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Fault reconstruction based on
global diffeomorphic coordination transformation
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Abstract: A robust fault diagnosis is presented for a class of uncertain nonlinear systems with unknown input distur-

bances. The system is transformed into two subsystems by means of the global diffeomorphic coordination transformation.

One of the subsystems is free from faults whose states can be partially measured, while the other is subject to faults and

all its states can be measured. In order to eliminate the effects of unknown disturbances, state observers are subsequently

constructed for both subsystems based on the sliding mode variable structure theory, thus the studied system acquires its

ability of reconstructing fault by applying the specific equivalent control methodology. Simulation examples demonstrate

the effectiveness of the proposed design.
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2 (System description)
[23]

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋ = f(x) + d(x) +
m∑

i=1

qi(x)ui+
r∑

j=1

eaj(x)fajlaj(t − Taj),

y = h(x) +
q∑

k=1

esk(x)fsklsk(t − Tsk).

(1)

: x(t) ∈ R
n , u(t) ∈ R

m

, y(t) ∈ R
p , f(x)

. d(x) ,

,

.

fa = [fa1, fa2, · · · , far]T ∈ R
r

, , eaj

, .

fs = [fs1, fs2, · · · , fsq]T ∈ R
q

, ,

esk , .

qi(x) , . h(x) =
[h1(x), h2(x), · · · , hl(x), hl+1(x), · · · , hp(x)]T

, . r, q � p < n.

li(t − Ti) , Ti

, :

li(t − Ti) =

{
0, t < Ti,

1, t � Ti.

1 , (1)

, Ω ⊂
R

n × R
m, (x(t), u(t)) ∈ Ω, ∀ t � 0.

1 , (1)

– (input-to-state stable, ISS)[19];

Ti ,

; ,

,

ISS.

, :

, (1) ,

.

3 (Coordinate transformation)
,

(1)

1 .

3.1 (Coordinate

transformation with actuator faults)
1 , (1)

[23]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ż =
[

0l×l 0l×(n−l)

0(n−l)×l A

]
z + γ(y, u)+

[
d1(z)
d2(z)

]
+

r∑
j=1

[
ψj(z)

0(n−l)×l

]
faj,

y =
[

Il×l 0l×(n−l)

0(p−l)×l C

]
z.

(2)

: z = T (x) , T

; , ψj(z)
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,γ(y, u) , d1(z), d2(z)
; [23],

(Ai, Ci)(i = 1, 2, · · · , p − l) .

2[23] ρ1 = · · · = ρl = 1,
p∑

i=1

ρi = n,

(1) ,

rank{dhi(x), · · · , d(Lρi−1
f hi(x)) : 1 � i � p} = n.

, ∀ x∈R
n, ρi(i = 1, 2 · · · , p) .

1[23] 2 ,

z = T (x), T (0) = 0, z ∈ R
n,

(1) (2).

2
z = [z1, z2]T, z1 ∈ R

l, z2 ∈ R
n−l,

z1 = [z11, z12, · · · , z1l]T,

z2 = [z2l+1, z2l+2, · · · , z2l+n−l]T;

y = [y1, y2]T, y1 ∈ R
l, y2 ∈ R

p−l,

y1 = [y11, y12, · · · , y1l]T,

y2 = [y2l+1, y2l+2, · · · , y2l+p−l]T.

(2) :{
ż1 = γ1(y, u) + d1(z) + E(z)fa,

y1 = z1,
(3)

{
ż2 = Az2 + γ2(y, u) + d2(z),
y2 = Cz2.

(4)

: E(z) , E(z) ,
[23].

[23] , ,

(1) (3) (4)

. (3) ,

; (4) ,

z d2(z)
, .

3.2 (Coordinate

transformation with sensor faults)
3.1 , ,

[23]:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ż=

[
0l×l 0l×(n−l)

0(n−l)×l A

]
z+η(y2, u)+

[
d1(z)
d2(z)

]
,

y=

[
Il×l 0l×(n−l)

0(p−l)×l C

]
z +

q∑
k=1

[
ψk(z)

0(p−l)×l

]
fsk.

(5)

: A,C , ψk(z), η(y2, u)
. ,

(5) :{
ż1 = η1(y2, u) + d1(z),
y1 = z1 + D(z)fs,

(6)

{
ż2 = Az2 + η2(y2, u) + d2(z),
y2 = Cz2.

(7)

D(z) . ,

.

4 (Faults reconstruction)
(3)(4) (6)(7)

,

.

4.1 (Actuator faults reconstruc-

tion)
(3)(4) [23]:

3 d1(z) ,

‖d1(z)‖ � α1(y, u).

4 B

d̄2(z), d2(z) = Bd̄2, ‖d̄2‖ � α2(y, u).

5 fa E(z)
, ‖E(z)fa(z)‖ � α3(y, u).

6 P , Q,

AT
0 P + PA0 = −Q. A0 = A − LC,

(A,C) , L A0

.

7 PB = CTFT.

2 3∼5 α1(y, u), α2(y, u), α3(y, u)

0 , y u

, .

,

. , 4

d2(z) . 7
[24], P : GF (s) =

FC(sI − A0)
−1B (strictly positive real, SPR).

GF (s) (A, C)

CB [25]. CB
[23,26∼28].

(3)(4) :{ .

ẑ1 = γ1(y, u) + w1,

ŷ1 = ẑ1,
(8)

{ .

ẑ2 = Aẑ2 + γ2(y, u) + L(y2 − ŷ2) + Bw2,

ŷ2 = Cẑ2.
(9)

, ˆ ; w1,
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w2 , :

w1 =

⎧⎨
⎩−k1

(ŷ1 − y1)
‖(ŷ1 − y1)‖ , ŷ1 − y1 �= 0,

0, ŷ1 − y1 = 0,
(10)

w2 =

⎧⎨
⎩−k2

F (ŷ2 − y2)
‖F (ŷ2 − y2)‖ , ŷ2 − y2 �= 0,

0, ŷ2 − y2 = 0.
(11)

: F 7 , k1, k2

.

3 e1 = ẑ1 − z1, e2 = ẑ2 − z2,

ey1 = ŷ1 − y1 = e1, ey2 = ŷ2 − y2 = Ce2.

(3)(4) (8)(9) :

ė1 = w1 − d1(z) − E(z)fa, (12)

ė2 = (A − LC)e2 + Bw2 − d2(z). (13)

1 3∼7, (3)(4)

(8)(9) ,

k1 � α1(y, u) + α3(y, u), k2 � α2(y, u),

e1 e2 .

Lyapunov

V = eT
1 e1 + eT

2 Pe2. (14)

(12)(13),

V̇ �−2(k1 − α1(y, u) − α3(y, u))
∥∥eT

1

∥∥ −
2(k2 − α2(y, u)) ‖Fey2‖ − λmin(Q) ‖e2‖2

.

(15)

k1 � α1(y, u) + α3(y, u), k2 � α2(y, u),

V̇ � −λmin(Q)‖e2‖2. (16)

e1, e2 . .

4
N = (E(z)TE(z))−1E(z)T,

wσ1 = −k1

(ŷ1 − y1)
‖(ŷ1 − y1)‖ + δ1 exp(−δ2t)

,

δ1, δ2 . f̂a fa

, , 2

.

2 (3)(4)

, f̂a =
(E(ẑ)TE(ẑ))−1E(ẑ)Twσ1,

d1 , lim
t→∞

‖f̂a − fa‖ = 0;

d1 , ‖f̂a − fa‖ � α1(y, u)‖N‖.

ey1 , ey1 = e1,

Lyapunov Vs = eT
1 e1, 1 , k1 �

α1(y, u) + α3(y, u) , V̇s � 0,

. , [24],

e1 = ė1 = 0, , (12) :

weq1 − d1(z) − E(z)fa = 0. (17)

, weq1 = −k1

(ŷ1 − y1)
‖(ŷ1 − y1)‖ w1

(equivalent output injection, EOI). ,

E(z) , (17) :

fa = (E(z)TE(z))−1E(z)T(weq1 − d1(z)). (18)

:

f̂a = (E(ẑ)TE(ẑ))−1E(ẑ)Twσ1. (19)

, wσ1 weq1 ,

, 4 .

N̂ = (E(ẑ)TE(ẑ))−1E(ẑ)T =

(E(y1, ẑ2)TE(y1, ẑ2))−1E(y1, ẑ2)T.

(18)(19)

f̂a − fa = N̂wσ1 − N(weq1 − d1(z)). (20)

e2 , ẑ2 → z2, N̂ → N , (20)

f̂a − fa = N(wσ1 − weq1) + Nd1(z)). (21)

δ1, δ2 ,

lim
t→∞

‖wσ1 − weq1‖ = 0. (22)

, ,

‖f̂a − fa‖ � α1(y, u) ‖N‖ =

α1(y, u)
√

λmin(NTN). (23)

d1 ,

lim
t→∞

‖f̂a − fa‖ = 0.

.

3 d1

, N ,

. d1 = 0 , (3)

, ,

fa. δ1, δ2 wσ1 weq1

, δ1

, δ2
[4].

4 [23] :

f̂a = (E(ẑ)TE(ẑ))−1E(ẑ)T(ẏ1 − γ1(y, u)). (24)

‖f̂a−fa‖�α1(y, u) ‖N‖=ε+α1(y, u)
q

λmin(NTN). (25)

: ε > 0. ,

.

[23] , .
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4.2 (Sensor faults reconstruction)

3
f̂s = (D(ẑ)TD(ẑ))−1D(ẑ)T(y1 − ẑ1). (26)

D(z) , (6),

:

f̂s = (D(ẑ)TD(ẑ))−1D(ẑ)T(y1 − ẑ1).

: ẑ1, ẑ2 (8)(9) . .

5 (Example of application)

, [23]

,

(27) . ,

.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x2 − 2x4 + 2x3fa + 1.9x2
3 sin(x2)ξ1(t)+

9.5x2
3 cos(x2)ξ2(t),

ẋ2 = x4 + x1x4 − x3fa + 1.48x2
3 sin(x1)ζ1(t)+

7.4x2
3 cos(x2)ξ2(t),

ẋ3 = x1 + 2x2
3 + 5.9x2

3 cos(x2)ξ2(t)+
1.18x2

3 sin(x1)ξ1(t),
ẋ4 = x3 + u − fa − 1.18x3x4 sin(x1)ξ1−

5.9x3x4 cos(x2)ξ2,

y1 = x4,

y2 = x3.

(27)

: ξi = [0, 1](i = 1, 2) ,

fa . ρ1 = 3, ρ2 = 1, l = 1.

g1 =
∂

∂x1

, g2 = 2x3

∂

∂x1

− x3

∂

∂x2

− ∂

∂x4

,

z = T (x)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

z1 = x3,

z2 = x1 + 2x3x4,

z3 = x2 − x3x4,

z4 = x4.

(28)

(27)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ż1 =z2 − 2y1y2 + 2y2
2+1.18z2

1 sin(z2−
2z1z4)ξ1(t) + 5.9z2

1 cos(z3 + z1z4)ξ2(t),
ż2 = z3 + 2y2

2 − 2y1 + y1y2 + 4y2
2y1+

2y2u + 9.5z2
1 cos(z3 + z1z4)ξ2(t)+

1.9z2
1 sin(z2−2z1z4)ξ1(t),

ż3 = y1 − y2
2 − 2y2

2y1 − y2u + 1.48z2
1 sin(z2−

2z1z4)ξ1(t)+7.4z2
1 cos(z3+z1z4)ξ2(t),

y2 = z1.

(29)

⎧⎪⎨
⎪⎩

ż4 =y2+u−fa−1.18z1z4 sin(z2 − 2z1z4)×
ζ1(t) − 5.9z1z4 cos(z3 + z1z4)ξ2(t),

y1 = z4.

(30)

, (27)

(29)(30) .

α1(y, u)=3 |y1y2| , α2(y, u)=
√

2
2

y2
2, α3(y, u)=1.

L = [6 12 8]T, F = [1.87 0.37]T.

, ,

. z(0), ẑ(0)
, 10−3, ode45,

ξ1(t), ξ2(t) [0, 1]
. 3 ,

.

1) 1.

fa(t) =

{
0, 0 � t � 2,

sin(πt), 2 < t.
(31)

1 fa f̂a

. , ,

,

, .

1 1 fa f̂a

Fig.1 Fault reconstruction of fault case 1

2) 2.

0.6 cos(6t) 0.4, 1 s,

50% , t = 2 s

. 2 fa f̂a , 3

z4 ẑ4 . ,

z4 , fa .

[23] , z4

, .
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2 2 fa f̂a

Fig.2 Fault reconstruction of fault case 2

3 2 z4 ẑ4

Fig.3 State estimation of fault case 2

3) 3.

,

, ,

. 3

[0, 1] ,

. t = 0.02 s , 4 fa

f̂a . ,

, .

4 3 fa f̂a

Fig.4 Fault reconstruction of fault case 3

,

, ,

,

,

.

6 (Conclusion)

, ,

, ,

.

, ,

. .
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