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Abstract: A novel design method of higher-order sliding-mode controller is proposed for a class of uncertain nonlinear

SISO systems, which is based on the finite-time stability theory and integral sliding-mode control theory and avoids some

shortcomings of existing higher-order sliding-mode controllers. The integral sliding-mode guarantees the disturbance-

rejection ability for the system at the initial time. Meanwhile, the output-feedback control is realized by employing a

finite-time stable observer. Simulation results show that this controller drives the system to converge in finite time and

alleviates the chattering phenomena effectively.
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2 (Problem formulation

and preliminaries)
:{

ẋ = f(x, t) + g(x, t)u,

y = σ(x, t).
(1)

: x ∈ R
n ; u ∈ R ;

σ(x, t) ( ); f(x, t),
g(x, t) .

: σ(x, t) = 0
. σ(x, t)

, .

1 (1)

, σ, σ̇, · · · , σ(r−1)

, Sr = {x|σ(x, t) = · · · =
σ(r−1)(x, t) = 0} r ,

Filippov ,

Sr σ r
[8].

1 (1) σ(x, t)
ρ , ,

r � ρ.

xn+1 := u,
...

xn+r−ρ+1 = u(r−ρ+1),

xn+1+r−ρ = t,

v = u(r−ρ),

(1) .

xe = [xT xn+1 · · · xn+1+r−ρ]T,

F0(x, xn+1) = f(x) + g(x)xn+1,

:

ẋe = fe(xe) + ge(xe)v, (2)

fe(xe) = [FT
0 (x, xn+1) xn+2 · · · xn+r−ρ 0 1]T,

ge(xe) = [0 0 · · · 0 1 0]T ∈ R
n+1+r−ρ.

σ :

σ(r) = ϕ(·) + γ(·)v, (3)

: ϕ(·) = Lr
fe

σ(x, t), γ(·) = LgeL
r−1
fe

σ(x, t).

2 Km,KM, C

0 < Km � γ(·) � KM, |ϕ(·)| � C (4)

.

(1) r

ż = Az + bϕ(·) + bγ(·)v (5)

. :

z = [z1 z2 · · · zr]T = [σ σ̇ · · · σ(r−1)]T,

b = [0 0 · · · 0 1︸ ︷︷ ︸
r

]T,

A =

[
0(r−1)×1 I(r−1)×(r−1)

0 01×(r−1)

]
.

[12∼14].

2 ( )

ẋ = F (x), F (0) = 0, x ∈ R
n, (6)

F : D → R
n D ⊆ R

n

. N ⊆ D,

TF : N \ {0} → (0,∞) ,

(6) .

1) : x ∈ N \ {0},

[0, TF(x)) Sx(t) ∈ N \ {0}, t ∈
[0, TF(x)) lim

t→TF (x)
Sx(t) = 0.

2) Lyapunov : ε > 0, δ > 0,

Bδ(0) ⊂ N , x ∈ Bδ(0)\{0} , Sx(t) ∈ Bε(0), t ∈
[0, TF(x)).

3 V : R
n → R,

(κ1, · · · , κn) ∈ R
n
+, V (λκ1x1, · · · , λκnxn) =

λdV (x1, · · · , xn),∀λ > 0, V

(κ1, · · · , κn) d .

4 l, (κ1, κ2,

· · · , κn) ∈ R
n
+, i li(1 � i �

n) κi + d ,

li(λκ1x1, λ
κ2x2, · · · , λκnxn) =

λκi+dli(x1, x2, · · · , xn),∀λ > 0,

l (κ1, κ2, · · · , κn) d .

1 (6) F (x) (κ1,

κ2, · · · , κn) ∈ R
n
+ d , (6)

,

d < 0.

2 (Tube ) X × Y ,
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Y , N , X × Y

{x0} × Y , N {x0} ×
Y W × Y , W x0 X

.

3 (Design of the higher-

order sliding mode controller)
χ(·) = ϕ(·) + (γ(·) − 1)v, (5)

ż = Az + b(χ(·) + v). (7)

χ(·) , v :

v = videal + vism. (8)

videal, ,

χ(·) = 0 , ; 2 vism

, ,

χ(·).

videal, χ(·) = 0, (7)

ż = Az + bvideal. (9)

,

videal = ψα(z1, z2, · · · , zr), (10)

ψα(z1, z2, · · · , zr) .

, t = 0
[15]. (7),

,

s = s0(z) + ξ, s, s0(z), ξ ∈ R, (11)

s0(z) (7) z ,

2 ξ .

s0(z) = zr , s

ṡ = żr + ξ̇ = χ(·) + videal + vism + ξ̇. (12)

ξ̇ = −videal, ξ(0) = −zr(0), vism

veq
ism = −χ(·). ξ(0) s(0) = 0 .

t = 0 ,

(9).

.

vism, .

1 s = s0(z) + ξ,

vism = −βsgn s. (13)

β

β >
C + (KM + 1)V M

ideal + η

Km

(14)

, χ(·) �= 0 ,

t � 0 . β, η > 0, vM
ideal

.

Lyapunov

V =
1
2
s2. (15)

V̇ = sṡ,

ṡ = żr + ξ̇ = χ(·) + videal + vism + ξ̇ =

ϕ(·) + (γ(·) − 1)videal + γ(·)vism, (16)

V̇ = sṡ = [ϕ(·) + (γ(·) − 1)videal]s − γ(·)β|s| �
[ϕ(·) + (γ(·) − 1)videal]s −
[C + (KM + 1)vM

ideal]|s| − η|s|. (17)

(4),

V̇ = sṡ � −η|s|. (18)

. (7)

, (9) .

, (2) ,

v=videal+vism =ψα(z1, z2, · · · , zr)−βsgn s. (19)

(19) z1, z2, · · · , zr, z1 = σ(x, t)
,

z1, z2, · · · , zr , (7)

.

,

:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

˙̂z1 = ẑ2 − h1|ẑ1 − z1|μ1sgn(ẑ1 − z1),
˙̂z2 = ẑ3 − h2|ẑ1 − z1|μ2sgn(ẑ1 − z1),

...
˙̂zr = ψα − hr|ẑ1 − z1|μrsgn(ẑ1 − z1).

(20)

ẑi, hi, μi(i = 1, 2, · · · , r) zi

. ei = ẑi − zi, s =
ẑr + ξ, ξ̇ = −ψα(ẑ1, · · · , ẑr), ξ(0) = −ẑr(0)

{
ėj =ej+1 − hj|e1|μj sgn e1,

ėr =−hr|e1|μrsgn e1,
j =1,· · ·, r−1. (21)
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{
żj =zj+1,

żr =ψα(z1+e1, · · · , zr+er),
j =1, · · · , r−1.

(22)

(z1, z2, · · · , zr, e1, e2, · · · , er),

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

żj = zj+1,

żr = ψα(z1 + e1, · · · , zr + er),
ėj = ej+1 − hj|e1|μj sgn e1,

ėr = −hr|e1|μrsgn e1,

j = 1, · · · , r − 1.

(23)

(21) T1

,

ψα(ẑ1, · · · , ẑr)=ψα(z1, · · · , zr), t � T1. (24)

ψα(z1, z2, · · · , zr) ,

.

(κ1, · · · , κr) ∈ R
r
+, R

r
+ r

, κi = (i − 1)μ − i + 2, 1 � i � r,

0 < μ < 1.

ψα =−k1sgn z1|z1|α1−· · ·−krsgn zr|zr|αr , (25)

αi =
κr + μ − 1

κi

, k1, k2, · · · , kr > 0,

sr + krs
r−1 + · · · + k2s + k1 Hurwitz ,

(9) ψα(z1, z2, · · · , zr)
(κ1, κ2, · · · , κr) ∈ R

r
+ μ − 1 .

(20) μi = iμ − i + 1, 1 � i � r, (21)

(κ1, κ2, · · · , κr) ∈ R
r
+ μ − 1 .

2 h1, h2, · · · , hr,

A2 =

[
0(r−1)×1 I(r−1)×(r−1)

−h1 H

]
r×r

Hurwitz , H = [−h2, · · · ,−hr]T ∈ R
r−1.

videal (25), τ ∈ [1 −
1/(r − 1), 1) μ ∈ (1 − τ, 1), :

A) (9) ;

B) (21) ;

C) (23) .

A) : (9)

ż = φ(μ, z). (26)

Lyapunov V1(z), V1(z)
(κ1, κ2, · · · , κr) ∈ R

r
+ .

V1(z) = π(z)TP1π(z), (27)

π(z)=[|z1|1/κ1 sgn z1 · · · |zr|1/κr sgn zr]T. (28)

P1 Lyapunov

AT
1 P1 + P1A1 = −I, (29)

A1 =

[
0(r−1)×1 I(r−1)×(r−1)

−k1 K

]
,

K=[−k2 · · · − kr]T∈R
r−1.

V1(z) ∀e �= 0, V1(z) > 0, z = 0, V1(z) = 0.

π(λκ1z1, λ
κ2z2, · · · , λκrzr) = λπ(z1, z2, · · · , zr),

V1(λκ1z1, λ
κ2z2, · · · , λκrzr) =

λ2V1(z1, z2, · · · , zr). (30)

V1(z) (κ1, κ2, · · · , κr) ∈ R
r
+ 2

. (30) zi ,

λκi
∂V1

∂zi

(λκ1z1,· · ·, λκrzr)=λ2 ∂V1

∂zi

(z1, z2,· · ·, zr),

∀z �= 0,∀λ > 0. (31)

φ(μ, z) (κ1, κ2, · · · , κr) ∈
R

r
+ μ − 1 ,

φi(λκ1z1,· · ·, λκrzr)=λμ−1+κiφi(z1, z2,· · ·, zr),

∀z �= 0,∀λ > 0. (32)

∇V1(λκ1z1, λ
κ2z2,· · ·, λκrzr)·φ(μ, λκ1z1, λ

κ2z2,· · · ,

λκrzr)= λμ+1∇V1(z)φ(μ, z). (33)

∇V1(z)φ(μ, z) μ + 1 .

μ = 1, S1 = {z : |zTP1z = 1}. (9)

ż = A1z. (34)

A1 , ∇V1(z)φ(μ, z) < 0
S1 . , [16] 1 ,

∇V1(z)φ(μ, z) , S1 ,

∇V1(z)φ(μ, z) < 0 , R
r \{0}

. Tube , ∇V1(z)φ(μ, z) <

0 (1 − ε1, 1 + ε2) × S , ε1, ε2 > 0. ,

∇V1(z)φ(μ, z) < 0 (1− ε, 1)×R
r \ {0} ,

μ ∈ (1 − τ, 1), (9)

videal .

B) : (21)

ė = Φ(μ, e). (35)

Lyapunouv V2(e) = π(e)TP2π(e),
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P2 Lyapunov :

AT
2 P2 + P2A2 = −I. (36)

A) , ∇V2(e)Φ(1, e) <

0 S2 = {e : |eTP2e = 1} ,

∇V2(e)Φ(μ, e) < 0 (1 − ε, 1) × R
r \ {0}

, (21) μ − 1 , (21)

.

C) : (9) (21)

(23)

, (κ1, κ2, · · · , κr, κ1, κ2,

· · · , κr) (23) μ − 1 ,

(23) ,

1 C) .

Lyapunouv

V3(z, e) = V1(z) + K0V2(e), (37)

K0 . , V3(z, e)
(κ1, κ2, · · · , κr, κ1, κ2, · · · , κr) 2 .

(23) z−
ż = A1z + bω(z, e), (38)

:

b = [0 0 · · · 1]T,

ω(z, e) = ψα(z1 + e1, · · · , zr + er) +

k1z1 + · · · + krzr,

μ = 1 , ω(z, 0) = 0, V3(z, e)

V3(z, e) = zTP1z + K0e
TP2e. (39)

V3(z, e) ,

V̇3(z, e)=

żTP1z + zTP1ż + K0(ėTP2e + eTP2ė) =

(A1z + bω(z, e))TP1z + zTP1(A1z + bω(z, e)) +

K0((A2e)TP2e + eTP2A2e) =

−zTz − K0e
Te + (bTP1z + zTP1b)ω(z, e). (40)

S = S1 ∪ S2,

(bTP1z + zTP1b)ω(z, e) S ,

M0 > 0, eTe S2

M1 > 0, K0 >
M0

M1

, V̇3(z, e) < 0.

[15] 1 Tube V̇3(z, e) <

0 μ ∈ (1 − τ, 1) R
2r , ,

(23) , (23)

.

4 (Analysis of simulation re-

sults)
1 [7, 9]

, 1

,

[7, 9] .

:⎡
⎢⎢⎢⎣

ẋ1

ẋ2

ẋ3

ẋ4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

ω cos x3

ω sin x3

ω/L tanx4

0

⎤
⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎣

0
0
0
1

⎤
⎥⎥⎥⎦u, (41)

[7, 9].

x2ref = 10 sin(0.05x1) + 5 .

( ) σ(x) = x2 − x2ref ,

, σ 3. σ 3

σ(3) = φ(·) + γ(·)u, [9]

|φ| � 49.62, 6.38 � γ � 46.77,

(4) C = 49.62,Km = 6.38,KM = 46.77.

x(0) = [0 0 0 0]T,

: k1 = 1, k2 = 1.5, k3 = 1.5, β = 10.

μ = 0.7, h1 = 30, h2 =
300, h3 = 1000.⎧⎪⎨

⎪⎩
ė1 = e2 − 30|e1|0.7sgn e1,

ė2 = e3 − 300|e1|0.4sgn e1,

ė3 = −1000|e1|0.1sgn e1.

(42)

e1(t) T1 ( 1).

1 z1

Fig. 1 The observer error of z1

1 , ,

( T1 �0.5 s ) ,

, [7]

, . 2,3 ,

[7, 9] ,

, , 15 s

.
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2

Fig. 2 The trajectory of tracking

3

Fig. 3 The trajectory of tracking error

, 4 ,

[7, 9] ,

,

.

, ,

, ,

. 2

.

4

Fig. 4 Control input

2 {
ẋ1 = x2,

ẋ2 = f(x) + g(x)u.
(43)

:

f(x)=
g sin x1−mlx2

2 cos x1 sin x1/(mc + m)
l[4/3−m cos2 x1/(mc + m)]

,

g(x)=
cos x1/(mc + m)

l[4/3 − m cos2 x1/(mc + m)]
,

x1 x2 ; g = 9.8 m/s2; mc = 1 kg

; m = 0.1 kg ; l = 0.5 m

; u .

, x3 = u, v = u̇.

σ = x1 − xd, xd = sin t.

σ(3) = φ(·) + γ(·)v
. x(0) = [0 0]T,

: k1 = 1, k2 = 1.5, k3 = 1.5,

β = 30, (37). 5,

6 .

5

Fig. 5 Trajectory of tracking and tracking error

6 v u

Fig. 6 Virtual control v and real control u

5 ,

. 6 v

u ,

, ,

,

.

5 (Conclusion)
SISO

.

,

;
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. ,

.
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