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Dissipative fuzzy filtering for nonlinear systems with
multiple packet dropouts
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Abstract: The problem of designing a dissipative fuzzy filter is addressed for a class of nonlinear systems with multiple

packet dropouts. The Takagi and Sugeno(T-S) fuzzy model is employed to represent a discrete-time nonlinear system,

and the multiple packet dropouts in measurements are described by a binary switching sequence satisfying a conditional

probability distribution. Based on a linear matrix inequality(LMI) approach, we develop a fuzzy dissipative filter which

guarantees that the filter-error systems are exponentially mean-square stable and with strict dissipativeness. A numerical

example is provided to illustrate the design developed in this paper.
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Ri : if μ1,k is M1i and μ2,k is M2i · · · and

μt,k is Mti, then⎧⎪⎨
⎪⎩

xk+1 = Aixk + Biwk,

yk = Cixk + Diwk,

zk = Lixk.

(1)

: Mfi(f = 1, 2, · · · , t) , t

, i ∈ O � {1, 2, · · · , r}, r , xk ∈ R
n,

yk ∈ R
q, zk ∈ R

p

, wk ∈ R
l , Ai, Bi,

Ci, Di, Li , μf,k(f =
1, 2, · · · , t) .

μk = [μ1,k, μ2,k, · · · , μt,k],

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xk+1 =
r∑

i=1

hi (μk) [Aixk + Biwk],

yk =
r∑

i=1

hi (μk) [Cixk + Diwk],

zk =
r∑

i=1

hi (μk) Lixk.

(2)

:

hi (μk) =
ψi (μk)

r∑
i=1

ψi (μk)
� 0

,

ψi (μk) =
t∏

f=1

Mfi(μik) � 0,

r∑
i=1

hi (μk) = 1.

:⎧⎪⎪⎨
⎪⎪⎩

x̂k+1 =
r∑

j=1

hj (μk) [AFjx̂k + BFjyF,k],

ẑk =
r∑

j=1

hj (μk) Ljx̂k.
(3)

: x̂k ∈ R
n , ẑk ∈ R

p

, AFi BFi(i ∈ O) ,

yF,k ∈ R
q .

,

yF,k yk

,

yF,k = (1 − βk)yk + βkyF,k−1. (4)

βk ∈ R Bernoulli ,

0 1,

P {βk = 1}= E {βk} � β̄, (5)

P {βk = 0}= 1 − E {βk} � 1 − β̄, (6)

β̄ .

hi = hi (μk), (2)∼(4),

:⎧⎪⎪⎨
⎪⎪⎩

ηk+1 =
r∑

i=1

r∑
j=1

hihj[Ãijηk + B̃ijwk],

e(k) =
r∑

i=1

r∑
j=1

hihjL̃ijηk.
(7)

:

ek = zk − ẑk, ηk = [xT
k yT

F,k−1 x̂T
k ]T,

Ãij = Āij + (βk − β̄) ¯̄Aij,

B̃ij = B̄ij + (βk − β̄) ¯̄Bij,

L̃ij = [L′
i −Lj ],

Āij =

[
A′

i 0
BFjC

′
i AFj

]
, ¯̄Aij =

[
A′′

i 0
BFjC

′′
i 0

]
,

B̄ij =

[
B′

i

BFjD
′
i

]
, ¯̄Bij =

[
B′′

i

BFjD
′′
i

]
,

A′
i =

[
Ai 0

(1 − β̄)Ci β̄

]
, A′′

i =

[
0 0

−Ci I

]
,

B′
i =

[
Bi

(1 − β̄)Di

]
, B′′

i =

[
0

−Di

]
,

C ′
i = [(1 − β̄)Ci β̄ ], C ′′

i = [−Ci I ],

D′
i = (1 − β̄)Di, D′′

i = −Di, L
′
i = [Li 0p×q ].

1 J

E{J < e, w, T >} =

E{< e, Qe >T} + E{2 < e, Sw >T} +

E{< w, Rw >T}. (8)

: < e,w >T =
T∑

k=0

eT
k wk, Q,R, S

, Q,R .

2 T > 0,

, w ∈ l2 [0, T ], ,

(7) (Q, S, R) :

E {J< e, w, T >} > 0. (9)

(3) T-S

(1) :

1) wk = 0 , (7)

;

2) , (7)



3 : 365

(Q, S, R) .

1 H∞ .

1) γ > 0, Q = −I , S = 0, R = γ2I ,

H∞ .

2) Q = 0, S = I , R = 0, .

3) Q = 0, S = I, R = γ2I , .

1 [17]⎧⎨
⎩

Mii < 0, i ∈ O,
1

r − 1
Mii +

1
2
(Mij + Mji) < 0, i �= j ∈ O

(10)

, :
r∑

i=1

r∑
j=1

hihjMij < 0. (11)

3 (Main results)
1 Q, S, R,

P AFj BFj

(12) ,

(7) (Q, R, S) .⎧⎨
⎩

Mii < 0, i ∈ O,
1

r − 1
Mii +

1
2
(Mij + Mji) < 0, i �= j ∈ O.

(12)

:

Mij =

⎡
⎢⎢⎢⎢⎢⎣

−P ∗ ∗ ∗ ∗
−STL̃ij −R ∗ ∗ ∗
PĀij PB̄ij −P ∗ ∗
bP ¯̄Aij bP ¯̄Bij 0 −P ∗
Q

1/2
− L̃ij 0 0 0 −I

⎤
⎥⎥⎥⎥⎥⎦ , i, j ∈ O,

Q
1/2
− =

√
−Q, b =

√
(1 − β̄)β̄.

(7)

, wk = 0. Lyapunov

Vk = ηT
k Pηk. (13)

P .

E
(
βk − β̄

)
= 0, E

(
βk − β̄

)2
=

(
1 − β̄

)
β̄,

ΔVk = E {Vk+1 |Vk|} − E {Vk} �

E{
r∑

i=1

r∑
j=1

hihjη
T
k ÃT

ijPÃijηk} − ηT
k Pηk =

r∑
i=1

r∑
j=1

hihjη
T
k Γijηk. (14)

Γij = ĀT
ijPĀij + b ¯̄AT

ijP
¯̄Aij − P.

Schur (12)
r∑

i=1

r∑
j=1

hihjΓij < 0,

ΔVk = E {Vk+1 |Vk } − E {Vk} < 0. (15)

[7] 1

(7) .

(7) (Q, R, S)

.

−J < e, w, T >�
T∑

k=0

r∑
i=1

r∑
j=1

hihjξ
T
k

[
L̃ijTQ−L̃ij L̃T

ijS

STL̃ij R

]
ξk.

(16)

: ξk = [ηT
k wT

k ]T, Q− = −Q.

,

E{
T∑

k=0

ΔVk} = VT > 0,

−E {J <e, w, T >}<E {−J < e, w, T >} +

E{
T∑

k=0

ΔVk}�
T∑

k=0

r∑
i=1

r∑
j=1

hihjξ
T
k Ψijξk. (17)

Ψij =

[
−P −L̃T

ijS

−STL̃ij −R

]
+

[
L̃T

ij

0

]
Q−

[
L̃T

ij

0

]T

+

[
ĀT

ij

B̄T
ij

]
P

[
ĀT

ij

B̄T
ij

]T

+ b

[
¯̄AT

ij
¯̄BT

ij

]
P

[
¯̄AT

ij
¯̄BT

ij

]T

.

Schur , (12) ,
r∑

i=1

r∑
j=1

hihjΨij < 0, E {J < z, w, T >} >0,

2, (7)

(Q, R, S) . .

1 (Q,

R, S) , (12) ,

LMI . LMI

.

2 Q, S, R,

(1), (Q, S, R)
(5)

P1, P3, P2, V1, V2, V3, X

:⎧⎨
⎩

M̃ii < 0, i ∈ O,
1

r − 1
M̃ii + 1

2
(M̃ij + M̃ji) < 0, i �= j ∈ O.

(18)

M̃ij (19) .
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M̃ij =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−P1 ∗ ∗ ∗ ∗ ∗ ∗ ∗
−PT

2 −P3 ∗ ∗ ∗ ∗ ∗ ∗
−STL′

i STLjX −R ∗ ∗ ∗ ∗ ∗
V T

1 A′
i + EB̂FjC

′
i EÂFj V T

1 B′
i + EB̂FjD

′
i P̃1 ∗ ∗ ∗ ∗

V T
3 A′

i + β̄B̂FjC
′
i ÂFj V T

3 B′
i + B̂FjD

′
i P̃T

2 P̃3 ∗ ∗ ∗
bV T

1 A′′
i + bEB̂FjC

′′
i 0 bV T

1 B′′
i + bEB̂FjD

′′
i 0 0 P̃1 ∗ ∗

bV T
3 A′′

i + bB̂FjC
′′
i 0 bV T

3 B′′
i + bB̂FjD

′′
i 0 0 P̃T

2 P̃3 ∗
Q

1/2
− L′

i −Q
1/2
− LjX 0 0 0 0 0 −I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (19)

:

P̃1 = P1 − V1 − V T
1 , P̃T

2 = PT
2 − V2E

T − V T
3 ,

P̃3 = P3 − V2 − V T
2 , E = [In×n 0q×n ]T,

:

AFj =XV −1
2 ÂFjX

−1, BFj =XV −1
2 B̂Fj . (20)

[18], G,

(12) P

, (12)⎧⎨
⎩

M̄ii < 0, i ∈ O,
1

r − 1
M̄ii +

1
2
(M̄ij + M̄ji) < 0, i �= j ∈ O.

(21)

M̄ij =⎡
⎢⎢⎢⎢⎢⎣

−P ∗ ∗ ∗ ∗
−STL̃ij −R ∗ ∗ ∗
GTĀij GTB̄ij P−G−GT ∗ ∗
bGT ¯̄Aij bGT ¯̄Bij 0 P−G−GT ∗
Q

1/2
− L̃ij 0 0 0 −I

⎤
⎥⎥⎥⎥⎥⎦,

i, j = 1, 2, · · · , r.

G :

G =

[
V1 V3U

−1G22

UET G22

]
. (22)

: V1 ∈ R
(n+q)×(n+q), V3 ∈ R

(n+q)×n, U ∈
R

n×n, E =[In×n 0q×n ]T, G22 ∈ R
n×n.⎧⎪⎨

⎪⎩
V2 = UTG−1

22 U, X = G−1
22 U = U−T V2,

J =

[
I 0
0 G−1

22 U

]
, JTPJ =

[
P1 P2

PT
2 P3

]
.

(23)

T = diag {J, I, J, J, I},

(18) , B̂Fj = UTBFj , ÂFj =
UTAFjG

−1
22 U , (18).

(20) . .

4 (Numerical simulation)
[19] , d1 = d2 = 0,

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1,k+1 = 0.42x1,k + 0.25x2,k+

0.23x2
1,k + 0.1w1,k,

x2,k+1 = 0.39x1,k + 0.39x2−
0.14x2

1 + 0.1w2,k,

yk = 1.05x1,k+0.125x2
1,k+1.05x2,k+

0.125x2
2,k + 0.1w3,k,

zk = x1,k + 2x2,k.

(24)

x1, x2 ∈ [−1, 1].
wk = [w1,k w2,k w3,k]T,

M1 (xk) = (1 + xk) /2, M2 (xk) = (1 − xk) /2.

(24) r = 4 T-S

(1) , (i = 1, 2, 3, 4)

A1 =A2 =

[
0.65 0.25
0.16 0.39

]
, Bi =

[
0.1 0 0
0 0.1 0

]
,

A3 = A4 =

[
0.19 0.25
0.62 0.39

]
, C1 = [1.175 1.175],

C2 = [1.175 0.925], C3 = [0.925 1.175],

C4 =[0.925 0.925], Di =[0 0 0.1], Li =[1 2].

1, .

1 . Q = −0.9, S =
[0.05 0.05 0.05], R = 0.4 ∗ I3×3, 2

(21), LMI Toolbox LMIs(18) ,

β̄ 0.2 :

AF1 =

[
− 66.9100 33.5575
−134.4883 67.4491

]
, BF1 =

[
0.1553
0.3108

]
,

AF2 =

[
− 7.7728 4.0132
−16.1736 8.3404

]
, BF2 =

[
0.1620
0.3242

]
,

AF3 =

[
−239.2536 119.7436
−478.3127 239.3901

]
, BF3 =

[
0.1825
0.3650

]
,



3 : 367

AF4 =

[
−183.4866 91.8835
−366.7494 183.6552

]
, BF4 =

[
0.1933
0.3867

]
.

[x1,0 x2,0 x̂1,0 x̂2,0 ] [0.1 −0.1 0 0],
w1,k = w2,k = w3,k = vk,

vk =

⎧⎪⎨
⎪⎩

0.5 sin(0.2π ∗ k), 10 � k < 20,

−0.5 sin(0.2π ∗ k), 40 � k < 50,

0, ,

(25)

βk 1 , x̂k

ẑk xk zk

2 ,

. : ;

(β̄ = 0.2).

1 βk

Fig. 1 Values of stochastic variable βk

2

Fig. 2 Response of system and mixed filter

2 H∞ . Q = −1, S = 0,

R = γ2I , H∞ .⎧⎨
⎩

min
P1,P3,P2,V1,V2,V3,X,ÂFj ,B̂Fj

γ,

s.t. (18).
(26)

2, β̄ 0.2,

LMI-Toolbox (26) ,

γ 0.3087 :

AF1 =
[−0.5735 0.2664
−1.8598 0.8917

]
, BF1 =

[
0.1991
0.4015

]
,

AF2 =
[
0.7483 − 0.4135
0.8734 − 0.5153

]
, BF2 =

[
0.2298
0.4651

]
,

AF3 =
[−0.9729 0.4571
−1.6585 0.7704

]
, BF3 =

[
0.2195
0.4221

]
,

AF4 =
[
0.3754 − 0.2372
1.0810 − 0.6415

]
, BF4 =

[
0.2585
0.5025

]
.

, βk

wk 1 ,

x̂k ẑk xk

zk 3 , .

3 H∞
Fig. 3 Response of system and H∞ filter

1 γ β̄
Table 1 The relationship between optimal γ

and probability β̄

β̄ 0 0.1 0.2 0.3 0.4

γ 0.2597 0.2775 0.3087 0.3457 0.3863

β̄ 0.5 0.6 0.7 0.8 0.9

γ 0.4328 0.4917 0.5630 0.6494 0.7395

1 γ β̄ ,

, γ .

, 4

, 2 3 , . 5

(RMSE) , (RMSE1)

H∞ , (RMSE2)

[19] , (RMSE3)

.

, .

: ;

(β̄ = 0.2).
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4

Fig. 4 Response of filter with yF,k = 0 when data dropout

5 (β̄ = 0.2)

Fig. 5 RMSE curves under β̄ = 0.2

5 (Conclusion)
, T-S ,

.

.

,

, .

.
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