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Robust predictive control of uncertain singular systems with
both state and input delays
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Abstract: The problem of robust predictive control is investigated for uncertain singular systems with both state and
input delays. The design method of robust predictive controller is proposed; the approximate solutions of optimal problems
for infinite time interval and with quadratic performance index are calculated by means of Lyapunov stable theory and
linear matrix inequalities(LMIs) technique; and the sufficient conditions for the existence of the robust predictive control
are given. The feasibility of the optimization problems guarantees that the closed-loop singular time-delay systems are
robustly stable, and the regularity and the impulse-free property of singular systems are also held. A simulation example
illustrates the efficiency of this method.
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1 5|3 (Introduction)

TR A2 T 2 A AR A I 22, 30 3 A 2 SR A A PR
N 3 I PR I 3k H A oR BB O A T, T SRk A5 24
4 2 0 — 28 o Bk s s v L i s ok R AR
S8 T DA b FER A o s ) ) £ o ) R H 22
i AR Y T 472 7l (model predictive control, MPC) Jj
VA EIARME b FEASEAY (R A e M. 70201 20904 AR,
R PR I — L5 VA 5 I ON BT s ), DA A
TR ZE A AR I IR PRIk . 7 FIOIU 42 T AE 42 Py Ak
FAS TR PR AN i 1, A0 52 4% 3R e A0 Wl 2wl AT PR A
N IA B R 1 ik, B A i R B,
B 4 IO AN o 1 110 A B8 77 90 R o 42 1) ) 9
AL AR, BE S R AL B ANH 5 1 1) 8,
TMRAN T 28 HL N2 A i e R v A 2% R A 7Y
AN P AN A2

XTSI Bl R, AN P R i A 3 A A

Wk H 3H: 2008—11—13; W& ks H 3H: 2009—06—03.

1, 3 B AT 2 T R G AT e sihERe T R
F= T DAL DRI, AN S B 2R B FATE 9 A b B
(1), AT, J% T AN I 15 RGeS o 4 o6l
A T2 R "X ARG W IEW RAELH
SHREHER L IR SE PRI B & R, &) 2 AFAE T
2 SEFRAIEK, W REE MRS TN RS
DL 255 R G 00N G AR, ) SCR G P 4
FHETHR T 2B GERN, X FAE) X R,
SCHRIBTIF ST T 3% S B[R] i 507 S5 B0 T 1) 84 T
D7 S (v 85, 428 ) e A7 A 1) 2% A R 2k = 46 1 S
AN S S, BT 3R HE 0  v mT DUERIE PR 3R R BE 1)
FeE M. BRI, DT AN E T SCIN ity 28 8 1) 445 s Tl
PRI FT 45 b AR DLARIE.

A SR 0 — 2 [) I T AR ES R N N R
AN T R G, WF 50 3L B HE i 4 ) e L is
FLyapunovig i€ YE 218 F1 2k A FEAN S5 X 7 v, 1

FEGZ BT H B R @ RBEIE G % BT H (60774016, 60875039); 1444 H AR REIE G0 H (ZR2009GLOOS).
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LRI ALK AR TG 75 P 3k — I PERE 4R AR “min-max” 4
A I 8, 45 21 TR 4 1 A U A, I DR PERE R
NESTE R, 45 IR AR AT 10 78 93 4 1. 7 LAt
by BT SO R I e R 8 0 D ) G ik e R
Feoe Pk, e 05 SUAE W I B H O v e AT AN
AR
2 0@ 4IR (Problem formulation)
2 RIS A Iy TR AR R N IR AN )
M RGO YR:
Ex(t)=(A+AA)x(t)+HAAAA,)x(t—di H+
(BHAB)u(t)HBABg)u(t—dy), (1)
x(t) = @(t), t € [-77,0].

Hr: B e Ry Ak, i Zrank(E) = r <
n, z(t) € R", u(t) € R™4 53R R R RE M) &
Fs NI 5 B, A, Ag, B, By il 24 485000 2 50
PO dy, do I RGN G AL WEdy, dy < 77,
TN TR G ()8 45 78 WA ) 1R AR I 2L eR AL
AA, AAy, AB, AB;R RN S HAM EE, B
B

[AA AA; AB AB,=DF(t)[E, E, E, E}). (2)

HhF(t) e RPERIRARHM SEAH A 7 ok £ H
FY'(t)F(t) < I.D,E\, E,, Es, B, 2 5& 948 1) &
IR,

KPR Sz i Ak

w(kT + 1, kT)=Kz(kT+r, kT), k=0,7>0. (3)

X EAT T E ) SO R ZeD, K5
SCHROB A RABA — IR BY ML RESR R

min max Ik, 4)
K F(kT+7,kT),7>0.

Ty = :&wT(kT 1, kT)Qu (kT + 7, kT) +
W (KT + 7, kT)Ru(kT + 7, kT))dr,

Q, RA MU PR IE & H B
RBERFE T H R {th b rmo,1,2,r HI AL L1 —
ty = T, THXFERM, (kT) = x(kT,kT)& R XK
FEIS 2R T PRSI A, (kT +7, kT) RN TELT I
ZINET + I8 ZI PR T FAE, w(kT + 7, kT)%
ARETIN Z0 A 1 fE 45 bt 1k (19 %2 #2 f A Jy 5
{EET + T2 T A, 45t € (KT, (K + )T
W, SEREIRAS B E Hlw (kT + 7, kT) = Ka(kT +
7, kT), il LU I R G2 (k + 1) TN 2 m)
MREz((k+1)T).
Ez(t)=(A+AA+BK+ABK)z(t)+HAq + AAy) X
x(t—d, ) H By K+A By K )z (t—ds). 5)

ASCI H A B AN E T IR i R e, B
TR A S ot I 7 4%, AR R SRR I ZIET,
SRADCAL 1) (4), A2 HH & F T A% T 2 (3), A5
ANHRE ) SCIRHE 2R GEAE AL PTAT PEAR AR IR A 2

SIER 1051 Eoh A7 AR, B A e, WIAE(E IEAS A
MU = [Ul Uz], V= [Vl Vz]ﬁ?%
pevl|> © VT,
0 0

HAEV, =0,UFE = 0, WA NS5 8 T

D XML SMNZET = EZT > 07, Z0]
UZHAR B Z = EViWVT + SV,5, Mo,
W >0eR>, S e R0 gk, ¥ 74
5, W > 0.

2) HEVIWVE 4+ SVEEG S HW > 0, WA
TEABEWAE (EViIW VT + SV,E)"T = UyWUTE +
U2§, e,

W=x'wxt §=UNEVWVI+SV,H T
Hh U, V ELRARRE K5 | BRUE W WL SCHR[17].

IR 2081 R FEY, D, EHAT IE 24 1) 4E 5L,
HY RURARE, WY + DFE + ETFTDT < 0, %t
WL FT(4)F(t) < IFFEF(t), 2 BAUCU A E
— AN > 0, H8Y +eDDT + e 1ETE < 0.

SI13 309 U ARGEE(t) = Ax(t)ZIEN. I
fiknt HAR € 1. > HACUAFEE IE @ SRR P € R,
fifi£3 LA

ETP=P'E>0,APT + PAT <.

S138 417 AT RIE MYERUN R P, RAT
PTR+R™P < R"QR+ PTQ™'P,vQ > 0.

3 E-HE T 4%l (Robust predictive control)

TERE—RFER ZIET, h T R AF A BB 2
PE AL 1) B (4), A SCIE R — MR e A S 4
PR P B 5 bR 1 B S, H5 BRI AR Ak 1)
AL J ] SRR “min-max” AL R, JFF)
MR AR A TR b hl ) BRI,

Z [N X Lyapunov & %141

V(alt) -

wT(f)ETPfL‘(t)Jrfd 2 (HH€) Ry (tH€)d€ +
ffdfT(t*'f)Rzu(t—i-i)d{. (©6)

Hr: Ry > 0, Ry > 0, Pifi /£ L F 444
E'P=P'E>0. (7
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TEAF—KAFEI 2 KT BBV i 2 LAT 55 A
%(V(w(kxT +7,kT))) <
—(" (kT + 7, kT)Qa(kT + 7, kT) +
u" (kT + 7, kT)Ru(kT + 7,kT)). ®)
?bf%iﬁ‘f&*ﬁ%?ﬁﬁxeﬁﬁﬁﬁ fx(co, kT) = 0,
A, 5V (x(00, kT)) = 0. ¥5308)M0F oo B4y, 15
—f (KT+7, kT)(Q+K " RK )z (kT+r, kT)dr>
" (KT4+T,kT)E* Px(kT+T,kT) —
" (kT)E" Px (kT )+

| @ (KTHT €, KT) Rua(KT+T+6,KT)dE
fo & (kT+€, kTR (KT +€, kT)dé+

ut (KT+T+&, kT)Ryuw(kT+TH+&, kT)dE —

da

jo T(KT + &, kT) Row(kT + &, kT)dE.

d2
T — ocoftf, HREAE, %1
2 (KT + T, kT)E" Px(kT + T, kT) — 0,

0

Lme(kT+T+§, kT) Ry (kT+T+E, KT)d¢ — 0,
0

Ll uT (KTHTHE, kT) Row(KTHTHE, KT)dE — 0.

SR AEIESR
joooacT(kT—i—T, KT)Y(Q+KTREK)x (kT +7, kT)dr<

L AgX1 BygXe (ErZ+ EY)T
=X 0 (E.X1)*T
* * —X5 (EpX2)T
* * * *
* * * *
* * *
| * * * *

Hrp:
L=AZ"+BY"+(AZ"+BY") " +eDDT,
Z = EViWV{E + SVt
ﬁ)dle(kT + & kT2 (kT + €, kT)d¢ = Ny NT,

0
| L@ (KT + & k)@ (kT + € kT)d¢ = NNy,
—a2

AR N P 6 FRBR A o
R, FER KA ZIET, B AN e )
SIS e 22 20 4 ) 1R85 T 42 1] fn) 8, ] DL AL

" (kT)E" Px(kT) +
fd & (KT, kT) Ry (KT+E, kT)dE+
J"fd uT (KT+E, kT) Row(KT+ €, KT)dE.

T, S METEREFR bR T, Fe A R Xt
V(x(kT))=x" (kT)E" Px(kT) +
i _Od 2" (KT+€, kT) Ry (KT, KT)dé+

i fd W (KT4¢, KT) Ryw(KTHE, KT)d¢

/M.
T 1 Wa(kT) N ARG ELTI Z PR A
T, W e MEV (2 (KT) ) B RS S il 25 50

K
K =YY" EV\WV'+SV,5) T )

Hh, W >0,Y, S, X1, X, My, My, v, e tHEL M AL
lu] SR A

ey Lyt tr(M;) + tr(M2), (10)
v z (kT)V,
>0, 11
1T.’L'(kT W (11
12
[Nl (12)
M,
13
[N2 X2 0, (13)
yT yT Z Z
0 0 0 0
0 0 0 0
—R7! 0 0 0 <0. (14)
* -X, 0 0
* * —-Xi 0
* * * —Q71

HAE— AL A E XA R “min-max”
A Ak il 5. I A DB L
4 BT 5P (Robust stability analysis)
SIER 56 fR Ak 1) BE(10)FE KT %1 H AT 5 AT 4T
fift, ENT(N > k)47 1.
H S B4 H IR M T 4 g vk, T A e
HET TR R A R B2 A K, 1k A0 3 o022 4K I,

19 31 43 BOE SRS SBEE FEFP AU { K 122 .
BRSHN, AU I 1 () o] A7 P PRAE T 04k ) T (10) 1
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W06 2 S AT 10, 95 B T I, Y o N
FE(L), 7T DA 3 4y BB 22 LA I A R0 K
PESE /(1
Ea (= ArAALBE+ABK))2(t)+H Ag +
AAg)z(t—di ) H BaKy+ABa Ki )@ (t—ds),
te kT, (k+1T),k=0,1,---. (15
NHL Z )T SIS R G A M B
EE 2 A 0 FE W AR 7 5
PRIZE )7 BOBE SRS S B IR AR, 7
R GE(20) 72 1E U TG Rk B AG i 1.k WAL
52,

5 {jj B34 (Simulation example)
F BN ANHE ) SR R S
Ex(t)=(A+rAg)x(t) + (Ag + sAq)x(t — d1) +
(B + qBo)u(t) + (Bg + hBao)u(t — dy).

HAEZHn

1
5 07A:11’B:2’
00 —1-2 1
0 0 0 1000]"
Ad: 7Bd: 7E1: )
0.1 0.1 1 1000
0010]"
Eo=[0100]% E,= JE=[1010]%,
0010
10011 11
D = 0 00 7A0: ,BOZ 0,
0 100 00 1
11 2 10
A = ’B = N = s
o [OO 0 0]@ [01

R=[1} |r|<0.1, [5|<0.1, g| <0.1, [A|<0.1.

WIERES T (1) = exp(1), z2(t) = —1.0, LF(t) =
10 x diag{r,s,q,h}. B RE NG hEx(t) =
(A + DFE(t) + (Aa + DFE,)a(t — di) +
(B + DFE>)u(t) + (By + DFEy)u(t — dy). iX H
t € [=3,0], R ANT = 0.3 s. W
SE BRI H A O 925 R AR “ min-max 7 A4k 7] #51(10).
HARG B g W B R ERFT R, mRI&RoRd, =
1.0, do = 0.5 [R5 AN FIUPR 2w 1 il 28, Sk RO
dy = 3.0, do = 1.5 [P A KRS i Y. i 26 1) B
g LR, JETLMUT VAR AN 2 ) SO v
FA G0 1R TN 428 ) S, rT DA R kb Ak 2L N
FISFAH & VR, AR BB 28 e [

t/s
[ G LA E2

Fig. 1 The trajectory of the control inputs

‘T & & F F F T ¢ 1

t/s
B2 PR R GURA Y il 2

Fig. 2 States of the closed-loop system
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#5182 (Conclusions)

ASCHE T — 2 [A] I LA IR A R A N I
AT G T R G810 B B TR0 458 i 5k, a8
FLyapunovAg i 11 3 18 F1 26 Pk 55 B A 55 X5 74,
AR BRT SIS 58 40 IR AN 58 P 1) i, R W] 1)
VIR 28 G AE () I JEAT DR R N I Wi IS, 2 T il
Fe o€ LA AOEE Bk b i, IF B4 21 16 45 L 5 5 i
Te K. B, WA FLSEIE B TR R VI
A RNE.
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Fft% 1 xg BE14UEBH (Appendix 1 Theorem 1 proof)
UE TERAEIN ZIKT, 2% HELyapunov i 1

V(x(kT)) =" (kT)ET Px(kT) +
jfd 2 (KT + & KT) Ry (kT + &, kT)d¢ +

ﬁ)d uT (KT + &, kT)Rou(KT + &, kT)dE.

8% S eyl /e T (KT)ET Po(kT) < ~, HHSchurkh 5] #1 5
SCEROB1L 2T (k) ET Po(kT) < v+ ).
ORI RO T 8 4 AL

ﬁd 2T (kT + €, kT) Rz (kT + €, kT)d¢ =

jfd (@ (KT + &, KT) X[ Lo (KT + €, KT))dé —

tr(NiNT X7 = tr(NT X1V,

AR T A7 7 5 B A o5t M, ﬁf%tr(N{FXl_lNﬂ < tr(My), H
Schurth 5 FAF 1207, b Xy = Ry
IR BT 45 V2 B OB T F 46— 3 4 T e ALy

ﬁd 2T (KT + € kT)Ryz (kT + &, kT)d€ =

ji)d tr(z’ (kT + &, kT) X7 '@ (kT + €, kT))d¢ =

tr(NNE XY = tr(NE XTI NY).

B BEA7 A A B M, A A e (N X PN < (M) B
BEAFAEH A8 Mo, A #Ftr(KT NG X5 P NoK) < tr(KT
M3 K), HiSchurkh | BAFR(13) o7, b Xy = Ry L.

R, V(2 (ET)) < v+ tr(My) +tr(Mo), Wi/ MR
AL Jmin y + tr(My) + tr(Ma).

FeRAS ST B Q) SRS T FE (AR AR (®)H,

3
V(x(kT + 7)) =
& (kT+7)EY Po(kT+7)+a " (kT+7)E" Pi:(kT+7)+
¥ (kT + 7)Riz(kT +7) — 2 (kT + 7 — d1) Riz(kT +

r—d) 4z (kT +7)K "Ry Ka(kT + 7) —

o (kT4r—do) K ' Ry Ko (KT47—ds)=

o (KT+7)[(A+AA+BEK+ABK) T P+
PY(A+ AA+ BK + ABK) + Ry +
KYRyKla(kT +7) + (kT + 7 —

d1)(Ag + AAY) Y Po(kT+r)+a (kT +

TP (Ay + AA @ (KT + 7 — d1) +
(Kx(kT+m—d2)) " (B4A+ABy) T Pz (kT+

)4 x(kT + 1) PT(By + ABg)(Kz (kT +

7 —dy)) — &t (KT + 7 — dy)Ri@(kT+r—dy) —
(Ka(kT + 7 — d2)) Y Ro(Ka (kT + 7 — d)) <
& (kT + 7)(Q + K" RK)z (kT + 7). (16)

R AR (16) AT LA o 1R AR

z(kT + 1)
:I}(kT+ T — dl)
| Kx(kT + 7 — da2)

(v PT(Ay+ DFE,) PT(B;+ DFE)

* —Ry 0
| * * —R>
z(kT + 1)
(kT +7—dy) | 0. 17

| Kz (ET + 7 — d2)

H: Y = [A+BK+DF(E1+E2K)|T P+PT[A+BK +
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DF(Er+ EoK)4+R1+K T RoK+Q+K T RK. it

o PT 4, PTB,
=% —R 0
* * —R>

Hrp: ) = (A+BK)T P+ PY(A4+BK)+Ri+ KT Ry K +
Q + KTRK. M7 T
PTD
2+ 0 F|E1 + EsK Eq By ] +
0
T
PTD
T T
[E1+E2KEaEb] F 0 < 0.
0
[ H2%0, fi4Ee > 0, ffif3 LR A E N Fb N
T
PT™D] [P™D
R+e| 0 0 +
0 0

¢ 'E1 + B2K Ea By )T [E1 + E2K Ea E) < 0. (18)
2 (18) e Ak by S Mt PR AN 45 5 B Schur b 5 | B 401:
L1 PYA,; PTB, (Ey + EoK)T

* —R1 0 EF

T < 0.
* * 7R2 Eb
* * * —el

W Ly = (A+BEK)T P+ PT(A+BK)+ R+ KTRyK +
Q+ KTRK + ePTDDT P. tiSchur#hi |3, ik

Lo PTA; PBy (Ey+E.K)T KT KT 1 1
x —R1 0 Eq 0 0 0 0
. Ef 0 0 0 0
* % * —el 0 0 0 0
x % * * Rt o 0 0 <0
* ok * * * —RQ_ Lo 0
x % * * * * —R] Lo
EREE * * * * * —Qf{
(19)

HLy = (A+ BK)'P + PT(A + BK) + ePT"DD™ P,
%7z =P Ny = ZK", X1 = R{Y, Xo = Ry' I
(192247 P [F) 3¢ L AR ¥ 5 B diag{ Z, X1, Xo, 1,1, 1,1},
WANZE (1) R T AREX(14). U, 5 F 0042 1 45 o
KOG . SR, AEXADZ LR P A, K, w7
FLMI T BAE sk i A feasp kB, GFEEE

Mt 2 x P 2 ik B (Appendix 2 Theorem 2

proof)

ik Ha6)%n, IR RGN 4 BLid 4 Lyapunov iR £

V(@) =2 () ET Pua(t) +f Tt+oR

@ (t+€) dg+j T (t+6) Ryu(t+€)de. 20)

150316, 4 (V(2(,0) < (0@ + K RK)z(0),
I FAEREQ, RATE SRR, Bk, (v (a(t, ) S5k,

V@), ) 7 ks 2 I 1, Eﬂi( V(1) < 0, I
RGO FER). A Ik(l6) TU\HQJ
Q. Pl(Aq+AAy) Pl (ByKy + AByKy)

% —R; 0 <0.(21)
* 0 ~KFRo K},
Hop: 2, = PY(A+ AA+ BKj, + ABKy) + (A + AA +

BK}, + ABK)T Py + Ry + KF Ro K. HiSchurift— 545

Pr(A+ AA+ BK, + ABKy) + (A+ AA +
BKj, + ABK,)TP, + Ry + KF Ry K, + P (Aq +
AADRT Ay + AAY)T Py + P (ByK), +
ABuKp) Kl Ry 'K (ByK ), + AByK) P, < 0. (22)
HH 5 B4 )45 20(23)(24) AL
Pl (Ag+ AAQ R (Ag+ AAg)T P, >
(Aa+AAQ)T P + P (Ag + AAg) — Ry, (23)
Py (BaKj+ABaK ) Kjk Ry 'Ky (ByK+ABgKy) " Py >
(ByKABKy) " PPy (ByIA+ABy K ), Ry K.
(24)
B3 eH Nz 22)H, 1551
0> Py (A+ AA+ BK, + ABKy) +
(A+ AA+ BKj, + ABK,)TP, + Ry +
K{RoKy + (Ag+ AAy) P, +
P (Ag+ AAg) — Ry + (BgKy + ABgKy) Py, +
Pl (ByKy, + AByKy,) — Kj} Ry K.
A EECE
PY(A+ AA + BKj, + ABKy) + (Ag + AAy) +
(BgKy + AB3Ky)| + [(A+ AA+ BKy, + ABKy) +
(Ag+ AAY) + (BgKy + AByK) T P, < 0.
C(A + AA + BK), + ABK},) = A, (Ag + AAy) = Ay,
(Bde + ABde) = B~d. ) RN
PIA+ A+ Byl +[A+ A+ By P, <0.  (25)
W 51 B3, fE /el M PP PIE = EY P, > 0K
Q25 EAT, WFFERT(E, A + Ag + Bg) & 1E T bk 1.
HH BA b E B AT 260 TR AR GE(19) 52 1E W)L TG ik o A B
PRasE e, TEEE,
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