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Spacecraft proximity relative motion
under robust constrained model predictive control

ZHU Yan-wei, YANG Le-ping
(College of Aerospace and Material Engineering, National University of Defense Technology, Changsha Hunan 410073, China)

Abstract: With the development of on-orbit service, there is an increasing desire to control spacecraft proximity op-

erations precisely. By employing the set theory, the mixed-integer linear programming(MILP) and the variable horizon

model predictive control(MPC), we solve the robust controlproblem of spacecraft proximity operations, considering con-

trol constraints, state constraints, unknown bounded disturbance, control error and navigation error. Firstly, the finite-time

maneuvering with a predetermined target set is formulated by the discrete C-W dynamics, the time-fuel cost function and

the linear constraints. Secondly, the robust variable horizon MPC algorithm is introduced to ensure the robust feasibility

and the finite-time entry of the target set. The feasibility is analyzed by using thei-step robust controllable set. The navi-

gation error is treated as a bounded disturbance by set operations. The controller is implemented using MILP optimization.

Finally, the simulation results show that the controller isefficient and robust.
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1 ÚÚÚóóó(Introduction)
�XÊUì3;ÑÖ�¯�uÐ,ÊUìCål

�é$Ä��¯K��
Æâ.�ÊH'5. �;

�-Eu),(�?Ö�¤,��°Ý�¦p,7L

�Ä�«Ø(½Ï�(�ÊØ�!íåØ�Ú��Z

6�)�K�,¦��ìäkr°�5.

Cc5,�éÊUì�é$Ä�p°Ý��, Ñ

y
éõ�{,XPD, LQRÚ��5�"�. ù
�

{éýk5yÑ�?Ö;,¢��l��, �3±

eØv: �´ÿþØ����Z6�Ø(½5Ï~

¬Úå�p�-��Ñ,�´J±?nE,�G�

�åÚ���å. °��å�.ýÿ���)û±

þØvJø
�«�{. �.ýÿ��(MPC)2�

A^uL§��, áu5ya��ì, �¹�.ý

ÿ!EÄ`zÚ�"��3�Ì�Ü©, nÜ
c"

��"��,zÚ���Ñ\þ�â�#�G�`

z¦)��,k�ü$
Ø(½5Ï��\È�^.

MPC�±�Ä�«�å, ¦�É�XÚ��C�å

>.,l¼��Ð�5U.8c,�åMPC�½

5!°�5�,´ïÄ9:. �åØ ´¼�°�

5�k��{, �Lu�Å. Richards[1]�é�¹Ø

(½�å��5XÚ,ÏL(¹?n�åØ Úª

à�å,ü$
�åØ ��Å5.

MPC��ìéO�]��¦p, òMPC=z
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��55y(LP)¦), �ü$MPC��ì�O�E

,5Jø
k�å». Ïd,®kÆöéMPC3ÊU

ì;,`z���¥�A^mÐïÄ. ùUT[2]æ

^Äu�é;��ê��é$Ä�§, ïÄ
?è

�/�±�MPC,áu�½��MPC.

�©æ^C-WÄåÆ�§, �âÄu�åØ �

°��C��MPC,|^8ÜnØÚ·Ü�ê�5

5y(MILP), )ûÊUìCål�é$ÄL§¥�

,��½«�ÅÄ�°���¯K.

2 ¯̄̄KKKïïï���(Problem formulation)
JlÊUì38IÊUìNC$Ä, l�cG

�x0�A½�8I8TÅÄ,ÄuU>.íå�ª

��,�ÄG��å!���å!��k.Z6!í

åØ�Ú�ÊØ��,�O��ì,¦JlÊUì3

k��mS��8I8,¿`z,
5U�I.

2.1 ���éééÄÄÄåååÆÆÆ(Relative dynamics)

Tillerson[3,4]ÏL�þ�ýL²,é� %Çë�

;�,3��ì¥æ^C-W�§,¤O\�-��Ñ

é�,��wÍü$O�þ. Ïd,�©À^�5�

ØC�C-W�§��MPC�ÄåÆ�., Q·^u

�ë�;�,�·^u� %Çë�;�.

C-W�§�L«�Ý
/ªẋ(t) = Acx(t) +

Bcu(t) + Bdd(t), æ^"��±æ�, �æ�±Ï

�Ts,KlÑzÄåÆ�.(t = kTs)�

x(k + 1) = Ax(k) + Bu(k) + w(k). (1)

ª¥: x(k) ∈ X ⊂ R
6�G��þ, u(k) ∈ U ⊂

R
3�Ñ\�þ, w(k) ∈ W ⊂ R

3�k.Z6�þ;

X ,U ,W©O�G�8!Ñ\8ÚZ68.

2.2 888III¼¼¼êêê(Cost function)

b�JlÊUì3���þkíåì,`z�I

��Uþ–�m|Ü�`,K8I¼ê�

J =
NF
∑

k=0

(1 + γ‖uk‖1) =
NF
∑

k=0

(1 + γpTvk). (2)

ª¥: γ�\�Xê, uk = u(k), NF�?\8I8

��mÚ�ê, x(NF) ∈ T , p = [1 1 1]T, vki(i =

1, 2, 3)�tµCþ,÷vuki 6 vki,−uki 6 vki,Bu

A^LP¦).

2.3 ���åååLLL«««(Constraints)

ò�«�å(à�å!�à�å)�¤�5/ª.

�à�åÏL�êÚ�?�Cþ?n.

1) ªàG��å(à�å).

ªàG�xF ∈ T = {x ∈ R
6|Px 6 q} ⊂ R

6,

P ∈ R
m1×6�~�Ý
, q ∈ R

m1�~���þ,

m1��5�å��ê.

2) ��Ñ\�Ú�å(à�å).

��Ñ\Ø�Líåì���ÑÑumax :
[

I3×3

−I3×3

]

uk 6

[

uR

uL

]

. (3)

ª¥: IL«ü Ý
, uR,uL©O���Ñ\�

þ!e>.,Ï~k−uL = uR = umax.

3) ��óÀ'A�å(�à�å).

L�íåì���ÑÑumin��, ÏLtµC

þvkiÚ�?�Cþdki?n:
{

− dkiumaxi + vki 6 0,

vki − (dki − 1)umini > umini.
(4)

�dki = 0�, vki = 0, uki = 0;ÄKvki > umini.

4) -E;��å(�à�å)[5] .

�;�-E, Ú\�1B«, Ù��±JlÊU

ì!8IÊUì�/G��â. ?¿/G��1B

«þ�æ^õ¡NCq, dN��²¡�majx +

bjy + cjz + dj 6 0(j = 1, · · · , N)��/¤. e�

1B«�àõ¡N,K-E;��åL«�














































a1x(k) + b1y(k) + c1z(k) + d1 6 0,

or

a2x(k) + b2y(k) + c2z(k) + d2 6 0,

...

or

aNx(k) + bNy(k) + cNz(k) + dN 6 0.

(5)

Ú\�?�Cþsi(k)Ú�êM ,ò/or0�åC

�/and0�å:














































































a1x(k) + b1y(k) + c1z(k) + d1 6 Ms1(k),

and

a2x(k) + b2y(k) + c2z(k) + d2 6 Ms1(k),

...

and

aNx(k)+bNy(k)+cNz(k)+dN 6MsN(k),

and

N
∑

i=0

si(k) 6 N − 1.

(6)

e�1B«��àõ¡N,E�æ^þã�ªL

«,��3ª(5)¥O\/and0�å.

�;���lÑ:�m�;,��1B«��,

Ú\S��ä�Vg,=é�1B«?1Ün��.

5) Z6�å(à�å).

b�Z6\�Ýk.,Ùþ?�ÏL©Û�é�
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í{åZ6!�é/¥AÇ�ÄZ6��þ?(½.

d	,íåØ���±w�´Z6.

/Ï8ÜÝ
N�[6],�dZ6\�ÝO�ÑZ

68W = {w ∈ R
3|Hw 6 h}, H ∈ R

m2×3�~�

Ý
, h ∈ R
m2�~���þ, m2��5�å�ê.

þãcü��å�Ñ\�å, �¤Ñ\8U ;

14��å�G��å, �¤G�8X . G��å

ÚÑ\�å�Ú�¤ÑÑ�å: y(k) = Cx(k) +

Du(k) ∈ Y ⊂ R
m3 , Y�ÑÑ8, C,D�~�Ý
,

m3��5�å��ê.

3 ������ììì���OOO(Controller design)

3.1 °°°������CCC������MPC(Robust variable horizon

MPC)[1]

ò?\8I8T¤I��mÚ�êN(k)��û

üCþ,½ÂMPC̀ z¯KPVH(x(k),Y,T ,W),{

P�PVH(k):






















































J∗(x(k))= min
u,x,y,N(k)

N(k)
∑

j=0

(1+γ‖u(k+j|k)‖1),

s.t ∀ j ∈ {0, · · · , N(k)},

x(k+j+1|k)=Ax(k+j|k)+Bu(k+j|k),

y(k + j|k) = Cx(k + j|k) + Du(k + j|k),

x(k|k) = x(k), y(k + j|k) ∈ Y(j),

x(k + N(k)|k) ∈ T (N(k)).

(7)

ª¥: N(k)L«31kÚýÿ�?\8I8¤I

��mÚ�ê; Y(j),T (N(k))©O�²L�åØ

 ?n�ÑÑ8Ú8I8, Y(0) = Y, Y(j + 1) =

Y(j) ∼ (C+DK(j))L(j)W, T (0) = T , T (j+1) =

T (j) ∼ L(j)W, /∼0L«Pontryagin�[6], L(j)�

ÿÀ��Æu(k + j|k) = K(j)x(k + j|k)�^e

4�XÚ�G�=£Ý
, L(0) = I, L(j + 1) =

(A + BK(j))L(j).

���{{{ °��C��MPC: 1)ex(k) ∈ T , Ê

�(��8I8); 2)¦)PVH(k); 3)A^��u(k) =

u∗(k|k); 4) k = k + 1,�£1).

1) °��1.

b�XÚÐ©G�e�MPC̀ z¯K�±¦),

XJé¤kò5�Z6w(k) ∈ T (∀k > 0),3z�

�Y�mÚ�,`z¯KÑ�±¦),K¡XÚ´°

��1�. ePVH(0)�3�1),KXÚ°��1.

PVH(0))��15�ÏL°���8[6]?1©

Û. Pi–Ú°���8K̃i(X ,T ), e∃i, ¦�x(0) ∈

K̃i(X ,T ),KPVH(0)�3�1).

2) °��¤.

XJPVH(0)�3�1),�\�Xêγ÷v

λ = 1 − γ min
w∈W

∞
∑

i=0

‖K(i)L(i)w‖ > 0, (8)

KXÚ��8I8��mØ�L⌊J∗(x(0))/λ⌋��

mÚ�, J∗(x(0))�PVH(0)éA�8I¼ê,/⌊ ⌋0

L«��.

3.2 ���ÊÊÊØØØ���???nnn(Estimation error disposal)

�Ä��k.�ÊØ�e ∈ E , KXÚ�OG

�x̂�¢SG�x��ÊØ��Ú,l

x̂(k) = x(k) + e(k),

x̂(k + 1) = x(k + 1) + e(k + 1),

�OÄåÆ�.�

x̂(k + 1) = Ax̂(k) + Bu(k) + w(k) +

e(k + 1) − Ae(k).

-ŵ(k) = w(k) + e(k + 1) − Ae(k), K�OG�

ÄåÆ�.Ú¢SG�ÄåÆ�.��, E�æ

^3.1!�nØ�O��ì,�´�éZ68ÚÑÑ

8?1�Xe?n:
{

ŵ(k) ∈ Ŵ = W ⊕ E ⊕ (−A)E ,

ŷ(k)=Cx̂(k)+Du(k)∈Ŷ=Y ∼ (−C)E ,
(9)

ª¥/⊕0L«MinkowskiÚ[6].

3.3 ������ììì¢¢¢yyy(Controller implementation)

`z�.¥��C�mæ^MILP?n, ò�C

��MPC=z��½��MPC[1] :






























J∗(x(k)) =

min
u,x,y,b

N̄
∑

j=0

(jb(j) + γ‖u(k + j|k)‖1),

s.t
N̄
∑

j=0

b(j) = 1,

(10)

ª¥N̄�?Ö�m�þ�. ù��5, 7Lé�å

?1�A/?n. éõ¡N/ª�8I8T (j) =
{

x|pT
i x 6 qi(j)

}

, i ∈ {1, · · · ,m1}AL«�

pT
i x(k + j|k) 6 qi(j) + M(1 − b(j)). (11)

ª¥: b(j)��?�ûüCþ, M��ê(�u¯K

¥�?ÛG�). eN(k) = j, Kb(j) = 1; ÄK,

b(j) = 0.

éõ¡N/ª�ö��åY(j) =
{

y|rT
i y 6

si(j)
}

, i ∈ {1, · · · ,m3}AL«�

rT
i y(k + j|k) 6 si(j) + M

j
∑

n=0

b(n). (12)

æ^üÚ?�üÑ?n�åØ [7,8] ,Ù�nX
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ã1¤«,K


































































L(1) = A − B[I 0][AB B]−1A2,

L(j) = 0, j > 2,

K(0)L(0) = −[I 0][AB B]−1A2,

K(1)L(1) = −[0 I][AB B]−1A2,

Y(1) = Y(0) ∼ (C + DK(0))L(0)W,

Y(j)=Y(1)∼(C+DK(1))L(1)W, j >2,

T (1) = T (0) ∼ L(0)W,

T (j) = T (1) ∼ L(1)W, j > 2.

(13)

éu�5�ØCXÚ, Pontryagin�!Ý
N

�!MinkowskiÚ±9°���8�O��/Ï

Kerrigan[6]mu�¦)ØC8�MATLABóä�.

4 êêê������ýýý(Numerical simulation)

ê��ýnÜA^AMPLï��óÚCPLEX̂

�,3MATLAB�¸e?1. du¡S$Ä�¡	$

Ä�pÕá,¤±�©O?1��.ùp±¡S�é

$Ä���~?1ê��ý.

ã 1 �åØ «¿ã

Fig. 1 Constraint tightening for robustness

�ý�~: 8IÊUì$13pÝ�450 km�

�;�þ, JlÊUì3x-y²¡S, ¤UJø��

���\�Ýumaxi
= 5 × 10−3 m/s2,Ð©G�

x(0) = [x0 y0 ẋ0 ẏ0]
T = [0 − 100 0 0]T,

8I8

T =
{

x ∈ R
4|Px 6 q0

}

, P = [I4×4 − I4×4]
T,

q0 =[1 21 0.002 0.004 1 −19 0.002 0.004]T.

Ø�Ä��óÀ'A��, �Ä��k.Z6!í

åØ�Ú�ÊØ��K�, dª(9)�±O�Ñ

�Ä�ÊØ���k.Z68ÜŴ =
{

w ∈

R
2|Hx 6 h

}

.�1B«(S��ä)±�N>/Cq,

x sin(2πn/N)+y cos(2πn/N) 6 r, n ∈ [1, · · · , N ].

�½��?Ö�m540 s,æ�±Ï30 s,N = 6,

r = 12, γ = 300, H = [I2×2 − I2×2]
T, h =

2.0 × 10−5[1 2 1 2]T, KPVH(0)�3�1), X

Ú°��1, J∗(x(0)) = 34.6; XÚ��8I8�

�mØ�LNmax = 36��mÚ�.

PVH(0)éA���Ñ\Xã2¤«, Ù`z;

,(5y;,)ë�ã3. æ^°��C��MPC��

ì,zg�ýþ3k��mS��8I«�,�y


°��1Ú°��¤. ã3�Ñ
c5g�ý�¢S

$1;,(��;,),eã´éþã�ÛÜ��.

Ð©G�¤éA�`z;,�Ò´©z¥~�

�5y;,, lã3�±wÑ,3�ÊØ�Ú��Z

6�^e,¦+��?Ö�méá,5y;,���

;,�m�´�3é�� �, ¤±~5��"�

�¬Úå�p�-��Ñ.

ã 2 Ð©G�éA�`z;,Ú��Ñ\

Fig. 2 Initial optimal trajectory and control input

ã 3 °�MPC���;,

Fig. 3 Trajectories for robust MPC
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