(x(t)) = 2ηT
1 (t)P η̇1(t) =
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2

⎡
⎣ x(t)� t

t−d(t)
gT(x(s))ds

⎤
⎦

T [
P11 P12

PT
12 P22

]
×

[
ẋ(t)

g(x(t)) − (1 − ḋ(t))g(x(t − d(t)))

]
, (11)

V̇2(x(t))=−2gT(x(t))ΛDx(t) + 2gT(x(t))ΛA ×
g(x(t))+2gT(x(t))ΛBg(x(t−d(t)))+

2gT(x(t))ΛC
� t

t−τ(t)
g(x(s))ds,

(12)

V̇3(x(t))�xT(t)Qx(t)−(1−μ)xT(t−d(t))Q×
x(t − d(t)), (13)

V̇4(x(t)) � gT(x(t))Rg(x(t)) − (1 − μ) ×
gT(x(t − d(t)))Rg(x(t − d(t))), (14)

V̇5(x(t))�h2ηT
2 (t)Zη2(t)−

� t

t−d(t)

[
g(x(s))

ẋ(s)

]T

ds×
[

Z11 Z12

ZT
12 Z22

] � t

t−d(t)

[
g(x(s))

ẋ(s)

]
ds, (15)

V̇6(x(t))�ρ2gT(x(t))Y g(x(t))−� t

t−τ(t)
gT(x(s))dsY

� t

t−τ(t)
g(x(s))ds.

(16)

, S1 > 0 S2 > 0,

:

2ḋ(t)xT(t)P12g(x(t − d(t))) �
μxT(t)P12S

−1
1 PT

12x(t) +

μgT(x(t − d(t)))S1g(x(t − d(t))), (17)

2ḋ(t)gT(x(t − d(t)))P22

� t

t−d(t)
g(x(s))ds �

μgT(x(t − d(t)))P22S
−1
2 PT

22g(x(t − d(t))) +

μ(
� t

t−d(t)
g(x(s))ds)TS2

� t

t−d(t)
g(x(s))ds. (18)

(6), W1 = diag{w11, w12, · · · ,

w1n} > 0 W2 = diag{w21, w22, · · · , w2n} > 0,

:

0 �−2gT(x(t))W1g(x(t)) + 2gT(x(t))W1Lx(t) −
2gT(x(t − d(t)))W2g(x(t − d(t))) +

2gT(x(t − d(t)))W2Lx(t − d(t)), (19)

L = diag{li}, i = 1, 2, · · · , n.

(11)∼(16), (17)∼(19),

V̇ (x(t))

V̇ (x(t)) � ζT(t)
(
Ω0 + h2ĀTZ22Ā

)
ζ(t). (20)

:

ζT(t) = [xT(t) xT(t − d(t)) gT(x(t))

gT(x(t − d(t)))
� t

t−τ(t)
gT(x(s))ds

� t

t−d(t)
gT(x(s))ds],

Ω0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ω̄11 Z22 ω̄13 ω̄14 P11C ω̄16

∗ ω22 0 LW2 0 ZT
12

∗ ∗ ω̄33 ω̄34 ω̄35 ω̄36

∗ ∗ ∗ ω̄44 0 ω̄46

∗ ∗ ∗ ∗ − Y CTP12

∗ ∗ ∗ ∗ ∗ ω66

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

:

Ā = [−D 0 A B C 0],

ω̄11 = −P11D − DP11 + Q − Z22 + μP12S
−1
1 PT

12,

ω̄13 = P11A + P12 − DΛ + LW1 − h2DZT
12,

ω̄14 = P11B − P12,

ω̄16 = −DP12 − ZT
12,

ω̄33 = ΛA + AT Λ + R − 2W1 + h2Z11 + ρ2Y +

h2Z12A + h2ATZT
12,

ω̄34 = ΛB + h2Z12B,

ω̄35 = ΛC + h2Z12C,

ω̄36 = ATP12 + P22,

ω̄44 = −(1 − μ)R − 2W2 + μS1 + μP22S
−1
2 PT

22,

ω̄46 = BTP12 − P22.

, Ω0 + h2ĀTZ22Ā < 0 , (5)

.

(7) (5) , (7)

D0+EDGDED, A0+EAGAFA, B0+EBGBFB

C0 + ECGCFC Ω0 + h2ĀTZ22Ā < 0 ,

Schur 1, (9).

, (9) , (7) ,

(5) . .

1 1 L-K (10)

(5) .

[13] [14] ,� t
t−d(t) g(x(s))ds ,

,

. , (10)

, ,

1 .

C = 0 , (5)
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ẋ(t) = −Dx(t) + Ag(x(t)) + Bg(x(t − d(t))),
(21)

(5) .

,

(21), .

1 (21),

P = PT =

[
P11 P12

PT
12 P22

]
> 0, Q = QT > 0,

Λ = diag{λ1, λ2, · · · , λn} > 0,

Z = ZT =

[
Z11 Z12

ZT
12 Z22

]
> 0, R = RT > 0,

S1 = ST
1 > 0, S2 = ST

2 > 0,

W1 = diag{w11, w12, · · · , w1n} > 0,

W2 = diag{w21, w22, · · · , w2n} > 0.

εj > 0, j = 1, 2, 3,

⎡
⎢⎣Υ11 Υ12 Υ13

∗ Ω22 0
∗ ∗ Υ33

⎤
⎥⎦ < 0. (22)

:

Υ11 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ω11 Z22 ω13y ω14 ω16 − hD0Z22

∗y ω22 0 LW2 ZT
12 0

∗ ∗ ψ33y ω34 ω36 hAT
0 Z22

∗ ∗ ∗ ω44 ω46 hBT
0 Z22

∗ ∗ ∗ ∗ ω66 0
∗ ∗ ∗ ∗ ∗ − Z22

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

ΥT
12 =

[
μPT

12 0 0 0 0 0
0 0 0 μP22 0 0

]
,

Υ13 = [−ξ̄D ξ̄A ξ̄B ],

Υ33 = diag{−ε1I,−ε2I,−ε3I},
ψ33 = ΛA0 + AT

0 Λ + R + h2Z12A0 + h2A0Z
T
12 +

h2Z11 − 2W1 + ε2F
T
A FA,

ξ̄T
m = [(EmET

m)
1
2 P11 0 (EmET

m)
1
2 (Λ + h2ZT

12)

0 (EmET
m)

1
2 P12 h(EmET

m)
1
2 Z22].

m = D, A, B, 1 ,

(21) .

L-K

V (x(t)) =
5∑

i=1

Vi(x(t)).

Vi(x(t)) 1 , i=1, 2, · · · , 5.

1 , . .

2 1 1 , d(t)

, , μ � 1, Q = 0 R = 0,

.

4 (Numerical examples)
,

.

4.1 1(Example 1)
(21)

, :

D =

[
0.3 0
0 1.7

]
, D =

[
0.7 0
0 2.3

]
,

A =

[
−1.1 −0.4
−0.2 −5.2

]
, A =

[
−0.9 0
−0.2 −4.8

]
,

B =

[
−2.1 −1.1
0.9 −0.6

]
, B =

[
−1.9 −0.9
1.1 −0.4

]
,

D0 =

[
0.5 0
0 2

]
, A0 =

[
−1 0
−0.2 −5

]
,

B0 =

[
−2 −1
1 −0.5

]
,

EDET
D = ET

DED = diag{0.2, 0.3},
EAET

A = diag{0.3, 0.2}, FT
A FA = diag{0.1, 0.4},

EBET
B = FT

B FB = diag{0.2, 0.2},
l1 = l2 = 1 . 1,

μ , 1

.

, [4,6,7] [11] LMI

, .

[8∼10]

2
min (ai)
max (li)

− 1 � (‖B0‖2 + ‖HB‖2)
2
.

2 × 0.3 − 1 < 0, ,

. ,

.

1 1 μ h

Table 1 Allowable upper bound of h for different μ

in example 1

μ=0.1 μ=0.5 μ=0.9 μ=1.0 μ=2.0

1 0.7287 0.5441 0.3877 0.3388 0.3388
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4.2 2(Example 2)
(5) ,

D =

[
1.1 0
0 0.8

]
, D =

[
1.3 0
0 1.1

]
,

A =

[
0.1 0.1
0 −0.2

]
, A =

[
0.2 0.2
0.1 −0.1

]
,

B =

[
−0.3 −0.2

0 0.1

]
, B =

[
−0.2 −0.1
0.1 0.2

]
,

C =

[
0 0.1

−0.3 0.2

]
, C =

[
0.1 0.1
−0.2 0.3

]
,

D0 =

[
1.2 0
0 0.95

]
, A0 =

[
0.15 0.15
0.05 −0.15

]
,

B0 =

[
−0.25 −0.15
0.05 0.15

]
, C0 =

[
0.05 0.1
−0.25 0.25

]
,

EDET
D = ET

DED = diag{0.1, 0.15},
EAET

A = EBET
B = ECET

C = diag{0.1, 0.1},
FT

A FA = FT
B FB = FT

C FC = diag{0.1, 0.1},
l1 = l2 = 1 . d(t) =

τ(t), , h = ρ, 1, μ ,

2 .

2 2 μ h

Table 2 Allowable upper bound of h for different μ

in example 2

μ=0.1 μ=0.5 μ=0.9 μ=1.0 μ = 2.0

1 1.6745 1.5187 1.4616 1.4596 1.4574

5 (Conclusion)
IRNNs

. Lyapunov

, LMI ,

. ,

L-K ,

. , Jensen ,

ḋ(t) < 1 . ,

,

.
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