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Robust predictive control of uncertain singular systems with
both state and input delays

LIU Xiao-hua, WANG Li-jie

( College of Mathematics and Information, Ludong University, Yantai Shandong 264025, China)

Abstract: The problem of robust predictive control is investigated for uncertain singular systems with both state and

input delays. The design method of robust predictive controller is proposed; the approximate solutions of optimal problems

for infinite time interval and with quadratic performance index are calculated by means of Lyapunov stable theory and

linear matrix inequalities(LMIs) technique; and the sufficient conditions for the existence of the robust predictive control

are given. The feasibility of the optimization problems guarantees that the closed-loop singular time-delay systems are

robustly stable, and the regularity and the impulse-free property of singular systems are also held. A simulation example

illustrates the efficiency of this method.
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min-max

, ,

, .

,

.

.

2 (Problem formulation)

[14] :⎧⎪⎨
⎪⎩

Eẋ(t)=(A+ΔA)x(t)+(Ad+ΔAd)x(t−d1)+

(B+ΔB)u(t)+(Bd+ΔBd)u(t−d2),

x(t) = ϕ(t), t ∈ [−τ ∗, 0].

(1)

: E ∈ R
n×n , rank(E) = r <

n, x(t) ∈ R
n, u(t) ∈ R

m

; E, A,Ad, B, Bd

; d1, d2 , d1, d2 � τ ∗,

τ ∗ ; ϕ(t) ;

ΔA, ΔAd, ΔB,ΔBd ,

:

[ΔA ΔAd ΔB ΔBd]=DF (t)[E1 Ea E2 Eb]. (2)

F (t) ∈ R
i×j

F T(t)F (t) � I ,D, E1, Ea, E2, Eb

.

:

u(kT + τ, kT )=Kx(kT+τ, kT ), k�0, τ�0. (3)

(1),

[13] :

min
K

max
F (kT+τ,kT ),τ�0.

Jk, (4)

Jk :=
� ∞

0
(xT(kT + τ, kT )Qx(kT + τ, kT ) +

uT(kT + τ, kT )Ru(kT + τ, kT ))dτ,

Q,R .

{tk}k=0,1,2,···, tk+1−
tk = T , T , x(kT ) = x(kT, kT )

kT , x(kT +τ, kT ) kT

kT + τ , u(kT + τ, kT )
kT (4)

kT + τ . t ∈ [kT, (k + 1)T ]
, u(kT + τ, kT ) = Kx(kT +

τ, kT ), (k + 1)T
x((k + 1)T ).

Eẋ(t)=(A+ΔA+BK+ΔBK)x(t)+(Ad + ΔAd) ×
x(t−d1)+(BdK+ΔBdK)x(t−d2). (5)

(1),

, kT ,

(4), (3),

.

1[15] E , r,

U = [U1 U2], V = [V1 V2]

E = U

[
Σr 0

0 0

]
V T,

EV2 = 0, UT
2 E = 0, :

1) ZET = EZT � 0 Z, Z

: Z = EV1WV T
1 + SV T

2 , ,

W � 0 ∈ R
r×r, S ∈ R

n×(n−r), , Z

, W > 0.

2) EV1WV T
1 + SV T

2 W > 0,

Ŵ (EV1WV T
1 + SV T

2 )−T = U1ŴUT
1 E +

U2Ŝ, ,

Ŵ = Σ−1
r W−1Σ−1

r , Ŝ = UT
2 (EV1WV T

1 +SV T
2 )−T.

U, V [17].

2[13] Y, D,E ,

Y , Y + DFE + ETFTDT < 0,

FT(t)F (t) � I F (t),

ε > 0, Y + εDDT + ε−1ETE < 0.

3[16] Eẋ(t) = Ax(t)
. P ∈ R

n×n,

:

ETP = PTE � 0, APT + PAT < 0.

4[17] P, R

PTR + RTP � RTQR + PTQ−1P, ∀Q > 0.

3 (Robust predictive control)
kT ,

(4),

Jk ,

(4) min-max ,

.

Lyapunov [14]:

V (x(t)) =

xT(t)ETPx(t)+
� 0

−d1

xT(t+ξ)R1x(t+ξ)dξ +� 0

−d2

uT(t + ξ)R2u(t + ξ)dξ. (6)

: R1 > 0, R2 > 0, P :

ETP = PTE � 0. (7)
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kT , V :

d
dτ

(V (x(kT + τ, kT ))) �

−(xT(kT + τ, kT )Qx(kT + τ, kT ) +

uT(kT + τ, kT )Ru(kT + τ, kT )). (8)

, x(∞, kT ) = 0,

, V (x(∞, kT )) = 0. (8) 0 ∞ ,

−
� T

0
xT(kT+τ, kT )(Q+KTRK)x(kT+τ, kT )dτ�

xT(kT+T, kT )ETPx(kT +T, kT ) −
xT(kT )ETPx(kT )+� 0

−d1

xT(kT+T +ξ, kT )R1x(kT +T +ξ, kT )dξ −� 0

−d1

xT(kT+ξ, kT )R1x(kT +ξ, kT )dξ+
� 0

−d2

uT(kT+T +ξ, kT )R2u(kT +T +ξ, kT )dξ −� 0

−d2

uT(kT + ξ, kT )R2u(kT + ξ, kT )dξ.

T → ∞ , ,

xT(kT + T, kT )ETPx(kT + T, kT ) → 0,� 0

−d1

xT(kT+T+ξ, kT )R1x(kT+T+ξ, kT )dξ → 0,� 0

−d2

uT(kT+T+ξ, kT )R2u(kT+T+ξ, kT )dξ → 0.

:� ∞

0
xT(kT+τ, kT )(Q+KTRK)x(kT +τ, kT )dτ�

xT(kT )ETPx(kT ) +� 0

−d1

xT(kT+ξ, kT )R1x(kT+ξ, kT )dξ+� 0

−d2

uT(kT+ξ, kT )R2u(kT+ ξ, kT )dξ.

, Jk

V (x(kT )) = xT(kT )ETPx(kT ) +� 0

−d1

xT(kT+ξ, kT )R1x(kT+ξ, kT )dξ+� 0

−d2

uT(kT+ξ, kT )R2u(kT+ξ, kT )dξ

.

1 x(kT ) (1) kT

, V (x(kT ))

K = Y T(EV1WV T
1 + SV T

2 )−T. (9)

, W > 0, Y, S,X1, X2,M1,M2, γ, ε

:

min
γ,ε,W,Y,S,X1,X2,M1,M2

γ + tr(M1) + tr(M2), (10)

s.t.

[
γ xT(kT )V1

V T
1 x(kT ) W

]
� 0, (11)

[
M1 NT

1

N1 X1

]
> 0, (12)

[
M2 NT

2

N2 X2

]
> 0, (13)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L AdX1 BdX2 (E1Z + E2Y )T Y T Y T Z Z

∗ −X1 0 (EaX1)T 0 0 0 0
∗ ∗ −X2 (EbX2)T 0 0 0 0
∗ ∗ ∗ ∗ −R−1 0 0 0
∗ ∗ ∗ ∗ ∗ −X2 0 0
∗ ∗ ∗ ∗ ∗ −X1 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0. (14)

:

L=AZT+BY T+(AZT+BY T)T+εDDT,

Z = EV1WV T
1 + SV T

2 ,� 0

−d1

xT(kT + ξ, kT )x(kT + ξ, kT )dξ = N1N
T
1 ,

� 0

−d2

xT(kT + ξ, kT )x(kT + ξ, kT )dξ = N2N
T
2 ,

∗ .

1 , kT ,

,

min-max

. 1.

4 (Robust stability analysis)

5[3] (10) kT

, NT (N > k) .

1 ,

kT Kk, k 0 ∞ ,

{Kk}∞k=0.

5 , (10)
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. {Kk}∞k=0

(1),

:

Eẋ(t)=(A+ΔA+BKk+ΔBKk)x(t)+(Ad +

ΔAd)x(t−d1)+(BdKk+ΔBdKk)x(t−d2),

t ∈ [kT, (k + 1)T ), k = 0, 1, · · · . (15)

, .

2 (10) ,

1 Kk ,

(20) .

2.

5 (Simulation example)

:

Eẋ(t) = (A + rA0)x(t) + (Ad + sAd0)x(t − d1) +

(B + qB0)u(t) + (Bd + hBd0)u(t − d2).

:

E =

[
1 0
0 0

]
, A =

[
1 1

−1−2

]
, B =

[
2
1

]
,

Ad =

[
0 0
0.1 0.1

]
, Bd =

[
0
1

]
, E1 =

[
1 0 0 0
1 0 0 0

]T

,

E2=[0 1 0 0 ]T, Ea=

[
0 0 1 0
0 0 1 0

]T

, Eb=[1 0 1 0 ]T,

D =

[
0.1 0 0.1 1
0 1 0 0

]
, A0 =

[
1 1
0 0

]
, B0 =

[
0
1

]
,

Ad0 =

[
1 1
0 0

]
, Bd0 =

[
2
0

]
, Q =

[
1 0
0 1

]
,

R= [1], |r|�0.1, |s|�0.1, |q|�0.1, |h|�0.1.

x1(t) = exp(1),x2(t) = −1.0, F (t) =
10 × diag{r, s, q, h}. Eẋ(t) =
(A + DFE1)x(t) + (Ad + DFEa)x(t − d1) +
(B + DFE2)u(t) + (Bd + DFEb)u(t − d2).
t ∈ [−3, 0], T = 0.3 s.

1 min-max (10).

1 2 , d1 =
1.0, d2 = 0.5 ,

d1 = 3.0, d2 = 1.5 .

, LMI

,

, .

1

Fig. 1 The trajectory of the control inputs

2

Fig. 2 States of the closed-loop system

6 (Conclusions)

,

Lyapunov ,

,

,

,

. ,

.

(References):

[1] RICHALET J. Model predictive heuristic control: applications to in-

dustrial processes[J]. Automatica, 1978 , 14(5): 413 – 428.

[2] RODRIGUES M A, ODLOAK D. MPC for stable linear systems with

model uncertainty[J]. Automatica, 2003, 39(11): 569 – 583.

[3] KOTHARE M V, ALAKRISHNAN V, MORARI M. Robust con-

strained model predictive control using linear matrix inequalities[J].

Automatica, 1996, 32(10): 1361 – 1379.

[4] WANG Z D, HUANG B, UNBEHAUEN H. Robust reliable control

for a class of uncertain nonlinear state-delayed systems[J]. Automat-
ica, 1999, 35(12): 955–963.

[5] HAN C Y, LIU X H, ZHANG H S. Robust model predictive control

for continuous uncertain systems with state delays[J]. Control Theory
& Applications, 2008, 6(2): 189 – 194.



4 : 531

[6] , . [J].

, 2008, 7(23): 807 – 812.

(LIU Xiaohua, YU Xiaohua. Delay-dependent robust predictive con-

trol for polytopic uncertain systems[J]. Control and Decision, 2008,

7(23): 807 – 812.)

[7] JEONG S C, PARK P G. Constrained MPC algorithm for uncertain

time-varying systems with state-delay[J]. IEEE Transactions on Au-
tomatic Control, 2005, 50(2): 257 – 263.

[8] LU M, SHAO H H. Robust predictive control of polytopic uncertain

systems with both state and input delays[J]. Journal of Systems Engi-
neering and Electronics, 2007, 18(3): 616 – 621.

[9] DING B, HUANG B. Constrained robust model predictive control for

time-delay systems with polytopic description[J]. International Jour-
nal of Control, 2007, 80(4): 509 – 522.

[10] DAI L. Singular control systems[M] //Lecture Notes in Control and
Information Sciences. New York: Springer-Verlag, 1989: 0 – 118.

[11] , . [M] :

, 2003.

(ZHANG Qingling, YANG Dongmei. Analysis and Synthesis of Un-
certain Singular Systems[M]. Shenyang: Northeastern University

Press, 2003.)

[12] YONCHEV A, FINDEISEN R, EBENBAUER C, et al. Model pre-

dictive control of linear continuous time singular systems subject to

input constraints[C] //43rd IEEE Conference on Decision and Con-
trol, Bahamas: [s.n.], 2004: 2047 – 2051.

[13] ZHANG L, HUANG B. Robust model predictive control of singular

systems[J]. IEEE Transactions on Automatatic Control, 2004, 49(6):

1000 – 1006.

[14] PIAO F X, ZHANG Q L. Robust H infinity control for uncertain de-

scriptor systems with state and control delays[J]. Journal of Systems
Engineering and Electronics, 2006, 17(3): 571 – 575.

[15] ZHANG L, HUANG B, LAM J. LMI synthesis of H2 and mixed

H2/H∞ controllers for singular systems[J]. IEEE Transactions on
Circuits and System, 2003, 59(9): 615 – 626.

[16] XU S Y, PAUL V D, STEFAN R. Robust stabilization for singular

systems with state delay and parameter uncertainty[J]. IEEE Trans-
actions on Automatatic Control, 2002, 47(7): 1122 – 1128.

[17] YU L, XU J M, HAN Q L. Optimal guaranteed cost control of singu-

lar systems with delayed state and parameter uncertainties[C] //Pro-
ceeding of the 2004 American Control Conference. Boston: IMas-

sachusetts, 2004: 4811 – 4816.

[18] SU H Y, JI X Y, CHU J. Delay dependent robust control for uncertain

singular time delay systems[J]. Asian Journal of Control, 2006, 8(2):

180 – 189.

1 1 (Appendix1 Theorem 1 proof)

kT , Lyapunov

V (x(kT )) = xT(kT )ETPx(kT ) +� 0

−d1
xT(kT + ξ, kT )R1x(kT + ξ, kT )dξ +

� 0

−d2
uT(kT + ξ, kT )R2u(kT + ξ, kT )dξ.

γ xT(kT )ETPx(kT ) � γ, Schur

[13] , xT(kT )ETPx(kT ) � γ (11).

� 0

−d1
xT(kT + ξ, kT )R1x(kT + ξ, kT )dξ =

� 0

−d1
tr(xT(kT + ξ, kT )X−1

1 x(kT + ξ, kT ))dξ =

tr(N1NT
1 X−1

1 ) = tr(NT
1 X−1

1 N1).

M1, tr(NT
1 X−1

1 N1) < tr(M1),

Schur (12) , X1 = R−1
1 .

� 0

−d1
xT(kT + ξ, kT )R1x(kT + ξ, kT )dξ =

� 0

−d1
tr(xT(kT + ξ, kT )X−1

1 x(kT + ξ, kT ))dξ =

tr(N1NT
1 X−1

1 ) = tr(NT
1 X−1

1 N1).

M1, tr(NT
1 X−1

1 N1) < tr(M1).

M2, tr(KTNT
2 X−1

2 N2K) < tr(KT

M2K), Schur (13) , X2 = R−1
2 .

, V (x(kT )) < γ +tr(M1)+ tr(M2),

min γ + tr(M1) + tr(M2).

(3) (1) (8) ,

V̇ (x(kT + τ)) =

ẋT(kT +τ)ETPx(kT +τ)+xT(kT +τ)ETP ẋ(kT +τ)+

xT(kT + τ)R1x(kT + τ) − xT(kT + τ − d1)R1x(kT +

τ − d1) + xT(kT + τ)KTR2Kx(kT + τ) −
xT(kT+τ−d2)K

TR2Kx(kT+τ−d2)=

xT(kT+τ)[(A+ΔA+BK+ΔBK)TP+

PT(A + ΔA + BK + ΔBK) + R1 +

KTR2K]x(kT + τ) + xT(kT + τ −
d1)(Ad + ΔAd)TPx(kT+τ)+x(kT +

τ)TPT(Ad + ΔAd)x(kT + τ − d1) +

(Kx(kT+τ−d2))
T(Bd+ΔBd)TPx(kT+

τ) + x(kT + τ)TPT(Bd + ΔBd)(Kx(kT +

τ − d2)) − xT(kT + τ − d1)R1x(kT+τ−d1) −
(Kx(kT + τ − d2))

TR2(Kx(kT + τ − d2)) �
xT(kT + τ)(Q + KTRK)x(kT + τ). (16)

(16)

2
64

x(kT + τ)

x(kT + τ − d1)

Kx(kT + τ − d2)

3
75

T

2
64

Σ PT(Ad + DFEa) PT(Bd + DFEb)

∗ −R1 0

∗ ∗ −R2

3
75

2
64

x(kT + τ)

x(kT + τ − d1)

Kx(kT + τ − d2)

3
75 � 0. (17)

:Σ = [A+BK+DF (E1+E2K)]TP+PT[A+BK +
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DF (E1+ E2K)]+R1+KTR2K+Q+KTRK.

Ω =

2
64

Ω1 PTAd PTBd

∗ −R1 0

∗ ∗ −R2

3
75 .

: Ω1 = (A+BK)TP +PT(A+BK)+R1+KTR2K+

Q + KTRK. (17)

Ω +

2
64

PTD

0

0

3
75 F [E1 + E2K Ea Eb ] +

[E1 + E2K Ea Eb ]TFT

2
64

PTD

0

0

3
75

T

� 0.

2 , ε > 0,

Ω + ε

2
64

PTD

0

0

3
75

2
64

PTD

0

0

3
75

T

+

ε−1[E1 + E2K Ea Eb ]T[E1 + E2K Ea Eb ] < 0. (18)

(18) Schur :

2
6664

L1 PTAd PTBd (E1 + E2K)T

∗ −R1 0 ET
a

∗ ∗ −R2 ET
b

∗ ∗ ∗ −εI

3
7775 < 0.

: L1 = (A+BK)TP +PT(A+BK)+R1+KTR2K +

Q + KTRK + εPTDDTP. Schur ,

2
66666666666664

L2 PTAd PTBd (E1+E2K)T KT KT I I

∗ −R1 0 ET
a 0 0 0 0

∗ ∗ −R2 ET
b 0 0 0 0

∗ ∗ ∗ −εI 0 0 0 0

∗ ∗ ∗ ∗ −R−1 0 0 0

∗ ∗ ∗ ∗ ∗ −R−1
2 0 0

∗ ∗ ∗ ∗ ∗ ∗ −R−1
1 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q−1

3
77777777777775

<0.

(19)

L2 = (A + BK)TP + PT(A + BK) + εPTDDTP ,

Z = P−T, Y = ZKT, X1 = R−1
1 , X2 = R−1

2 .

(19) diag{Z, X1, X2, I, I, I, I},

(19) (14). ,

(9) . , (14) , ,

LMI feasp . .

2 2 (Appendix 2 Theorem 2

proof)

(6) , Lyapunov

V (x(t)) = xT(t)ETPkx(t) +
� 0

−d1
xT(t + ξ)R1

x(t+ξ)dξ+
� 0

−d2
uT(t+ξ)R2u(t+ξ)dξ. (20)

(16),
d

dτ
(V (x(t, t))) � −xT(t)(Q + KTRK)x(t),

Q, R , ,
d

dτ
(V (x(t, t))) ,

V (x(t), t) ,
d

dτ
(V (x(t, t))) < 0,

. (16)
2
64

Ωk PT
k (Ad + ΔAd) PT

k (BdKk + ΔBdKk)

∗ −R1 0

∗ 0 −KT
k R2Kk

3
75<0. (21)

: Ωk = PT
k (A + ΔA + BKk + ΔBKk) + (A + ΔA +

BKk + ΔBKk)TPk + R1 + KT
k R2Kk. Schur

PT
k (A + ΔA + BKk + ΔBKk) + (A + ΔA +

BKk + ΔBKk)TPk + R1 + KT
k R2Kk + PT

k (Ad +

ΔAd)R−1
1 (Ad + ΔAd)TPk + PT

k (BdKk +

ΔBdKk)KT
k R−1

2 Kk(BdKk + ΔBdKk)TPk < 0. (22)

4 (23)(24) :

PT
k (Ad + ΔAd)R−1

1 (Ad + ΔAd)TPk >

(Ad + ΔAd)TPk + PT
k (Ad + ΔAd) − R1, (23)

PT
k (BdKk+ΔBdKk)KT

k R−1
2 Kk(BdKk+ΔBdKk)TPk >

(BdKk+ΔBdKk)TPk+PT
k (BdKk+ΔBdKk)−KT

k R2Kk.

(24)

(23)(24) (22) , :

0 > PT
k (A + ΔA + BKk + ΔBKk) +

(A + ΔA + BKk + ΔBKk)TPk + R1 +

KT
k R2Kk + (Ad + ΔAd)TPk +

PT
k (Ad + ΔAd) − R1 + (BdKk + ΔBdKk)TPk +

PT
k (BdKk + ΔBdKk) − KT

k R2Kk.

PT
k [(A + ΔA + BKk + ΔBKk) + (Ad + ΔAd) +

(BdKk + ΔBdKk)] + [(A + ΔA + BKk + ΔBKk) +

(Ad + ΔAd) + (BdKk + ΔBdKk)]TPk < 0.

(A + ΔA + BKk + ΔBKk) = Ã, (Ad + ΔAd) = Ãd,

(BdKk + ΔBdKk) = B̃d.

PT
k [Ã + Ãd + B̃d] + [Ã + Ãd + B̃d]TPk < 0. (25)

3, Pk PT
k E = ETPk � 0

(25) , (E, Ã + Ãd + B̃d) .

(19)

[18]. .
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