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Abstract: The robust stability of neutral systems with time-varying discrete delay and norm-bounded uncertainties is

studied. Firstly, a new variable is introduced to replace the uncertainties of the systems. Then, by constructing a new

Lyapunov-Krasovskii functional, using integral inequality and introducing free weighting matrices, we derive a new asymp-

totic stability criterion in terms of the linear matrix inequality(LMI). The obtained criterion takes into account the neutral

delay, discrete delay and the derivative of the discrete delay. This result is less conservative than some existing results. Fi-

nally, numerical examples demonstrate the improvements over existing results, and show the relationship among the neutral

delay, discrete delay and the derivative of discrete delay.
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2 (Problem formulation)
:⎧⎪⎨

⎪⎩
ẋ(t) − Cẋ(t − τ) =

(A + ΔA(t))x(t) + (A1+ΔA1(t))x(t−h(t)),

x(t) = φ(t), t ∈ [−γ, 0].
(1)

: x ∈ R
n ; A, A1, C

, C ρ(C) ρ(C) < 1; h(t)
,

0 � h(t) � h, ḣ(t) � d. (2)

: h, d ; φ(t) , γ =
max{τ, h}; ΔA, ΔA1

, :

[ΔA(t) ΔA1(t)] = DF (t)[E1 E2]. (3)

: D, E1, E2 , F (t)
,

FT(t)F (t) � I.

(1),

q(t) = E1x(t) + E2x(t − h(t)), (4)

(1)⎧⎪⎨
⎪⎩

ẋ(t) − Cẋ(t − τ) =

Ax(t) + A1x(t − h(t)) + Dp(t),

p(t) = F (t)q(t).

(5)

, :

1[21] M ∈ R
n×n

γ > 0, ω : [−γ, 0] → R
n,

, :

−γ
� 0

−γ
ω̇(t + s)TMω̇(t + s)ds �[

ω(t − γ)
ω(t)

]T [
−M M

M − M

][
ω(t − γ)

ω(t)

]
.

3 (Main results)
Lyapunov-Krasovskii ,

,

.

,

ζT(t) = [xT(t) xT(t − τ)
� t

t−τ
xT(s)ds].

Lyapunov-Krasovskii :

V (xt) =
6∑

i=1

Vi(x(t), t). (6)

:

V1(xt) = ζT(t)

⎡
⎢⎣P1 P2 Q1

∗ P3 Q2

∗ ∗ Q3

⎤
⎥⎦ ζ(t), (7)

V2(xt) =
� t

t−h(t)
xT(s)Wx(s)ds, (8)

V3(xt) = h
� t

t−h

� t

s
ẋT(u)Z2ẋ(u)duds, (9)

V4(xt) =
� t

t−τ
xT(s)R1x(s)ds, (10)

V5(xt) =
� t

t−τ
ẋT(s)R2ẋ(s)ds, (11)

V6(xt) =
� t

t−τ

� t

s

[
x(u)
ẋ(u)

]T[
Z1 U

∗ Z3

][
x(u)
ẋ(u)

]
duds.

(12)

1

V4(xt) � (
� t

t−τ
x(s)ds)TR1(

� t

t−τ
x(s)ds). (13)

, :

Ω = {P1 = PT
1 , P3 = PT

3 , W = WT, Z1 = ZT
1 ,

Z2 = ZT
2 , Z3 = ZT

3 , Q3 = QT
3 , R1 = RT

1 ,

R2 = RT
2 , P2, Q1, Q2, U ∈ R

n×n}.
(7)∼(12) , :

W > 0, R1 > 0, R2 > 0, Z2 >0, (14)[
Z1 U

∗ Z3

]
>0,

⎡
⎢⎣P1 P2 Q1

∗ P3 Q2

∗ ∗ Q3+τ−1R1

⎤
⎥⎦>0, (15)

Lyapunov-Krasovskii (6) .

1 τ > 0, h > 0, d,

(2) h(t),

, ‖ C ‖< 1, Ω

(14)(15), λ > 0 M, Si(i =
1, · · · , 6), :

Π =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Π11 Π12 Π13 P1C + P2 + ST
4 Π15

∗ Π22 Π23 PT
2 C + P3 − ST

4 − ST
5

∗ ∗ Π33 0 AT
1 MT

∗ ∗ ∗ − R2 CTMT

∗ ∗ ∗ ∗ Π55

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
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P1D + ST
6 τQ3 − τS1

P T
2 D − ST

6 − τQ3 − τS2

0 0 − τS3

0 τQ2 − τS4

MD τQ1 − τS5

− λI 0 − τS6

∗ − τZ1 − τU

∗ ∗ − τZ3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0. (16)

:

Π11 = P1A + ATP1 + W + R1 + τZ1 − Z2 +

Q1 + QT
1 + S1 + ST

1 + λET
1 E1,

Π12 = ATP2 − Q1 + QT
2 + ST

2 − S1,

Π13 = P1A1 + Z2 + ST
3 + λET

1 E2,

Π15 = ATMT + τU + ST
5 ,

Π22 =−R1 − Q2 − QT
2 − S2 − ST

2 ,

Π23 = PT
2 A1 − ST

3 ,

Π33 = (d − 1)W − Z2 + λET
2 E2,

Π55 = R2 + h2Z2 + τZ3 − M − MT.

Lyapunov-Krasovskii (6), Vi(ξt)

V̇1(xt)=2ζ(t)T

⎡
⎢⎣P1 P2 Q1

∗ P3 Q2

∗ ∗ Q3

⎤
⎥⎦

⎡
⎢⎣ ẋ(t)

ẋ(t − τ)
x(t) − x(t − τ)

⎤
⎥⎦ ,

(17)

V̇2(xt) � xT(t)Wx(t) − (1 − d)xT(t −
h(t))Wx(t − h(t)), (18)

V̇3(xt) =

h2ẋT(t)Z2ẋ(t) − h
� t

t−h
ẋT(s)Z2ẋ(s)ds �

h2ẋT(t)Z2ẋ(t) +[
x(t)

x(t−h(t))

]T [
−Z2 Z2

∗ −Z2

][
x(t)

x(t−h(t))

]
, (19)

V̇4(xt) = xT(t)R1x(t) − xT(t − τ)R1x(t − τ),

(20)

V̇5(xt) = ẋT(t)R2ẋ(t) − ẋT(t − τ)R2ẋ(t − τ),

(21)

V̇6(xt) = τ

[
x(t)
ẋ(t)

]T [
Z1 U

∗ Z3

][
x(t)
ẋ(t)

]
−

� t

t−τ

[
x(s)
ẋ(s)

]T [
Z1 U

∗ Z3

][
x(s)
ẋ(s)

]
ds. (22)

(3)(4) , λ, :

λ(E1x(t) + E2x(t − h(t)))T × (E1x(t) +

E2x(t − h(t))) − λpT(t)p(t) � 0. (23)

Leibniz-Newton ,

M, S

2ẋT(t)M [Ax(t) + A1x(t − h(t)) +

Dp(t) − ẋ(t) + Cẋ(t − τ)] = 0, (24)

2ξT(t)S[x(t) − x(t − τ) −
� t

t−τ
ẋ(s)ds] = 0.

(25)

:

ST = [ST
1 ST

2 ST
3 ST

4 ST
5 ST

6 ],

ξT(t) = [xT(t) xT(t − τ) xT(t − h(t))

ẋT(t − τ) ẋT(t) pT(t)].
,

V̇ (xt) =
6∑

i=1

V̇i(x(t), t) �

1
τ

� t

t−τ
ηT(t, s)Πη(t, s)ds.

ηT(t, s) = [ξT(t) xT(s) ẋT(s)].

, Π < 0, V̇ (xt) < 0.

(1) . .

1 1 P2 = P1C, P3 = −CTP1C,

Q1 = 0, Q2 = 0, Q3 = 0, Z1 = 0, Z3 = 0, U = 0,

[18] .

[18] .

2 p(t), q(t) (5)

, ,

[11,13,15,16] , 1

Dp(t), , .

3 h(t) = h �= τ , 1 d = 0,

. h(t) = h = τ , Lyapunov-Krasovskii

W = 0, Q1 = 0, Q2 = 0, Q3 = 0, Z1 = 0, Z3 =

0, U = 0, 1 , .

1 h(t) = h = τ ,

h > 0, ,

||C|| < 1,

[
P1 P2

∗ P3

]
> 0, R1 >

0, R2 > 0, Z > 0, λ M ,

:
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⎢⎢⎢⎢⎢⎣

Ξ11 Ξ12 P1C + P2 ATMT P1D

∗ Ξ22 PT
2 C + P3 AT

1 MT PT
2 D

∗ ∗ − R2 CTMT 0
∗ ∗ ∗ Ξ44 MD

∗ ∗ ∗ ∗ − λI

⎤
⎥⎥⎥⎥⎥⎦ < 0,

:

Ξ11 = P1A + ATP1 + R1 − Z1 + λET
1 E1,

Ξ12 = ATP2 + P1A1 + Z + λET
1 E2,

Ξ22 = AT
1 P2 + PT

2 A1 − R1 − Z + λET
2 E2,

Ξ44 = R2 + h2Z − M − MT.

4 (Simulations)
1 :

ẋ(t) −
[
−0.2 0

0.2 − 0.1

]
ẋ(t − h) =

[
−0.9 0.2

0.1 −0.9

]
x(t)+

[
−1.1−0.2
−0.1−1.1

]
x(t − h).

1

Table 1 Allowable time delay for different methods

[5] [6] [19] [20]

h 1.3718 1.6527 1.7191 1.7191

[14] [18] [12] 1

h 1.7191 1.7856 1.7858 1.7891

ΔA = ΔA1 = 0, 1,

h = 1.7891. 1

,

[5,6,12,14,18,20] , 1 .

2 τ

Table 2 The maximal time delay for different τ

τ 0.1 0.2 0.3 0.4 0.5

[20] 1.7728 1.7641 1.7552 1.7464 1.7378

1 1.7536 1.7514 1.7486 1.7451 1.7409

τ 0.6 0.7 0.8 0.9 1.0

[20] 1.7296 1.7221 1.7156 1.7110 1.7086

1 1.7360 1.7301 1.7233 1.7154 1.7097

τ 1.1 1.2 1.3 1.4 10000

[20] 1.7078 1.7076 1.7076 1.7076 1.7076

1 1.7089 1.7088 1.7087 1.7086 1.7083

d = 0.01 , τ , ΔA = ΔA1 =
0, 2 [20]

1 . ,

τ h ; τ � 0.5 ,

; , 1

τ . , [20] ,

1 . x(t) ∈ R
n , 1

(31n2 + 9n)/2, [20]

(59n2 + 11n)/2. ,

, [20]

.

2 :

ẋ(t) − Cẋ(t − h) =

(A + ΔA)x(t) + (A1 + ΔA1)x(t − h).

:

A=

[
−2 0

0 − 0.9

]
, A1 =

[
−1 0
−1−1

]
, C =

[
c 0
0 c

]
,

0 � c < 1, D = I, E1 = E2 = 0.2I.

3 c 0 0.4 , 1

[6,12,20] ,

.

3 c

Table 3 The maximal time delay for different c

c 0 0.1 0.2 0.3 0.4

[6] 2.39 1.75 1.27 0.91 0.63

[20] 2.39 1.89 1.48 1.15 0.87

[12] 2.39 2.06 1.76 1.48 1.22

2.43 2.25 2.04 1.91 1.50

3 (1), :

A =

[
−2 0
0 −0.9

]
, A1 =

[
−1 0
−1−1

]
,

C =

[
0.1 0
0 0.1

]
, ΔA =

[
δ1 0
0 δ2

]
,

|δ1| � 1.6, |δ2| � 0.05,

ΔA1 =

[
γ1 0
0 γ2

]
, |γ1| � 0.1, |γ2| � 0.3.

h(t) � h, h = τ , 4 c = 0.1 ,

. ,

d ; d > 1 ,

[13] . ,

[22] ,

, , [22] ,

. , , 1

.
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4 d

Table 4 The maximal time delay for different d

d 0 0.1 0.2 0.3 0.4 0.5

[13] 0.80 0.73 0.65 0.57 0.49 0.41

[18] 0.87 0.85 0.82 0.79 0.76 0.73

0.95 0.92 0.89 0.86 0.83 0.79

d 0.6 0.7 0.8 0.9 d > 1

[13] 0.33 0.24 0.16 0.07 —

[18] 0.69 0.66 0.62 0.58 0.55

0.75 0.71 0.66 0.61 0.56

5 (Conclusion)

. ,

Lyapunov-Krasovskii ,

,

. ,

, . ,

, .

Lyapunov-Krasovskii

, .

.
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