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Convergence analysis of learning-enhanced PID control system

YAN Jing-wen, HOU Zhong-sheng
(Advanced Control Systems Laboratory, School of Electronics and Information Engineering,

Beijing Jiaotong University, Beijing 100044, China)

Abstract: Using the repeatability of controlled systems, a learning-enhanced PID control method is presented for a

general discrete-time nonlinear system and a rigorous convergence is proved. The effectiveness and advantage of the

proposed learning-enhanced PID method is demonstrated through simulations of freeway traffic system. Since this method

is of modularize design, in its implementation we need only add a complementary iterative-learning-controller(ILC) to the

existing PID feedback control loop, without the need of any system reconfiguration or system redesign.
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1 ÚÚÚóóó(Introduction)
PID��ì´8cA^��2���«��ì,

§�I|^É�XÚ�Ñ\ÑÑêâ5�O, (�
{ü,¦^�B,ëê´u�½. �3�1E?Ö
�,XC��þ�Å�:!1þ)�L§!zó5�
�, PID���JKØ$n�, PID��ØUl± 
���L§¥á�²�,�U�â�c�ÑÑØ
��"û½��Ñ\,���JØ¬Ï�Egê
�O\Uõ, ØäkÆSõU. ¯¤±�, PID�
�,nØþù,�U���5�ØC�XÚ.,,¢
SXÚÑ´��5�CXÚ,k
�´(��C�
XÚ, Ïd, A^PID��Eâé��5XÚ!�C
XÚ!(�CzXÚ?1������JÒØ$n

�. �éäkE5��?Ö�XÚ, �
JpÙ
���J,�©�Ñ
�«�élÑ�mXÚ�Æ
SOr.PID���{. T«�{dc"Ú�"ü
Ü©|¤, c"æ^S�ÆS��, �"´®�3
�PID��.T«���{ØI�é®k�PID��
C�ÚXÚ�?ÛUÄ,�I3®�3PID��ì�

	�\þS�ÆS��ì=�, ¿©|^®k�Ý
],�ØI�ó���mÊóÒ�±¢y.

S�ÆS��(iterative learning control, ILC)�
ÐdArimoto(1984)JÑ, ´;��é3k��mS
�E�XÚ��«���{. S�ÆS���#
�?Ð�±ë�©z[1∼5]. S�ÆS��q©�m
�S�ÆS��Ú4�S�ÆS��[4,5] .m�S�
ÆS��´^c�gS�Ó�����Ñ\Úc�

gS�ØÓ���ÑÑØ�5�E�gS����

Ñ\. 4�S�ÆS��K´Äuc�gS�Ó�
����Ñ\Úþg9�gS��ÑÑØ�5�E

�gS����Ñ\. éum�S�ÆS��, �
,�yÂñ�¿©^�®²�Ñ, �ÆSL§Ø�
�Ué�,Âñ�Ý���ú[5] ,ù
y���)´
duT��ì�(�¢�þ´m��. 4�S�Æ
S��3�^ulÑ�mXÚ�, K  I�pO
Ã�", éu�
¹�Ú�1ì�XÚ, pOÃ�
"¬�)L����&Ò, du�Ú�1ì��Ì
�^, ÆS��XÚ�Âñ�Ý¬É�K�, pO

ÂvFÏ: 2008−12−28;Â?UvFÏ: 2009−12−22.
Ä7�8: I[g,�ÆÄ7:]Ï�8(60834001);I[g,�ÆÄ7¡þ]Ï�8(60774022).
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Ã�"l��¿Â[5] . ,	, 4�S�ÆS��
�,U�Ñm�ÆS���":,,,3ó�L§
¢�¥,Nõ�¢SÉ�é�,®²k
ÄuDÚ�
"��nØ�¢SXÚÚC�,XPID�,�éÙ?
1EâUEJpXÚ���¬�, ³7�é�5�
®²�3�XÚÚC�?1��ÚO�, ù�Ò¬
E¤Ø7��L¤,Ó���'��´,é¢SÉ�
L§5`,ó§�®²S.uDÚ�PID��,¦�
@�PID����J��±�É,3ù«�¹e,U
Ä?1�¬z��O,�=UÄ�OÑc"Ú�"
�¬z�/o�ª(add-on)0c"–�"S�ÆS�
�XÚ,¦�PID�S�ÆS���¬U`³pÖ/
ó�. PID�"��ìÌ�^u¢yXÚ	½?Ö,
ILCc"��ìKIJp��XÚ�¬�¿¢y�
��l?Ö.

¯¢þ, 'uILC�PID�"�(Ü�ïÄ®k

Ü©(J.�8c�õ´�é,
äN���5X

Ú,òILC�P!PI!PD���(Ü, ¿�nØþy²


Âñ5[6∼10],3¢SXÚ¥���
A^[11∼14].

òILC�PID����(Ü��{�®²�3[15] ,¿

òT�{^u��[^��>Å, ÏL�ý�y


T�{����J²w`uüÕ�PID��,�¿v

k�Ñî��nØ©Û(J.�©��z3u�é

���lÑ��5XÚ,Ø´,
AÏ���5

XÚ,��ìæ^ILC+PID�ë�(�, �Ñ
Äu

�m\��¿Âe�î��Âñ5y².

2 ¯̄̄KKK£££ããã(Problem formulation)
�ÄXem�Ñ\m�ÑÑ�lÑ��5XÚ:

xxxn(k + 1) =

f(xxxn(k),uuun(k), yyyn(k), ξξξ(k)) + ςςςn(k), (1)

yyyn(k + 1) = g(xxxn(k),uuun(k), yyyn(k),ωωω(k)). (2)

Ù¥: k ∈ {0, 1, · · · ,K}, P�k ∈ [0,K]´�m�

I. n�S�gê. f(·, ·, ·, ·)g(·, ·, ·, ·)´·��ê�

¼ê. xxxn(k), yyyn(k),uuun(k)©O´1ngS�k���

XÚG�!ÑÑÚ��Ñ\�þ. ξξξ(k)Úωωω(k)�

E�k.	ÜZ6, ςςςn(k)��E�k.�Å	Ü

6Ä,½Â‖ςςςn(k)‖ 6 bς ,∀ n, k ∈ [0,K].

bbb��� 1 f(xxxn(k),uuun(k), yyyn(k), ξξξ(k))Úg(xxxn(k),

uuun(k), yyyn(k),ωωω(k)) éxxxn(k) ∈ X, uuun(k) ∈ U ,

yyyn(k) ∈ Y (∀ n, k ∈ [0,K])����êëY, X,

UÚY�k.48.

bbb��� 2 �½Ï";,yyyd(k)(k ∈ [0,K]),�3

��k.���Ñ\uuud(k)(k ∈ [0,K])¦�

xxxd(k + 1) = f(xxxd(k),uuud(k), yyyd(k), ξξξ(k)), (3)

yyyd(k + 1) = g(xxxd(k),uuud(k), yyyd(k),ωωω(k)). (4)

Ù¥xxxd(k), k ∈ [0,K]��yyyd(k)�éA�Ï"G�

;,.

bbb��� 3 zgS��Ð©�÷vXe^�:

‖xxxd(j) − xxxn(j)‖ 6 bx0
, ‖yyyd(j) − yyyn(j)‖ 6 by0

,

uuub
n(j) = 0, j 6 0, ∀ n.

�éÉ�XÚ(1)(2),®�3�PID�"��Æ�
Xe/ª:

uuub
n(k) =uuub

n(k − 1) + q0eeen(k) + q1eeen(k − 1) +

q2eeen(k − 2), (5)

ª¥: uuub
nL«�"Ü©�Ñ\, q0, q1, q2�PID��

ì�'~Xêkp!È©�mTi!�©�mTd�'X

Xe:

q0 = kp(1 +
Ts

Ti

+
Td

Ts

),

q1 = −kp(1 + 2
Td

Ts

), q2 = kp

Td

Ts

.

Ù¥Ts´æ�±Ï.

¤�O�ÆSOr.PID��XÚd(1)(2),±9
Xe���Æ|¤:

uuun(k) =uuuf
n(k) + uuub

n(k), (6)

uuuf
n(k) =uuuf

n−1(k) + βeeen−1(k + 1), (7)

uuub
n(k) =uuub

n(k − 1) + q0eeen(k) + q1eeen(k − 1) +

q2eeen(k − 2). (8)

Ù¥: uuuf
nL«c"Ü©�Ñ\, eeen(k) = yyyd(k) −

yyyn(k)L«1ngS���lØ�, β�ÆSOÃ.

ÆSOr.PID��ì�(�Xã1¤«.

ã 1 ÆSOr.PID��ì�(�µã
Fig. 1 Block diagram of learning enhanced PID

control system
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3 ÆÆÆSSSOOOrrr...PID������XXXÚÚÚ���ÂÂÂñññ555(Con-
vergence analysis of learning enhanced PID
control system)
½½½nnn 1 dª(1)(2)£ã�XÚ÷vb�1∼3,

3���{(6)∼(8)��^e, e‖I − βgu(xxxn(k),

uuu∗

n(k), yyyd(k),ωωω(k))‖<1,Kk lim
n→∞

‖yyyn(k)−yyyd(k)‖λ

= ε, k ∈ [0,K], ε´���bx0
, by0
Úbςk'�k

.¢ê, uuu∗

n(k) ∈ [min{uuun(k),uuud(k)},max{uuun(k),

uuud(k)}], �bx0
, by0
Úbςþ�"�, k lim

n→∞

‖yyyn(k)−

yyyd(k)‖λ = 0.

yyy �©¥�‖ · ‖L«Ã¡�, =,éus × t�

Ý
M , mi,jL«Ù¥���,K

‖M‖ = max
16i6s

t∑

j=1

|mi,j |.

dª(2)Ú(4)9b�1,k

eeen(k + 1) =

yyyd(k + 1) − yyyn(k + 1) =

g(xxxd(k),uuud(k), yyyd(k),ωωω(k)) −

g(xxxn(k),uuun(k), yyyn(k),ωωω(k)) =

gx(xxx
∗

n(k),uuud(k), yyyd(k),ωωω(k))δxxxn(k) +

gu(xxxn(k),uuu∗

n(k), yyyd(k),ωωω(k))δuuun(k) +

gy(xxxn(k),uuun(k), yyy∗

n(k),ωωω(k))eeen(k) =

gx(xxx
∗

n(k),uuud(k), yyyd(k),ωωω(k))δxxxn(k) +

gu(xxxn(k),uuu∗

n(k), yyyd(k),ωωω(k))δuuuf
n(k) −

gu(xxxn(k),uuu∗

n(k), yyyd(k),ωωω(k))uuub
n(k) +

gy(xxxn(k),uuun(k), yyy∗

n(k),ωωω(k))eeen(k), (9)

Ù¥:

xxx∗

n(k) ∈ [min{xxxn(k),xxxd(k)},max{xxxn(k),xxxd(k)}],

yyy∗

n(k) ∈ [min{yyyn(k), yyyd(k)},max{yyyn(k), yyyd(k)}],

δxxxn(k) = xxxd(k) − xxxn(k), δuuun(k) = uuud(k) − uuun(k),

δuuuf
n(k) = uuud(k) − uuuf

n(k), k ∈ [0,K].

dª(7)(9)�

δuuuf
n(k) = uuud(k) − uuuf

n(k) =

uuud(k) − uuuf
n−1(k) − βeeen−1(k + 1) =

[I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))] ×

δuuuf
n−1(k) −

β[gx(xxx∗

n−1(k),uuud(k), yyyd(k),ωωω(k))δxxxn−1(k) −

gu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))uuub
n−1(k) +

gy(xxxn−1(k),uuun−1(k), yyy∗

n−1(k),ωωω(k))eeen−1(k)].

(10)

3ª(10)ü>��k

‖δuuuf
n(k)‖ 6

‖I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))‖ ×

‖δuuuf
n−1(k)‖ + |β|Gx‖δxxxn−1(k)‖ +

|β|Gu‖uuu
b
n−1(k)‖ + |β|Gy‖eeen−1(k)‖ 6

‖I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))‖ ×

‖δuuuf
n−1(k)‖ + ε1(‖δxxxn−1(k)‖ +

‖uuub
n−1(k)‖ + ‖eeen−1(k)‖), (11)

Ù¥:

Gx =

sup
k∈[0,K],n∈[1,+∞)

‖gx(xxx∗

n(k),uuud(k), yyyd(k),ωωω(k))‖,

Gu =

sup
k∈[0,K],n∈[1,+∞)

‖gu(xxxn(k),uuu∗

n(k), yyyd(k),ωωω(k))‖,

Gy =

sup
k∈[0,K],n∈[1,+∞)

‖gy(xxxn(k),uuun(k), yyy∗

n(k),ωωω(k))‖,

ε1 = max{|β|Gx, |β|Gu, |β|Gy}.

|^ª(1),±9b�2,k

δxxxn−1(k) =

xxxd(k) − xxxn−1(k) =

f(xxxd(k − 1),uuud(k − 1), yyyd(k − 1), ξξξ(k − 1)) −

f(xxxn−1(k − 1),uuun−1(k − 1), yyyn−1(k − 1),

ξξξ(k − 1)) − ςςςn(k) =

fx(xxx
∗

n−1(k − 1),uuud(k − 1), yyyd(k − 1),

ξξξ(k − 1)) × δxxxn−1(k − 1) +

fu(xxxn−1(k − 1),uuu∗

n−1(k − 1), yyyd(k − 1),

ξξξ(k − 1)) × δuuuf
n−1(k − 1) −

fu(xxxn−1(k − 1),uuu∗

n−1(k − 1), yyyd(k − 1),

ξξξ(k − 1)) ×uuub
n−1(k − 1) +

fy(xxxn−1(k − 1),uuun−1(k − 1), yyy∗

n−1(k − 1),

ξξξ(k − 1)) × eeen−1(k − 1) − ςςςn(k), (12)

3ª(12)ü>��,k

‖δxxxn−1(k)‖ 6

Fx‖δxxxn−1(k − 1)‖ + Fu‖δuuu
f
n−1(k − 1)‖ +

Fu‖uuu
b
n−1(k − 1)‖+Fy‖eeen−1(k − 1)‖+bς , (13)

Ù¥:
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Fx = sup
k∈[0,K],n∈[1,+∞)

‖fx(xxx
∗

n(k − 1),uuud(k − 1),

yyyd(k − 1), ξξξ(k − 1))‖,

Fu = sup
k∈[0,K],n∈[1,+∞)

‖fu(xxxn(k − 1),uuu∗

n(k − 1),

yyyd(k − 1), ξξξ(k − 1))‖,

Fy = sup
k∈[0,K],n∈[1,+∞)

‖fy(xxxn(k − 1),uuun(k − 1),

yyy∗

n(k − 1), ξξξ(k − 1))‖.

dª(8)Ú(9)©O�±��

‖uuub
n−1(k)‖ 6

‖uuub
n−1(k − 1)‖ + |qo|‖eeen−1(k)‖ +

|q1|‖eeen−1(k − 1)‖ + |q2|‖eeen−1(k − 2)‖, (14)

‖eeen−1(k)‖ 6

Gx‖δxxxn−1(k − 1)‖ + Gu‖δuuu
f
n−1(k − 1)‖ +

Gu‖uuu
b
n−1(k − 1)‖ + Gy‖eeen−1(k − 1)‖. (15)

òª(13)∼(15)�\,k

‖δxxxn−1(k)‖ + ‖uuub
n−1(k)‖ + ‖eeen−1(k)‖ 6

Fx‖δxxxn−1(k − 1)‖ + Fu‖δuuu
f
n−1(k − 1)‖ +

Fu‖uuu
b
n−1(k − 1)‖ + Fy‖eeen−1(k − 1)‖ +

‖uuub
n−1(k − 1)‖ + |qo|[Gx‖δxxxn−1(k − 1)‖ +

Gu‖δuuu
f
n−1(k − 1)‖ + Gu‖uuu

b
n−1(k − 1)‖ +

Gy‖eeen−1(k − 1)‖] + |q1|[Gx‖δxxxn−1(k − 2)‖ +

Gu‖δuuu
f
n−1(k − 2)‖ + Gu‖uuu

b
n−1(k − 2)‖ +

Gy‖eeen−1(k − 2)‖] + |q2|‖eeen−1(k − 2)‖ +

Gx‖δxxxn−1(k − 1)‖ + Gu‖δuuu
f
n−1(k − 1)‖ +

Gu‖uuu
b
n−1(k − 1)‖ + Gy‖eeen−1(k − 1)‖ + bς 6

M1(‖δxxxn−1(k − 1)‖ + ‖uuub
n−1(k − 1)‖ +

‖eeen−1(k − 1)‖ + ‖δuuuf
n−1(k − 1)‖ +

‖δxxxn−1(k − 2)‖ + ‖uuub
n−1(k − 2)‖ +

‖eeen−1(k − 2)‖ + ‖δuuuf
n−1(k − 2)‖ + bς), (16)

Ù¥

M1 = max
k∈[0,K]

{(Fx + |qo|Gx + Gx),

(Fu + 1 + |qo|Gu + Gu),

(Fy + |qo|Gy + Gy),

(Fu + |qo|Gu + Gu),

|q1|Gx, |q1|Gu, (|q1|Gy + |q2|), 1}.

w,kM1 > 1.

dª(16)9b�3�±í�Ñ

‖δxxxn−1(k)‖ + ‖uuub
n−1(k)‖ + ‖eeen−1(k)‖ 6

M1[
2∑

j=1

(‖δxxxn−1(k − j)‖ + ‖uuub
n−1(k − j)‖ +

‖eeen−1(k − j)‖) +
2∑

j=1

‖δuuuf
n−1(k − j)‖ + bς ] 6

M2[
4∑

j=2

(‖δxxxn−1(k − j)‖ + ‖uuub
n−1(k − j)‖ +

‖eeen−1(k − j)‖) +
4∑

j=1

‖δuuuf
n−1(k − j)‖ + bς ] 6

...

Mk[
2k∑

j=k

(‖δxxxn−1(k − j)‖ + ‖uuub
n−1(k − j)‖+

‖eeen−1(k − j)‖) +
2k∑

j=1

‖δuuuf
n−1(k − j)‖ + bς ] 6

Mk × (k + 1) × (bx0
+ by0

) +

Mk

2k∑

j=1

‖δuuuf
n−1(k − j)‖ + Mkbς , (17)

Ù¥Mj�1jg�����Xê����.

òª(17)�\ª(11),�

‖δuuuf
n(k)‖ 6

‖I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))‖ ×

‖δuuuf
n−1(k)‖ + ε1[Mk × (k + 1) × (bx0

+ by0
) +

Mk

2k∑

j=1

‖δuuuf
n−1(k − j)‖ + Mkbς ]. (18)

3ª(18)ü>Ó¦±M−λk
1 ,¿�þ(.,K

sup
k∈[0,K]

M−λk
1 ‖δuuuf

n(k)‖ 6

‖I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))‖ ×

sup
k∈[0,K]

M−λk
1 ‖δuuuf

n−1(k)‖ +

sup
k∈[0,K]

M−λk
1 ε1Mk

2k∑

j=1

‖δuuuf
n−1(k − j)‖ +

ε1Mk × (k + 1) × (bx0
+ by0

) + ε1Mkbς . (19)

Ï�

sup
k∈[0,K]

ε1MkM
−λk
1

2k∑

j=1

‖δuuuf
n−1(k − j)‖ =

ε1Mk sup
k∈[0,K]

2k∑

j=1

M−λ(k−j)
1 ‖δuuuf

n−1(k − j)‖M−λj
1 6

ε1Mk‖δuuu
f
n−1(k)‖λ sup

k∈[0,K]

(
2k∑

j=1

M−λj
1 ) 6

ε1Mk

1 − M−2Kλ
1

Mλ
1 − 1

‖δuuuf
n−1(k)‖λ. (20)
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òª(20)�\ª(19),k

‖δuuuf
n(k)‖λ 6

‖I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))‖ ×

‖δuuuf
n−1(k)‖λ + ε1Mk

1 − M−2Kλ
1

Mλ
1 − 1

‖δuuuf
n−1(k)‖λ +

ε1Mk × (k + 1) × (bx0
+ by0

) + ε1Mkbς =

(‖I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))‖ +

ε1Mk

1 − M−2Kλ
1

Mλ
1 − 1

)‖δuuuf
n−1(k)‖λ +

ε1Mk × (k + 1) × (bx0
+ by0

) + ε1Mkbς . (21)

dª(21)��,�±é�v
��λ,¦�

‖I − βgu(xxxn−1(k),uuu∗

n−1(k), yyyd(k),ωωω(k))‖ +

ε1Mk

1 − M−2Kλ
1

Mλ
1 − 1

= ρ < 1. (22)

lk

‖δuuuf
n(k)‖λ 6

ρ‖δuuuf
n−1(k)‖λ+ε1Mk×(k + 1) × (bx0

+by0
) +

ε1Mkbς 6

ρn‖δuuuf
0(k)‖λ +

1 − ρn

1 − ρ
×

[ε1Mk × (k + 1) × (bx0
+ by0

) + ε1Mkbς ], (23)

�n → ∞�,ª(23)��

lim
n→∞

‖δuuuf
n(k)‖λ 6

1

1 − ρ
[ε1Mk × (k + 1) × (bx0

+ by0
) +

ε1Mkbς ] = ε2. (24)

éª(17)ü>�λ�,k

‖δxxxn−1(k)‖λ+‖eeen−1(k)‖λ + ‖uuub
n−1(k)‖λ 6

Mk

1 − M−2Kλ
1

Mλ
1 − 1

‖δuuuf
n−1(k)‖λ +

Mk × (k + 1) × (bx0
+ by0

) + Mkbς . (25)

dª(24)(25)�±íÑ lim
n→∞

‖eeen(k)‖λ = ε, ε´��

��bx0
, by0

, bςk'�k.¢ê.

�bx0
, by0
Úbςþ�"�, Kdª(24)�±íÑ

lim
n→∞

‖δuuuf
n(k)‖λ = 0, ldª (25) �±íÑ

lim
n→∞

‖eeen(k)‖λ = 0.

4 ���ýýýïïïÄÄÄ(Simulation studies)
�
�yÆSOr.PID��XÚ�k�5, �

©òÆSOr.PID���{A^�¯�´\�*

���¥.

¯�´\�*�����{éõ,�8cA^�

2�Ò´PID.�\�*����{[16] . ���Ñ

�´,÷*�Ï6�ª´äkE5�,zU�P×

  u)3�Ó��m�Ó�/:. ØÓU��Ï

6äk�~r�E5,��´z±�Ó�U,Xü

�(Ï�±�. ,, PID��ØU|^�Ï6�ù

«²w�A:,ØUlù«E¥��²�Ú¦�

��J��U?. ¤±,òS�ÆS���{Ú\¯

�´\�*���¥,�yk�PID��ì(Ü,/

¤ÆSOr.PID\�*���ì,´ék7��.

4.1 ���ÏÏÏ666���...(Traffic flow model)

� © � ý ^ � � ¯� ´ � Ï 6 � . ´

Papageorgiouu1989cJÑ�[17]. T��lÑ�.

ò¤£ã��^¯�´©�õ�´ã, z�´ã�

õk��\�*�Ú��Ñ�*�. �Ï6�.X

e:

ρi(k + 1) =

ρi(k)+
T

Li

[qi−1(k)−qi(k)+ri(k)−si(k)], (26)

qi(k) = ρi(k)vi(k), (27)

vi(k + 1) =

vi(k) +
T

τ
[V (ρi(k)) − vi(k)] +

T

Li

vi(k)[vi−1(k) − vi(k)] −

νT

τLi

[ρi+1(k) − ρi(k)]

[ρi(k) + κ]
, (28)

V (ρi(k)) = vfree(1 − [
ρi(k)

ρjam

]l)m, (29)

ª¥: T´æ�±Ï(h), k = {0, 1, · · · ,K}L«

1k�æ�m�, i = {1, 2, · · · , N}L«1i�¯

�´´ã, NL«´ã�oê. �.Cþ�¹

ÂXe: ρi(k)L«´ãi31k�ã�²þ�Ý

(veh/(lane·km−1)); vi(k)L«´ãi31k�ã�²

þ�Ý(km/h); qi(k)L«1k�ãli�i + 1´ã�

6þ(veh/h); ri(k)L«1k�ãl\�*�?\´

ãi�6þ(veh/h); si(k)L«1k�ãlÑ�*�

6Ñ´ãi�6þ(veh/h),À�E5�	ÜZ6;

LiL«´ãi��Ý(km); vfreeÚρjam©O´gd6

�ÝÚü�������U�Ý; τ, ν, κ, l,m´~

ëê, �NA½�ÏXÚ��´AÛA:!�ýA

�!f¨
1��.

�.�>.^��

ρ0(k) = q0(k)/v1(k), v0(k) = v1(k),

ρN+1(k) = ρN(k), vN+1(k) = vN (k), ∀ k.
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½Â

yyy(k) = [ρ1(k), ρ2(k), · · · , ρN(k)]T,

xxx(k) = [v1(k), v2(k), · · · , vN (k)]T,

uuu(k) = [r1(k), r2(k), · · · , rN (k)]T,

ωωω(k)=[s1(k), s2(k), · · · , sN(k)]T.

�Ï6�.(26)∼(29)�±�¤Xe�G��m/

ª:

xxxn(k + 1) = f(xxxn(k), yyyn(k)), (30)

yyyn(k + 1) = g(xxxn(k),uuun(k), yyyn(k),ωωω(k)).

(31)

Ù¥f(·, ·)Úg(·, ·, ·, ·)´�A��þ�¼ê. eIn

L«S�gê,3ùp�±n)�U,½ö�ØÓ±

�Ó�U,XØÓ±�(Ï�.

w,ª(30)(31)£ã��ÏXÚ´�¹3ª(1)

(2)£ã���lÑ��5XÚS�,�÷vb�1∼

3.éuXÚ(30)(31),

gu(xxxn(k),uuu∗

n(k), yyyd(k),ωωω(k)) = B =

diag{T/L1, · · · , T/LN},

¤±½n1¥�Âñ^�

‖I − βgu(xxxn(k),uuu∗

n(k), yyyd(k),ωωω(k))‖ < 1

Ò�±�¤‖I − βB‖ < 1,duTÚLiÑ´®�~

þ,¤±B�´®�~þ,�±��¦Ñβ���.

555 1 Ï��Ï6�.éu¤kCþÑ´ëY��

�,�CþÑ´k.�,¤±÷vb�1;b�2�¦��?

Ö´���,´�Ün�b�; �Ï6�G�(�ÝÚ�Ý)

�½´k.�,�÷vb�3.

4.2 ������888III(Control objective)

¯�´\�*����8I´ÏéÜ·���

Ñ\=\�*�6þ,¦�\�*�¤3´ã��

ÝÂñuÏ"�Ý.

4.3 ���ýýý©©©ÛÛÛ(Simulation analysis)

�Ä�ãü��¯�´, �Ý�6 km,©�12

!´ã, zã�Ý�0.5 km,Ï"�Ý½�yd =

30 veh/(lane·km−1) (�.�ÝnØ��36.75 veh/

(lane·km−1).b�?\11´ã�6þ�1500 veh/h.

�ã�Ð©�ÝÚ²þ�Ý�L1. �.¥�ëêX

e:

ρjam = 80 veh/(lane · km−1), vfree = 80 km/h,

l = 1.8, m = 1.7, κ = 13 veh/km,

τ = 0.01 h, T = 0.00417 h, ν = 35 km2/h [12].

L 1 �Ï6�.�'Ð©�

Table 1 Initial values associated with the traffic model

´ã 1 2 3 4 5 6

ρi(0) 30 30 30 30 30 30

υi(0) 50 50 50 50 50 50

´ã 7 8 9 10 11 12

ρi(0) 30 30 30 30 30 30

υi(0) 50 50 50 50 50 50

�ý�´ã=313Ú19!´ãþ�k��\

�*�,18!´ãk��Ñ�*�, �ÏI¦ÚÑ

�6þXã2¤«. \�*�?��ÏI¦¢Sþé

��Ñ\þå�
�å�^, Ï��c�ã\�*

��6\þØ�U�L�c�ã��ÏI¦þÚ®

�3�üè�ý�oÚ,=

ri(k) 6 di(k) +
li(k)

T
, i ∈ Ion,

Ù¥: li(k)L«1k�ã31i´ã\�*�?�

3�üè�ýê, di(k)L«1k�ã31i´ã\

�*�?��ÏI¦(veh/h), Ion = {3, 9}L«�

3\�*��´ã8Ü. üè�ýê´�ÏI

¦�\�*�6þ����\È, =li(k + 1) =

li(k) + T [di(k) − ri(k)], i ∈ Ion.ã2¥: �1�´

ã3�\�*�I¦þ,�2�´ã9�\�*�I

¦þ,�3�´ã8�Ñ�*�6þ.

ã 2 13Ú19\�*��ÏI¦918Ñ�*�6þ

Fig. 2 Traffic demands of on-ramps 3 and 9, and exiting flow

of off-ramp 8

�ýXe3«�¹: �¹1: Ã\�*����

�¹; �¹2: PID\�*���; �¹3: ÆSOr

.PID\�*���.

���¹¹¹ 1 Ã\�*���.

3Ã\�*�����¹e��ý(J�ã3.

lã3��ý(J�±wÑ, 19´ã����Ý�

5�p, ®²���L
�.�Ý, �A��Ý�
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éú,w,®²u)
P×,¿�k�þiøò�ª

³.

(a) �Ý

(a) Density

(b) �Ý

(b) Speed

ã 3 Ã\�*�����¹

Fig. 3 Simulation results without control

���¹¹¹ 2 PID\�*���.

=^PID��ì(5)?1\�*���, ëê�
�kp = 30, Ti = 0.05, Td = 0.01. ���JXã4¤
«. lã4(a)�±w�, �ÏP×®²��²w�
�),�l�J�±�É. �´�Ý�ÅÄ�²w,
����Ý�Cρ = 33 veh/(lane · km−1),®²²
wpÑÏ"�Ý.ã4(b)¥: �1�´ã3�\�*
�6þ, �2�´ã9�\�*�6þ, �3�´
ã3�\�*�I¦þ,�4�´ã9�\�*�I
¦þ.

���¹¹¹ 3 ÆSOr.PID\�*���.

311gS��æ^�k�PID��ì, l12g
S�m©, ØUCPID��ì�?Ûëê, ��\
þILC��ì, S�ÆSOÃβ = 50, �"PID�
�ì�c"ILC��ì�Óó�. ã5¤«�S
�40g����J. ã5(a)w«, 3S�
40g�,
´ã3Ú9��ÝA�Ñ¢y
���l. ã5(c)́
zgS��Ø�þ��, �±w�, du12gS
��\\
ILC��ì, Ø�²w'11gS��

�, ¿�, 3ILC��ì��^e, �XS�gê
�O\, Ø�Åg~�, 3135gS��~��
A��". ùpØ�þ���½Â�MSEn =
1

K

K∑

k=1

(yd(k) − yn(k))2. ã5(b)¥: �1�´ã3�

\�*�6þ, �2�´ã9�\�*�6þ, 
�3�´ã3�\�*�I¦þ, �4�´ã9�\
�*�I¦þ.

(a) ´ã3Ú9��Ý

(a) Density in section 3 and 9

(b) ´ã3Ú9�\�*�I¦þ96\þ

(b) Traffic demands and entering flows of on-ramps 3 and 9

ã 4 PID\�*�����¹

Fig. 4 Simulation results with PID ramp metering

(a) 140gS��´ã3Ú9��Ý

(a) Density in section 3 and 9 in the 40th iteration
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(b) 140gS��´ã3Ú9�\�*�I¦þ96\þ

(b) Traffic demands and entering flows of on-ramps 3 and 9

in the 40th iteration

(c) zgS��Ø�þ��

(c) Mean square error vs. iterations

ã 5 ÆSOr.PID\�*����ý(J

Fig. 5 Simulation results with learning enhanced PID

ramp metering

5 (((ØØØ(Conclusion)
�©�é���lÑ��5XÚ,JÑ
ÆSO

r.PID���{, òILC���PID��?1�¬

z�O/¤c"--�"��ì,¿�Ñ
î��Âñ

5©Û.T���{nÜ
ILCÚPID�`:,¿�c

"Ú�"�Õáó�,`³pÖ.Ì�`:´ILC�

\\U
Jp®�3�PID��XÚ���¬�,�

ØI�é�k���ì�?ÛUÄ. ÏL3¯�´

\�*���¥�A^,�y
T�{�k�5Ú

`�5,`²
T�{k���¢SA^d�.
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