
27 8

2010 8 Control Theory & Applications
Vol. 27 No. 8

Aug. 2010

: 1000−8152(2010)08−1103−05

1,2, 1, 3

(1. , 121013; 2. , 100037; 3. , 100080)

: . ,

. .

: ; ; ;

: O230.4 : A

Vertex control of flows in infinite networks
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Abstract: The transmission process in a network with different velocities is studied by imposing the control on a single

vertex. All possible reachable states are described and a Kalman-type criterion is provided for those vertices in which the

problem is maximally controllable. Our results are the extension of the similar existing ones.
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2 (Abstract boundary control)
, ,

[6] ,

,

.

:

1) 3 Banach X , ∂X U ,

;

2) Am : D(Am) ⊆ X → X;

3) Q ∈ L([D(Am)], ∂X);

4) B ∈ L(U, ∂X).

Banach X , Cauchy

U B

ΣBC(Am, B, Q) :

: 2009−1−15; : 2009−10−20.

: (10671126).
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ẋ(t) = Amx(t), t � 0,

Qx(t) = Bu(t), t � 0,

x(0) = x0.

(1)

, :

1 (1)

RBC := cl { y ∈ X|∃t > 0 u(·) ∈ L1([0, t], U)

y = x(t), x(·)
x(0) = 0 (1) }. (2)

RBC = X , ΣBC(Am,

B, Q) .

λ ∈ ρ(Am), Qλ := Q|ker(λ−Am)

[9] , Dirichlet : Bλ :=
QλB ∈ L(U, ker(λ − Am)).

A ω0(A) ω0(A) = sup{Reλ : λ ∈
σ(A)}. rg(A) A .

[6], .

1 ΣBC(Am, B, Q)
RBC :

1) μ rg(Bμ) X

(T (t))t�0– ;

2) μ rg(Bμ) X

R(λ, A)– , λ > ω > ω0(A);

3) span (∪λ>ωrg(Bλ)), ω > ω0(A).

2 1)

RBC
max = span

⋃
λ>ω0(A)

ker(λ − Am), (3)

RBC = RBC
max,

ΣBC(Am, B, Q) .

[6] RBC ⊆ RBC
max, RBC

max

B

, .

3 (Basic con-

cepts on graph and flows in infinite networks)
,

[2] [9] .

, V = {v1, v2, · · · ,

vn, · · · } E = {e1, e2, · · · , em, · · · }
( ) . e = (vi, vj)

vi vj ; vj vi e .

, e = (vi, vj)
vi , vj .

:ej = [0, 1], , :

0 , 1 .

ej(1) ej(0)
. ,

.

,

.

,

,

. .

Φ− = (φ−
ij)i,j∈N , φ−

ij 1

ej vi . ,

Φ+ = (φ+
ij)i,j∈N φ+

ij 1 ej

vi .

Φ+ Φ−

. Φ = Φ+ − Φ−

.

.

Φ−
ω = (ω−

ij)i,j∈N ,

ω−
ij � 0 ω−

ij = 0 ⇔ φ−
ij = 0,

. ,

ω−
ij vi ej vi

.

2 ,

A

B, ,

: A = (aij) := Φ+(Φ−
ω )T B =

(bij) = (Φ−
ω )TΦ+.

Φ+ Φ−
ω ,

, .

1 1) Φ−(Φ−
ω )T = I , I

;

2) A B , ||A ||1 =
1 ||B||1 = 1. r(A ) � 1, r(B) � 1,

r(A ) A , ||A ||1 = supj

∞∑
i=1

|aij|;
3) : (Φ−

ω )TA = B(Φ−
ω )T

(Φ−
ω )TA k = Bk(Φ−

ω )T, k = 0, 1, · · · .

. s ∈ [0, 1], t � 0, ej

uj(t, s) ; cj ej

. , (

),⎧⎨
⎩

∂

∂t
uj(t, s) = cj

∂

∂s
uj(t, s), s ∈ (0, 1), t > 0,

uj(0, s) = fj(s), s ∈ (0, 1).

, j ∈ N, fj(s) ∈ L1(0, 1).
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u(t, s) = (u1(t, s), · · · , um(t, s), · · · )T,

u(t, 1) ∈ ran(Φ−
ω )T, t � 0, (4)

Φ−
ijuj(t, 1) = ω−

ij

m∑
k=1

Φ+
ikuk(t, 0),

,

, :

.

Banach X

= L1([0, 1], l1) Cauchy .{
u̇(t) = Au(t) t > 0,

u(0) = f.
(5)

A := diag{c1

d
ds

, cm

d
ds

, · · · },u(t) =

u(t, ·) f = (f1, · · · , fm, · · · )T
D(A) = { g ∈ W 1,1([0, 1], l1)|g(1) ∈ rg(Φ−

ω )T

Φ−g(1) = Φ+g(0)}, (6)

1 ,

, [9] :

2 D(A) A Banach

X C0 (T (t))t�0 ,

A D(A) :

D(A) = { g ∈ W 1,1([0, 1], l1)|g(1) ∈ rg(Φ−
ω )T

g(1) = Bg(0)},
n � t + s < n + 1, f(s) ∈ X , n ∈ N,

(T (t))t�0 :

T (t)f(s) = Bnf(t + s − n). (7)

4 (Vertex control of flows

in networks)

. ,

( ),

. (5)

Cauchy . X = L1([0, 1], l1) ,

: ∂X := l1. , :

L : X → ∂X

Lg = Φ−g(1), g ∈ D(L) = W 1,1([0, 1], l1),

M : X → ∂X

Mg = Φ+g(0), g ∈ D(M) = W 1,1([0, 1], l1),

W 1,1([0, 1], l1)
l1 .

Am := diag{ d
ds

, · · · ,
d
ds

, · · · }

D(Am) = {g ∈ W 1,1([0, 1], l1)|g(1) ∈ rg(Φ−
ω )T}

Q := L − M ∈ L([D(Am)], ∂X),

Cauchy (5) :⎧⎪⎨
⎪⎩

ẋ(t) = Amx(t), t � 0,

Qx(t) = 0, t � 0,

x(0) = x0.

(8)

, v = vi ∈ V, i ∈ N

, l1 v =
(0, · · · , 1, · · · , 0, · · · )T, v i 1,

.

U := C B : U → span{v} ⊆ ∂X = l1

, B

. , (1)

Cauchy .

2 1

. , Am

, RBC
max X = L1([0, 1], l1)

, .

: RBC
max RBC ,

.

RBC
max RBC .

2 RBC
max

RBC
max = span

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎛
⎜⎜⎜⎜⎝

a1g1

...

amgm

...

⎞
⎟⎟⎟⎟⎠ : g1, · · · , gm, · · · ∈

L1([0, 1], C)

⎛
⎜⎜⎜⎜⎝

a1

...

am

...

⎞
⎟⎟⎟⎟⎠ ∈ rg(Φ−

ω )T

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

.

[2] 147 , λ ∈ C

ker(λ−Am)=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

eλs

⎛
⎜⎜⎜⎜⎝

a1

...

am

...

⎞
⎟⎟⎟⎟⎠ :

⎛
⎜⎜⎜⎜⎝

a1

...

am

...

⎞
⎟⎟⎟⎟⎠∈ rg(Φ−

ω )T

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

,
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Stone-Weierstrass

span
⋃

λ>ω0(A)

eλs = L1([0, 1], C).

.

Kronecker ,

RBC
max :

RBC
max = L1([0, 1], C) ⊗ (Φ−

ω )Tl1. (9)

1 3) RBC,

λ , Bλ = QλB ,

Qλ = (Q|ker(λ−Am))−1,

, 3 A

1, Neumann

.

3 λ > 0, A R(eλ, A )
:

R(eλ, A ) = e−λ
∞∑

k=0

e−λkA k.

4 λ > 0 = ω0(A),

Qλ = eλs(Φ−
ω )TR(eλ, A ).

L, M 1 1)

(L − M)eλs(Φ−
ω )TR(eλ, A ) =

eλΦ−(Φ−
ω )TR(eλ, A ) − Φ+(Φ−

ω )TR(eλ, A ) =

eλR(eλ, A ) − A R(eλ, A ) = I.

, f ∈ ker(λ − Am), :

f = eλs

⎛
⎜⎜⎜⎜⎝

a1

...

am

...

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

a1

...

am

...

⎞
⎟⎟⎟⎟⎠ = (Φ−

ω )Tv, v ∈ l1.

, 1 2) 3), 2 B =(Φ−
ω )TΦ+,

eλs(Φ−
ω )TR(eλ, A )(L − M)f =

eλs(Φ−
ω )TR(eλ, A )(Φ−f(1) − Φ+f(0)) =

eλse−λ(Φ−
ω )T

∞∑
k=0

e−λkA k(eλI − Φ+Φ−
ω )Tv =

eλs(
∞∑

k=0

e−λkBk−
∞∑

k=0

e−λ(k+1)Bk+1)(Φ−
ω )Tv= f.

eλs(Φ−
ω )TR(eλ, A )(L − M) = Iker(λ−Am),

.

3, 4

:

3 ω > 0

RBC = span
⋃

λ>ω

{
eλs(Φ−

ω )TR(eλ, A )v
}

=

L1([0, 1], C)⊗(Φ−
ω )T(span{v, A v,· · ·, A nv,· · ·}).

(10)

, 2 . 2

3 A = Φ+(Φ−
ω )T

T (1)(eλs(Φ−
ω )TR(eλ, A )v) =

eλs(Φ−
ω )TR(eλ, A )A v,

eλs(Φ−
ω )TR(eλ, A )A v ∈ RBC, T (1)

eλs(Φ−
ω )TR(eλ, A )A v :

eλs(Φ−
ω )TR(eλ, A )A 2v ∈ RBC.

, : n = 0, 1, · · · ,

eλs(Φ−
ω )TR(eλ, A )A nv ∈ RBC.

RBC , : n =

0, 1,· · ·,
eλeλs(Φ−

ω )TR(eλ, A )A nv−eλs(Φ−
ω )T ·

R(eλ, A )A n+1v =

eλs(Φ−
ω )TR(eλ, A )(eλI − A )A nv =

eλs(Φ−
ω )TA nv ∈ RBC.

2 R(eλ − A ) Neumann

Stone-Weierstrass 2 .

, ,

:

4 v, :

1) RBC = RBC
max, ,

;

2) span{v, A v, · · · , A nv, · · · } = l1.

(9) (10), (1)

RBC
max = L1([0, 1], C) ⊗ (Φ−

ω )Tl1 =

L1([0, 1], C)⊗(Φ−
ω )T(span{v, A v,· · ·, A nv,· · ·})=

RBC,

Φ−(Φ−
ω )T = I , (Φ−

ω )T ,

span{v, A v, · · · , A nv, · · · } = l1.
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2) , [6]

.

.

1 {v1, · · · , vn, · · · }
, e1 v1 v2, e2

v2 v3, en vn vn+1. ,

1, 1,

. ,

Φ− Φ−
ω

, A

Φ+,

A = Φ+ =

⎛
⎜⎜⎜⎜⎝

0 0 0 0 · · ·
1 0 0 0 · · ·
0 1 0 0 · · ·
0 0 1 0 · · ·

⎞
⎟⎟⎟⎟⎠ ,

v1 ,

v1 =

⎛
⎜⎜⎜⎜⎝

1
0
0
...

⎞
⎟⎟⎟⎟⎠ , A v1 =

⎛
⎜⎜⎜⎜⎝

0
1
0
...

⎞
⎟⎟⎟⎟⎠ , A 2v1 =

⎛
⎜⎜⎜⎜⎝

0
0
1
...

⎞
⎟⎟⎟⎟⎠ , · · ·

4 2), v1

.

.
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