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Abstract: Global robust stability of interval recurrent neural networks with mixed time-varying delays (discrete time-
varying delay and distributed time-varying delay) is investigated. Being different from existing reports, the novel delay-
dependent robust stability criteria for interval recurrent neural networks with mixed time-varying delays employ a new
augmented Lyapunov-Krasovskii functional. In the new augmented functional, we introduce an integral term to the ac-
tivation function, which gives a preferable representation of the relation between states of the system and the activation
function. Because of the new functional, the criteria proposed in this paper are less conservative than the currently exist-
ing ones. Moreover, the employment of the Jensen’s inequality in proving the criteria relaxes the restriction on the time
derivative of the time-varying delay in the proposed criteria. The simulation is provided to verify the effectiveness of the
proposed results.
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1 5|E (Introduction)

VT AE3k, T3 U #2824 (recurrent neural net-
works, RNNs)ZE {5 5 A B L B0 L BB AL BE L ik
MOCZ AR G EE T T2 N, Ry T34
FIASFEERIBE S T 2238 TR OGE. SR T7E
FEE I 25 (1) SE TG R vh, I Vi 2 0 SR A7 A HLASN ml
Gy, T HFESE b, BT SRR AT T A7 A, B
IV 1% A B HI i 5 23 A I VR A AR, B TR A
ar. [, TR EROR ZE . AN T IR S50
6 JU AL, 25 9 24 (R B2 00N W]k B b A7 A0 AN
PE, TIXLEAT 0 R AR = RN g A 52
ZRI03 J32247 K. A, RNNs A e 1 ) 12 4

ek H H: 2008 —07—07; W& tekis H #1: 2009—03—06.

B R PE ) 34T il S A5 A

T8 A O, W AN R S AR B )
SR ), HIX SR sl sl A A, Wl RRIX R
o 28 2 X [R] 33 U 4 28 B9 2% (interval recurrent neural
networks, IRNNs). H i, X} 1X 28 /X 4% (15 4 52 0 P
Iy HT, M-SR REDL 2k 46 B AN %5 3 (linear matrix
inequality, LMI)!*6 7RI B 25 5B~ 10126 T 9. 8%
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(Lyapunov-Krasovskii)iZ b& #¢ N FH 75 4] 45 (1) Uk B 3
FEH. 1l I8 H Lyapunovig & # 18 M LMIF AR, 7] LA
75 21— R B HAT S /N ST ) IR AR 4 =)
AR E M. 5 2 T FLMUAEAE L, i T
T Jensen N5 02 B BN AR (LR d (1) < LI PR
FE0 v k. A7 B 5 UF B T A SR R A

2 RZGHIA(System description)

AT — 2 A TR B I AR IR P DX ) 3t ) A
2P 2%
2t)=—Dz(t)+Af(z(t))+Bf(=z(t —d(t)))+
Cf . FEe)ds U,
Z(t) = ¢(t>7 Vite [_ maX(h,p),O].
ey

Hrp: z(t) = [21(t) 22(8) -+ 2, (8)] " RARIERGIN
W&, f(z(1)=[f1(21(1) f2(22(D) -
KRG M 25 IS R 5L, D = diag{d,,dy, -,
d }%%?QAEEN%%EE, A= (aij), B = (bij)ﬂ]
C = (cij) o MBRIRIEFRL. B HUNRIE BRI 43 A
HT/W@T%*R%E&F» 71,.7 = 172?' N, U = [’U’l Uz

| TRISME TCI IR EAE, d(t) = [f1(t) ¢P2(t)

G ()] TR TS — AN B T R R AR, A Y
25 (DPIERZAE, d(t) R (t) 73 IR I A8 2 N e

R A8 53 A 3, 2 A0 2 0 46
0<d(t) <h, d(t)<p, )
0<7(t) <p, 3)

I HAes RS ()i AL fun B B

i1 RESC)AA, HiE
o< B =)
U—v
Hdy £ v,

TEAPLE 2% (RSB, i T A AE S B A Bk

&, i HIX e sl ik a2 A i, I ZE0EEED,
A, BRCH LA I X a4k Ak B
D; ={D = diag{d;} : D < D < D;i.e,

d; < d; < d},
Ar={A=(a;j): A< A< A ie,

a;; < ai; < Ay},
Br={B=(b;): B<B<B,ie.,

b, < bij < by}
Cr={C=(¢;;): C<C<C(Cie,

L ¢ij < ¢ij < Gt

“4)
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eI — AP, A58 T AR bR AR () =
z(t) — 2%, )”'JTUHP’%%(D%%ﬁﬁﬂiiﬂﬁ.

x(t) = —Dz(t) + Ag(x(t)) + Bg(x(t — d(t)))+
¢, gl

x(t) = D(t), Vt € [-max(h,p),0].
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ol 2(t) = [0(t) w(t) o o)) RER
B(S)IPRA, WAL MED (L) = o(t) — 2*. g(z(t)) =
[9:(21(8)) gala2(t)) -+ galaa(®)]T, Hgi(as(t)) =
filait) + ) = filz) i =1, 2, -, . B 5
X RS IV AU AT B Ae e PR 2 B i, ] DARE
1 R X R GE(S) I S s AT S AR e PR A b AR A
WK £ g, ()2
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] E'jgz( ) =0.
N TAR T3 B RG0S H 1, H s SCHR[41801 3
BRI IR, FHEE I 24(5) S50 T 1 T A A 7Y

@(t)=—(Dy + EpGpEp)m(t) +
(Bo + EpGpFp)g(z(t —d(t))) +

t
(Co + EcGoFo) L#(t) g(x(s))ds. (7)

Horp:

Dy=0.5(D + D), Hp=0.5(D D) = (h™),
Ay=05(A+A), Hy=05(A-A) = (h}"),
By=05(B +B), Hp =05 - B) = (h?),
Co=05(C+C), Ho=05(C -C) = (h}),
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M+UVW +WTWVTU"T <o,

Y HAUCUAAAE— A IR e, i3
M4+ 'UUT +eWTW <0
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3 FE4 W (Main results)

NI H S TR R LK BRI B R AR T
FIHE.

R 1 T LA O R 2 A7 ¥ TR X R
T YA N 25.(5), U FRAE AR

P=pP"= ]IZE 22 >0, Q=Q" >0,
A= diag{)\l-, Agy -+ 7-)\n} >0,

Z =77 = % 22 >0,Y=Y">0,
R=R">0,8=5 >0 8=5 >0,
Wy = diag{wy1, wia, -+ , w1, } >0,

Wy = diag{war, was, - -, wan } > 0.

PREE e > 0,5 =1,2,3,4, fi N LR

O (2 (D3
* * 933
Hrr:
w11 Zoz w1z wis PriCy wig —hDoZs,
*  Woo 0 LW2 0 Zsz 0
k% W33z Wi3qg  Wss W3e hAoTZz2
Q=] * % % wy 0 Wae hBoTZQz )
x % x  x  wss CTP hCy Zy
* k% % * We6 0
* % % * * * —Zan
s [uPL 00 0 000
2= ’
0 00 uPy 000

(13 = [_fD §a &8 5C]>

(29 = diag{—puS1, —pSs},

(33 = diag{—e11, —eol, —e31, —e41},

wiy = —P11Dy — DoPyy + Q — Zos + e1 EJ Ep,
wiz = P11 Ay + Piz — DA+ LWy — h*DyZ15,

wie = —Do P12 — Z;r27

woy = —(1 — p)Q — Zsa,

wyz = AAg + A A+ R+ h*Z1,Ag + h? Ao Z7], +
W Zi1 — 2W1 + p°Y + e2F 4 Fa,

w3y = ABy + h*Z15 By,

wss = ACy + h*Z1,Cy,

W3 = A0TP12 + Py,

wig = —(1— )R — 2Wy + uS; + esF3 Fp,

w46:B(F)FP12*P22,

wss = —Y + e4F; Fo,

wee = —Z11 + Sz,

n = (EnEL)? P 0 (EnEp)* (A+ R Z])
00 (EnEn) Pio h(EpEpy) Zoo).
TRIRBBAIFERE, m = D, A, B, C, «3& 3SR R
PRI A6 BRI, U 2R 0(5) 1 2 4 ) 8 e

SE .
UE I L-KIZ bR
V(e(t) = 3 Vila(0). (10)

o
V(o (1) = ! ()P ),
VaGe(®) =23 [ g,

Vi) = [ 2T (s)Qu(s)ds,

—d(t)
Viw(t)= [ g"(@(s)Rg(a(s))ds,

t
—d(t)

Via()=h [ [ 0¥ (s)Zn(s)dsds,

V@) =p [ [ g"(@(s)Yg(a(s)dsds.

s () = [2°) [ gla(s)ds) nf (1) =

t—d(t)

P, P
[QT(:jc(t)) m'T(t)], P — pT — 11 L£12 S0,
P, Py
A =diag{Ai, A2, A} >0,Q=QT >0,R =
Zn Z
RY>0,Z2z=27"= 11 412 0¥ = YT 0
Ziy Zoo

W RSB, IF H N H 20(2)(3) LA KJensen
AR, WL RV (2(t) (i = 1,2,---,6)%F i)
T4,

Vi(z(t)) = 2n) (1) P (t) =
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x(t) ' Py, P o
2 { [ g @Ehas| P P ¢"(t) = " (1) @"(t=d(t) g"(a(®)
50 ] » gj(az(t—d(t))) Sy 8" (@(s)ds
g(@(t)) - (1 —d(t)g(a(t - d(1)) | I\ 8" (@) ds]

Vo(x(t) = —2g" (2(1)) ADx(t) + 29" ((t)) AA x
)

9(a(1))+29" (@ <>>AB < <t a(0))+
29" (x(t)) Acf
(12)
Vy(a(t) <& (1Qu(1) ~(1—pa” (1~d(1)@ *
x(t —d(t)), (13)
Vi(a(0) < g" (1) Rg(a(D)) — (1 - ) x
9" (¢~ d(t) Rgla(t — (1), (14
V() <hnd 0 Zm(0) - [g;(i ”] s

21 Zyo t g(m(s))
1
7 o L_dm[ s & 09

Vo(2(1)) <p*g" (2(1)Y g(=(t)) -
J;—T(t) gT(m(s))dsY J;/fr(t) g(@(s))ds
(16)
X, AFAEX IR RS, > OIS, > 0, 7 M HIALE
(t)
},LZL'T(t)PHS
pug* (z(t —
)
(

ot )P12g( (t—d())) <
L (t) +
1) Sialalt -
2d(t)g" (@(t — d(t))) Prz f
g (x(t — d(t))) PpS;

)
ulf, ., 9(@(s)ds)"s

FR 4 2 X (6), HFE W,
wln} > 0$DW2 = diag{UJQl,U)227 o
AT HIATEX AT
0< —2g" (x(t))Wig((t)) + 2g" (@(t)) W, La(t) —

29" (x(t — d(t)))Wag(x(t — d(t))) +

29" (x(t — d(t)))WoLa(t — d(t)),
HHL = diag{l;},i=1,2,---

DAl e AR 4 (1 D)~ (16), TIF ,H éé & R(17)~(19),
)”'JV( (t))nT ARG R HE A G 25 3

V(z(t) < ¢T(t) (20 + h2AT Zyy A) C(t).

awy, an
oy 9(@($)ds <

2g(@(t —d(t))) +
L_d(t)g(w(s))ds. (18)

= dia‘g{wllaw127"' )
7w2n} > 0,

19)

(20)

Wi Log Wiz wia PiC Wi
X Wog 0 LW2 0 Z1T2
* ok (33 W3q4 W3z  Wsg
2 = _ _
*ok ok Wy 0 W6
¥ x x *x —Y C'Pp,
L * ok ox % * Wes |
Hrp:

A=[-D 0 A B C 0],
w1 = —PyuD — DPiy + Q — Zyy + uPr2S; ' Py,

w13 = PA+ Py — DA+ LW, — h*DZ},

Wiy = PiB — Py,

wie = —DPyp — Z;?:z:

W33 = AA+ ATA+ R —2W, + h*Z1, + p*Y +
h*Z1, A+ h*ATZT,

W34 = AB + h*Z1,B,

W35 = AC + h*Z,C,

W36 = AT Py + Py,

@as = —(1 = )R — 2Wy + Sy + 1Py Sy " Ph,
Wae = BT Py — Pys.

DRI, 24020 + h2 AT Z,0 A < O, REE(5) 4 R
FeE 1.

XA RGNS RS, BT AL
WilEDy+EpGpEp, Ag+EAGsF4, By+EgGpFg
FCy + EcGoFoANy + h2 AT Zy A < O, [ I}
N FHISchurgh & BRG] B, W) AT LLAS 3 H0 45 9). A
I, 29 BRI, RGE(T) 24 Jm B e As e 1, B
RGP A R SRR T 1. ke

E 1 EIURIY T LK BRI (10)2k 4 PR & I
T DX TR] 3 VL A 28 X 28 (5) I A R R AR E I )L 5 3T
FARCI31ARN SCHR 141 rh A H B 34 T3 bR AT BE, A S A8 H iz
BRI T ) ) 9@ (s))ds I, JERERRAT AR P 24 (K100
BRI BB T A b, B RS T RER
ARG A MR, A, HT ) Z A0 AE7E
2 TS, TGN T P AR e R, Dtk e
B AN T

HEERIEIEC = O, DX H]38 Y1028 M 2% (5) e
A T K S AR I i X 1) 328 o 2 o 4%
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&(t) = —Dx(t) + Ag(a(t)) + Bg(a(t - d(t))),
2n
Hrp 2 H0E X5 R LG
DRLIHE, S0 A 120 S 22 i X 1) 385 U1 o 2 4
2%(21), AT LA 2R I .

S 1 XTI M4 21), WA ALE
R ] ]
Pll P12
P=pP'= >0, Q=Q" >0,
| P, Px| =0
A= diag{)\l, )\2, ety )\n} > 0,
o
7=7"=|7"1 "1 >0 R=R" >0,
|28, 7o |

S1:S;F>0,S2=S;F>07
Wl — diag{w117w127 e ’wln} > 0’
W2 = diag{w217w227 T 7w2n} > 0.

PREH R > 0,5 = 1,2, 3, f FITAYLERIFEASE
AL

T T2 Tus
x [y 0 | <O. (22)
x ok T
Hor:
[wi1 Zop wizy wis wie — hDoZss |
xy woy 0 LW, ZF, 0
T, = * % 33y wye wys  hAJ Zoo
x ok % Wiy wie hBlZy |’
* ok * * Wee 0
| * * * * * — Zy |
T uPh 00 0 00
T, = )
0 00 puPy 00

T3 = [—f_D f_A f_B],
V33 = diag{—e I, —eo1, —e31},
Vg3 = AAg+ ATA+ R+ h?Z1,Ag + WP AgZ], +
h*Zy — 2W, + eoF 4 Fa,
& = (EnEL)2 Py 0 (EnEp)2 (A+h°ZY)
0 (EnER)> Py h(EnE})? Za).
m = D, A, B, HAhZ4 5 e B ) € SCH[R], )
REEQDIP e 2 R B FR AR E 1.
uE EHETTL-KiZ R
Ve(t) = 3 Via(t).

HrhV(x(t)) 5w XA, i=1,2,--- 5. 4

BT PRI 7V, TN R B, UEER.
E 2 fEEEURES LR, 23 BN () o A I
weny, B> 1, R RCEAEQ = OFIR = 0, WA LAfG3)
JHNT T I AR AN A I s R 1k 2 AR
4  BEH)F (Numerical examples)
TEATT H, FRAIEE T PN LAIE B A SO g2
HR A ) A
4.1 #I1(Example 1)
2 L& S5 Q2 1) 7 [R5 A B I AR I 3 X[
AP W 25 B, ST

D— 0.3 0 D 0.7 0 |
0 1.7 0 2.3
_|-11 —04| — |-09 0
= 1-02 -52|’ —0.2 —4.8]|"’
=21 -11| —  [-19 —0.9
= 109 —-o06| " |11 -04]|’
W] PATE 5 HY
Dy — 05 0 Ay — -1 0 7
0 2 -0.2 -5
By — 2 -1 |
1 —-05

EpE} = ELEp = diag{0.2,0.3},
ELE} = diag{0.3,0.2}, F; F4 = diag{0.1,0.4},
EpE}L = FgFp = diag{0.2,0.2},

SR R A PEL = 1 — LIBOR S BTHERT,
FEAN A pAE A 0T, AT AT 2403 1R 72 (R AH 1 A7
NG e

X T A, SCHR[4,6,7) A STHR[11]H FLMIA) 4
P AN BT, BTV 4 W A 49 5 SUE k. T 3C
RR[8~ 1017 fiy 14k ] fij 23k Ay

B 1> (1Bl + sl

EEXFABITI32 x 0.3 — 1 < 0, Bl S T07 0 i A
WIS . BRI, 780 B T AT i 42
JRy B AR AR I A FAT SN DR ST A

&1 AN YT RE pfEPTAFE 6 h B
Table 1

Allowable upper bound of h for different p
in example 1

u=0.1 pu=05 p=09 u=10 u=20

i1 07287  0.5441  0.3877 03388  0.3388
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4.2  #2(Example 2)
2 B (5) BT 7 1 DR TR) 3 VA o 28 DY 2 B Y ) I
SR

po |t o] o[ o]
0 08 0 1.1
a_[or 01 ] 4 foz 02]
0 —0.2 01 —0.1
p_ |03 —02] 5 [-02 —oa]
0 01 01 02
c_| 0 0] m_[o1 oa]
0.3 0.2 —0.2 03
WIRT LA i _
1.2 15 0.1
Dy 0], [0 015 ]
0 0.95 0.05 —0.15
025 —0.15 0.05 0.1
BO: 700: )
0.05 0.15 ~0.25 0.25

EpE} = ELEp = diag{0.1,0.15},

EAE} = EgE} = EcE}, = diag{0.1,0.1},

FiF,=F3Fp = F F, = diag{0.1,0.1},
WEHE LR = 1 = 1INBEGE kL. Md) =
7(t), B, h = p, NI L, £EA R e RS 0 R, A
DA 2 R i 45 1.

A2 EHRF T RR MEATFE 4R LR
Table 2 Allowable upper bound of h for different 1

in example 2

pn=01 p=05 p=09 p=10 p=20

SEEEL 1.6745  1.5187 14616  1.4596  1.4574

5 45 (Conclusion)

SRS 2R AT VR A B AR I I TRNNs#EAT
T AR E R M 43 . N H Lyapunovis i o1k 21
1, BALMIFE R, g5t T 25 B I s 4t 4 =)
At s, 52 EAN R, — R Y
(RIS T L-KiZ oR A T A0 0 (0 E B v, AT B AR T
BP0 OR s [R I, 38 3 F Jensen AN 45 =X, U
T INAR AR (e %ed () < LEBRA. 5k, A< S 4
I I A OB 5B A PR, £ B AN S s N H
HEAT—E IS H M E N L.
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