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Global finite-time observers for a class of nonlinear systems

SHEN Yan-jun, LIU Wan-hai, ZHANG Yong

(College of Science, China Three Gorges University, Yichang Hubei 443002, China)

Abstract: Finite-time stability is investigated for a class of nonlinear systems and a new sufficient condition for global

finite-time stability is presented. By using homogeneous theory and Lyapunov theory, together with an update law for

the gain, we develop a global finite-time observer for a class of nonlinear systems with a lower-triangular structure. The

observer is continuous but nonsmooth, which can reconstruct the states precisely in a finite-time interval.
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1 (Introduction)
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, .
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2 (Preliminaries)
:

ẋ = f(x), f(0) = 0, x ∈ R
n, x(0) = x0, (1)

f : D → R
n .

1[2] (1) ,

U ⊆ D T : U \ {0} →
(0,∞), ∀x0 ∈ U (1) Ψ(t, x0) ∈
U \ {0}, t ∈ [0, T (x0)), lim

t→T (x0)
Ψ(t, x0) = 0.

T (x0) .

2[2] (1) Lyapunov

, .

U = D = R
n, .

(1), Bhat Bernstein

.

: 2008−08−04; : 2009−07−21.

: (60773190, 50779029); (2008CDZ046,2008CDZ047);

(D20091305); (D200809).
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1[2] V : D → R,

c > 0, α ∈ (0, 1) Ω ∈ D

V̇ (x) + c(V (x))α � 0, x ∈ Ω \ {0}. (2)

, (1) .

T x0

T (x0) � 1
c(1 − α)

V (x1−α
0 ), x0 ∈ Ω. (3)

D = R
n, (2) R

n \ {0} ,

.

(1)

.

1 :

ẏ(t) = −c�y(t)�α − ly(t), y(0) = x, (4)

,

Lipschitz , c, l > 0, α ∈ (0, 1), �x�α =
|x|αsgn x. x ∈ R \ {0} .

(4) elt,

d(elty(t))
dt

= −c|y(t)elt|αe(1−α)ltsgn y(t),

, (4)

μ(t, x)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sgn xe−lt[|x|1−α+
c

l
− c

l
e(1−α)lt]

1
1−α ,

t <
ln(1 + l

c |x|1−α)
l(1 − α)

, x 	= 0,

0, t �
ln(1 + l

c |x|1−α)
l(1 − α)

,

0, t � 0, x = 0.

(5)

, y = 0.

2 V : D → R,

c, l > 0, α ∈ (0, 1) Ω ∈ D

V̇ (x) � −c(V (x))α − lV (x), x ∈ Ω \ {0}, (6)

, (1) .

T x0

T (x0) �
ln(1 + l

cV (x0)1−α)
l(1 − α)

, x0 ∈ Ω, (7)

D = R
n, (6) R

n \ {0} ,

.

:

V̇ (x) � −cV (x)α(1 +
l

c
V (x)1−α) < 0,

x ∈ Ω \ {0}. (8)

V V̇ < 0, x = 0 x(0) =
0 [2], x0 ∈ Ω

. Ψ(t, x0) (1) ,

V̇ (Ψ(t, x0))�−cV (Ψ(t, x0))α−lV (Ψ(t, x0)). (9)

,

V (Ψ(t, x0)) � μ(t, V (x0)), (10)

μ(·) (5) ,

Ψ(t, x0) = 0, t �
ln(1 + l

c |V (x0)|1−α)
l(1 − α)

,

∀x0 ∈ Ω. (11)

. .

1 2, l = 0, 1. l �= 0,

ln(1+ l
c |V (x0)|1−α)

l(1 − α)
<

V (x0)
1−α

c(1−α)
, −lV (x)

, .

3 (Main results)
:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x2 + f1(x1, u),
...

ẋn−1 = xn + fn−1(x1, · · · , xn−1, u),

ẋn = fn(x1, · · · , xn, u),

y = x1,

(12)

: x ∈ R
n, u ∈ R, y ∈ R

, fj(·) , fj(0) = 0, (j =
1, · · · , n),

|fi(x1, · · · , xi, u) − fi(x̂1, · · · , x̂i, u)| �
Ψ(y)(|x1 − x̂1| + · · · + |xi − x̂i|). (13)

1 Ψ(y) , b1, b2

> 0, 0 < b2 � Ψ(y) � b1.

(12) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̂x1 = x̂2 + f1(y, u) + La1�e1�α1 ,

...

˙̂xn−1 = x̂n + fn−1(y, x̂2, · · · , x̂n−1,

u) + Ln−1an−1�e1�αn−1 ,

˙̂xn = fn(y, x̂2, · · · , x̂n, u) + Lnan�e1�αn .

(14)

L{
L̇ = −L[ϕ1(L − ϕ2) − ϕ3Ψ(y)],

L(0) � ϕ2 � 1,
(15)
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:

ei = xi − x̂i, i = 1, · · · , n,

ai(i = 1, · · · , n) Hurwitz sn + a1s
n−1 +

· · · + an−1s + an , ϕ1, ϕ3 � 0,

αi = iα − (i − 1), i = 1, · · · , n, α∈(1− 1
n−1

, 1).

(15) L(t) � ϕ2 � 1,

L(t) = ϕ2 , L̇(t) � 0. ,

d
dt

[L − (ϕ2 +
ϕ3

ϕ1
Ψ(y))] =

−ϕ3

ϕ1
Ψ̇(y) − ϕ1L[L − (ϕ2 +

ϕ3

ϕ1
Ψ(y))]. (16)

L(t) � ϕ2 +
ϕ3

ϕ1
Ψ(y). (16)

d

dt
[L − (ϕ2 +

ϕ3

ϕ1
Ψ(y))] =

−ϕ3

ϕ1
Ψ̇(y) − ϕ1[L − (ϕ2 +

ϕ3

ϕ1
Ψ(y))].

L(t)�ϕ2+
ϕ3

ϕ1
Ψ(y)+e−ϕ1t[L(0)−(ϕ2+

ϕ3

ϕ1
Ψ(y(0)))]−

e−ϕ1t
� t

0

ϕ3

ϕ1
Ψ̇(y)eϕ1sds � L(0) +

ϕ3

ϕ1
b1.

, .

3 Ψ(y) 1,

L(t) � L(0) +
ϕ3

ϕ1
b1. (17)

(12)(14)⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ė1 = e2 + f̃1 − La1�e1�α1 ,

...

ėn−1 = en + f̃n−1 − Ln−1an−1�e1�αn−1 ,

ėn = f̃n − Lnan�e1�αn ,

(18)

{
L̇ = −L[ϕ1(L − ϕ2) − ϕ3Ψ(y)],

L(0) � ϕ2 � 1,
(19)

:

f̃i = fi(x1, · · · , xi, u) − fi(y, x̂2, · · · , x̂i, u),

i = 1, · · · , n.

:

εi =
ei

Li−1+σ
. (20)

(19)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε̇1 =Lε2−L(α1−1)σ+1a1�ε1�α1− L̇

L
σε1+

f̃1

Lσ
,

...

ε̇n−1 =Lεn−L(αn−1−1)σ+1an−1�ε1�αn−1−
L̇

L
(n − 2 + σ)εn−1 +

f̃n−1

L(n−2+σ)
,

ε̇n = −L(αn−1)σ+1an�ε1�αn−
L̇

L
(n − 1 + σ)εn +

f̃n

L(n−1+σ)
,

(21)

σ � 0. [18] , Hurwitz

A ai(i = 1, · · · , n), PT = P >

0 {
ATP + PA � −I,

h1I � DσP + PDσ � h2I,
(22)

h1, h2 ,

A =

⎛
⎜⎜⎜⎜⎝

−a1 1 · · · 0
...

...
...

−an−1 0 · · · 1
−an 0 · · · 0

⎞
⎟⎟⎟⎟⎠ ,

Dσ =

⎛
⎜⎜⎜⎜⎜⎜⎝

σ 0 · · · 0

0
1 + σ

α1
· · · 0

...
...

...

0 0 · · · n − 1 + σ

αn−1

⎞
⎟⎟⎟⎟⎟⎟⎠

.

.

1 (12) 1

(13), .

1 .

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ε̇1 = Lε2 − L(α1−1)σ+1a1�ε1�α1 ,

...

ε̇n−1 = Lεn − L(αn−1−1)σ+1an−1�ε1�αn−1 ,

ε̇n = −L(αn−1)σ+1an�ε1�αn .

(23)

4 α ∈ (1 − 1
n − 1

, 1), (23)

{(i − 1)α − (i − 2)}1�i�n α − 1
.

5 δ ∈ (1 − 1
n − 1

, 1], α ∈
(1 − δ, 1), (23) .
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Lyapunov :

Vα(ε) = ε̃TP ε̃, (24)

:

ε̃ = [�ε1� 1
r · · · �ε1�

1
αn−1r )]T,

ε = [ε1 · · · εn],

r =
n−1∏
i=1

[(i − 1)α − (i − 2)].

fα (23) . α = 1 , (23)

ε̇ = LAε. (25)

dV1

dt
= 2εTP ε̇ = LεT(ATP + PA)ε < 0. (26)

Λ = V −1
α ([0, 1]),∇ = V −1

1 ({1}), Λ ∇
. θ : (0, 1] × ∇ → R, θ(α, ε, L) =

LfαVα(ε). θ , θ(1, ε, L) < 0,

ε×L ∈ ∇, θ({1}×∇) ⊂ (−∞, 0). ∇
, ξ > 0 θ((1 − ξ] ×∇) ⊂ (−∞, 0).

, α ∈ (1 − ξ, 1], ε × L ∈ ∇, LfαVα(ε) < 0.

∀α ∈ (1 − ξ, 1], Λ .

α ∈ (1 − ξ, 1],
[14]. α − 1 < 0, 6.1[14] ,

(23) .

.

, [14] 4.2

−c1(α, L)[Vα(ε)]
2/r+α−1

2/r � LfαVα(ε) �

−c2(α, L)[Vα(ε)]
2/r+α−1

2/r . (27)

6 c2(α, L) lim
α→1

c2(α, L) = −Lc̄,

c̄ = max
{ε : V1(ε)=1}

{εT(ATP + PA)ε}.

{z : Vα(z) = 1} {z : V1(z) =
1} , ,

z = [z1 · · · zn]T ∈ {z : Vα(z) = 1},

z̄ = [�z1� 1
r · · · �zn�

1
αn−1r )]T ∈ {z : V1(z) = 1}

, lim
α→1

‖z̄ − z‖2 = 0. LfαVα(z)

, δ2 > 0 δ1, η > 0,

|α − 1| < η, ‖z − z̄‖ < δ1 :

Lf1V1(z̄) − δ2 < LfαVα(z) < Lf1V1(z̄) + δ2.

max
{z : Vα(z)=1}

LfαVα(z̄) < max
{z : Vα(z)=1}

Lf1V1(z̄) + δ2.

lim
α→1

max
{z : Vα(z)=1}

LfαVα(z̄) � max
{z : Vα(z)=1}

Lf1V1(z̄).

max
{z : Vα(z)=1}

Lf1V1(z̄) � lim
α→1

max
{z : Vα(z)=1}

LfαVα(z̄).

.

.

1 :
d
dt

�ei�α1 = αi|ei|αi−1[4],

Lyapunov (24) (21) .

dVα(ε)
dt

∣∣∣∣
(21)

=

dVα(ε)
dt

∣∣∣∣
(23)

+ 2ε̃TP

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

|ε1|1/r−1

r

f̃1

Lσ

|ε2|1/(α1r)−1

α1r

f̃2

L1+σ

...

|εn|1/(αn−1r)−1

αn−1r

f̃n

Ln−1+σ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
− 2ε̃TP

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

|ε1|1/r−1

r

L̇

L
σε1

|ε2|1/(α1r)−1

α1r

L̇

L
(σ + 1)ε2

...

|εn|1/(αn−1r)−1

αn−1r

L̇

L
(n − 1 + σ)εn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

−c2(α, L)[Vα(ε)]
2/r+α−1

2/r + 2Ψ(y)[ε̃TPε]1/2(
∑
i,j

|Pi,j |
α2

n−1r
2

|εi|1/(αi−1r)−1
i∑

k=1

|ek|
L(i−1+σ)

|εi|1/(αj−1r)−1
j∑

k=1

|ek|
L(j−1+σ)

)1/2 −

2ϕ3Ψ(y)
r

ε̃TPDσ ε̃ +
2ϕ1(L − ϕ2)

r
ε̃TPDσ ε̃.
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p̄ = max
i,j

|Pi,j |, λ1, λ2 > 0

λ1I � P � λ2I L > 1,

dVα(ε)
dt

∣∣∣∣
(21)

�

−c2(α, L)[Vα(ε)]
2/r+α−1

2/r −ϕ3h1Ψ(y)
λ2r

Vα(ε)+

ϕ1h2(L − ϕ2)
λ1r

Vα(ε) +
2Ψ(y)p̄
αn−1r

V 1/2
α (ε) ×

(
∑
i,j
|εi|1/(αi−1r)−1

i∑
k=1

|εk||εj |1/(αj−1r)−1
j∑

k=1

|εk|)1/2.

[18] 2.4, c̄i, d̄i > 0(1 � i �
n)

|εi|1/(αi−1r)−1
i∑

k=1

�

i∑
k=1

[c̄i|εi|1/(αi−1r) + d̄i|εk|1/(αi−1r)]
�
=

i∑
k=1

zi,k|εk|1/(αi−1r).

z̄ = max
i,k

zi,k,

dVα(ε)
dt

∣∣∣∣
(21)

�

−c2(α, L)
[
Vα(ε)

] 2/r+α−1
2/r − ϕ3h1Ψ(y)

λ2r
Vα(ε) +

ϕ1h2(L − ϕ2)
λ1r

Vα(ε) +
2Ψ(y)p̄nz̄

αn−1rλ1
Vα(ε).

ϕ1, ϕ2, ϕ3, L(0)

ϕ2 = ϕ3b1, L(0) � ϕ2,

ϕ3h1b2

λ2
>

ϕ1h2L(0)
λ1

+
2b1p̄nz̄

αn−1λ1
.

dVα(ε)
dt

∣∣∣∣
(22)

�

−c2(α, L)
[
Vα(ε)

] 2/r+α−1
2/r −

(
ϕ3h1b2

λ2r
− ϕ1h2L(0)

λ1r
− 2b1p̄nz̄

αn−1r
)Vα(ε).

2 (22) .

.

2
[16], [16]

, fi(·)
y u , fi(·)

y, u, x1, · · · , xi−1 , .

, ,

;

,

, , [19,20]

.

4 (Numerical experiment)
[21]:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

η̇1 =
η1η2

1 + η2
− uη1,

η̇2 = − η1η2

η1 + η2
+ u(1 − η2),

y = η1,

u ∈ Mu = [umin, umax] ∈ (0, 1),

Mη ={(η1, η2) ∈ R
2 : η1 �ε1, η2 �ε2, η1 + η2 �1}

, ε1 =
(1 − umax)ε2

umax
umin �

ε2. .

:

Mη → Mx = F (Mη),

(η1, η2) → (x1, x2) = (η1,
η1η2

η1 + η2
),

⎧⎪⎨
⎪⎩

ẋ1 = x2 − ux1,

ẋ2 = f2(x1, x2, u),
y = η1,

(28)

f2(x1, x2, u)=u+(−u − 1− 2u

x1
)x2 + (

2
x1

+
u

x2
1

)x2
2.

(x1, x2, u) ∈ Mx × Mu,

x2(x1) = x1
ε2

x1 + ε2
� x2 � x1 = x̄2(x1).

(u, x1) ∈ [umin, umax] × [ε1, 1 − ε2],
x2 ∈ [x2(x1), x̄2(x1)], [21] f2(·)

, (x1s, x2s) (x1, x2), :

x1s = max{ε1, min{1 − ε2, x1}},
x2s = max{x2(x1s), min{x̄2(x1s), x2}},

|f2(x1, x2, u)−f2(x1, x̂2, u)|�Ω(u, x1, x̂2)|x2−x̂2|,

Ω(u, x1, x̂2) =

max
x2∈[x2(x1s),x̄2(x1s]

|− u−1− 2u

x1
+(

2
x1

+
u

x2
1

)(x̂2+x2)|.
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x̂2 x2 , x̂2s x̂2,

x2s = max{x2(x1s), min{x̄2(x1s), x̂2s}},
1,⎧⎪⎨

⎪⎩
˙̂x1 = x̂2 − ux1 − 3L�e1�0.98,

˙̂x2 = f2(x1, x̂2, u) − 2L�e1�0.96,

L̇ = −L(0.01(L − 1)) − 0.1Ω(u, x1, x̂2)).

(29)

(29) x(0) = [0.7, 0.3]T,

x̂(0) = [0.3, 0.5]T, L(0) = 1,

1 . , [22],

:{
˙̂x1 = x̂2 + ux1 + λ1sgn(x1 − x̂1),
˙̂x2 =f2(x1, x̂2, u)+λ2sgn(λ1sgn(x1−x̂1))eq,

(30)

λ1 = 0.08, λ2 = 1.2, x̂(0)

= [0.3, 0.5]T, 2 .

1

Fig. 1 Trajectories of error states with high-gain

finite-time observer

2

Fig. 2 Trajectories of error states with sliding mode observer

,

.

5 (Summary)

, ,

,

.

(References):

[1] HAIMO V T. Finite time controller[J]. SIAM Journal Control Opti-

mization, 1986, 24(4): 760 – 770.

[2] BHAT S, BERNSTEIN D. Finite-time stability of continuous au-

tonomous systems[J]. SIAM Journal Control Optimization, 2000,

38(3): 751 – 766.

[3] HONG Y, HUANG J, XU Y. On an output feedback finite-time stabi-

lization problem[J]. IEEE Transactions on Automatic Control, 2001,

46(2): 305 – 309.

[4] HONG Y. Finite-time stabilization and stabilizability of a class of

controllable systems[J]. Systems & Control Letters, 2002, 46(4): 231

– 236.

[5] HONG Y, WANG J. Finite-time stabilization of a class of nonlinear

systems[J]. Science in China, 2005, 35(5): 663 – 672.

[6] HONG Y, WANG J, CHENG D. Adaptive finite-time control of non-

linear systems with parametric uncertainty[J]. IEEE Transactions Au-

tomatic Control, 2006, 51(5): 858 – 862.

[7] LI J, QIAN C. Global finite-time stabilization by dynamic output

feedback for a class of continuous nonlinear systems[J]. IEEE Trans-

actions Automatic Control, 2006, 51(5): 879 – 884.

[8] HUANG X, LIN W, YANG B. Global finite-time stabilization of a

class of uncertain nonlinear systems[J]. Automatica, 2005, 41(5): 881

– 888.

[9] HASKARA I, OZGIINER U, UTKIN V. On sliding mode observers

via equivalent control approach[J]. International Journal Control,

1998, 71(6): 1051 – 1067.

[10] ENGEL R, KREISSELMEIER G. A continuous-time observer which

converges in finite time[J]. IEEE Transactions on Automatic Control,

2002, 47(7): 1202 – 1204.

[11] MENOLD P H, FINDEISEN R, ALLGOWER F. Finite time con-

vergent observers for linear time-varying systems[C] // Proceedings

of the 11th Mediterranean Conference on Control and Automation.

Rhodos, Greece: [s.n.], T7-078, 2003.

[12] MENOLD P H, FINDEISEN R, ALLGOWER F. Finite time conver-

gent observers for nonlinear systems[C] //Proceedings of the 42nd

IEEE Conference on Decision and Control. Hawaii, USA: [s.n.],

2003, 6: 5673 – 5678.

[13] MICHALSKA H, MAYNE D. Moving horizon observers and

observer-based control[J]. IEEE Transaction on Automatic Control,

1995, 40(6): 995 – 1006.

[14] BHAT S, BERNSTEIN D. Geometric homogeneity with applica-

tions to finite-time stability[J]. Mathematics Control Signals Systems,

2005, 17(1): 101 – 127.

[15] SHEN Y J, XIA X H. Semi-global finite-time observers for nonlinear

systems[J]. Automatica, 2008, 44(12): 3152 – 3156.



674 27

[16] PERRUQUETTI W, FLOQUET T, MOULAY E. Finite time ob-

servers and secure communication[J]. IEEE Transaction on Auto-

matic Control, 2008, 53(1): 356 – 360.

[17] LEI H, LIN W. Adaptive regulation of uncertain nonlinear systems by

output feedback: A universal control approach[J]. Systems & Control

Letters, 2007, 56(7): 529 – 537.

[18] QIAN C, LIN W. Non-Lipschiz continuous stabilizer for nonlinear

systems with uncontrollable unstable linearization[J]. System & Con-

trol Letters, 2001, 42(3): 185 – 200.

[19] KRENER A J. Nonlinear stabilizability and detectability, in systems

and networks: mathematical theory in nonlinear control theory[J].

Reidel, Dordrecht, 1986, 24(4): 760 – 770.

[20] XIA X, ZEITZ M. On nonlinear continuous observers[J]. Interna-

tional Journal Control, 1997, 66(6): 943 – 954.

[21] ANDRIEU V, PRALY L, ASTOLFI A. Homogeneous observers with

dynamic high gain[C] //The 7th IFAC Symposium on Nonlinear Con-

trol Systems. Pretoria, South Africa: [s.n.], 2007, 21 – 24.

[22] XIONG Y, SAIF M. Sliding mode observer for nonlinear uncertain

systems[J]. IEEE Transaction on Automatic Control, 2001, 46(12):

2012 – 2017.

:

(1970—), , , ,

, E-mail: shenyj@ctgu.edu.cn;

(1982—), , , , E-

mail: liuwanhai07@126.com;

(1975—), , , , E-mail:

zhongyong197510@163.com.


