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Controller and observer design for a class of nonlinear systems
DONG Ya-li, LIU Jin-ying

(School of Science, Tianjin Polytechnic University, Tianjin 300160)

Abstract: This paper considers the full-state feedback control problem, the observer design problem and the output

feedback control problem for a class of nonlinear systems. First, a linear full-state feedback controller is designed and

a sufficient condition is derived, under which the exponential stabilization is achieved. Second, a nonlinear observer is

proposed and it is shown to be an exponentially stable observer. Furthermore, given that the sufficient conditions of

the controller and observer problem are satisfied, it is shown that the proposed controller with estimated state feedback

from the proposed observer will achieve the exponential stabilization. Finally, a simulation example is given to verify the

effectiveness of the obtained results.
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2 (Preliminaries)
:{

ẋ = Ax + Bu + Gγ(Hx) + ρ(y, u),

y = Cx
(1)

, : x ∈ R
n,

y ∈ R
q, u ∈ R

p, γ : R
m → R

n, ρ :
R

q × R
p → R

n, A ∈ R
n×n, B ∈ R

n×p, C ∈
R

q×n, H ∈ R
m×n, G ∈ R

n×m .

, x = 0 (1) .

:

1 γ1 > 0, γ2 > 0

‖γ(Hx)‖ � γ1‖x‖, ∀x ∈ R
n,

‖ρ(y, u)‖ � γ2‖y‖, ∀y ∈ R
q.

2 (A,B) .

3 (A,C) .

4 γ3 > 0

‖γ(z1)−γ(z2)‖ � γ3‖z1 − z2‖, ∀z1, z2 ∈ R
m. (2)

δ(M, N)

δ(M, N) = min
ω∈R

σmin

[
iωI−M

N

]
,

: i =
√−1, I .

1.

1[10] Ricatti

ATP + PA + PRP + Q = 0, (3)

R = RT � 0, Q = QT > 0, A Hurwitz

, Hamiltonian

H =

[
A R

−Q −AT

]

, H , (3)

P = PT > 0.

3 (State feedback control

design)
1 2 (1)

.

(1)

u = −Kx/‖B‖2 − K1x, (4)

: K1 , K1 A1 �
A − BK1 ; K , .

(4) ,

ẋ = (A − BK1 − BK/‖B‖2)x +

Gγ(Hx) + ρ(y, u) =

(A1 − BK/‖B‖2)x + Gγ(Hx) + ρ(y, u). (5)

V = xTPx, P = PT > 0, (6)

V (5)

V̇ |(5) = xT(AT
1 P + PA1 − (BK/‖B‖2)TP −

PBK/‖B‖2)x + 2xTPGγ(Hx) +

2xTPρ(y, u) � xT(AT
1 P + PA1 −

KTBTP/‖B‖2 − PBK/‖B‖2 +

2PP + (‖G‖2γ2
1 + γ2

2‖C‖2)I)x. (7)

AT
1 P + PA1 − KTBTP/‖B‖2 − PBK/‖B‖2 +

2PP + (‖G‖2γ2
1 + γ2

2‖C‖2)I = −ηI, (8)

η > 0 V̇ � −ηxTx.

(8)

K = BTP, (9)
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AT
1 P + PA1 − 2PBBTP/‖B‖2 + 2PP +

(‖G‖2γ2
1 + γ2

2‖C‖2 + η)I = 0,

AT
1 P + PA1 + 2P (I − BBT/‖B‖2)P +

(γ2 + η)I = 0, (10)

γ2 = ‖G‖2γ2
1 + γ2

2‖C‖2.

(10) P

.

A1 Hurwitz , 2(I − BBT/‖B‖2) � 0,

(γ2 + η)I > 0,

Hc =

[
A1 2(I−BBT/‖B‖2)

−(γ2+η)I −AT
1

]
(11)

, 1 (10) .

Hc .

2√
2
√

γ2+η<δ(AT
1 ,

√
2
√

γ2 + ηBT/‖B‖2) (12)

, Hc .

Σ1 = (γ2 + η)−1(iωI + A1)(−iωI + AT
1 ) −

2(I − BBT/‖B‖2).

[−iωI − Hc]

det(−iωI − Hc) =

det

[
−iωI − A1 −2(I−BBT/‖B‖2)
(γ2+η)I −iωI+AT

1

]
=

(−1)n det

[
(γ2+η)I −iωI+AT

1

−iωI−A1 −2(I−BBT/‖B‖2)

]
=

(−1)n det(

[
I 0

(γ2+η)−1(iωI+A1) −I

]
·

[
(γ2+η)I −iωI+AT

1

−iωI−A1 −2(I−BBT/‖B‖2)

]
) =

(−1)n det

[
(γ2+η)I −iωI+AT

1

0 Σ1

]
=

(−1)n det((iωI+A1)(−iωI+AT
1 ) −

2(γ2+η)(I−BBT/‖B‖2))=

(−1)n det
(
GH(iω)G(iω)−2(γ2+η)I

)
,

G(iω) =

[
iωI − AT

1√
2
√

γ2 + ηB/‖B‖

]
. (13)

(12) , det[−iωI−Hc] �= 0 , iω(∀ω ∈ R)
Hc , Hc .

, 2 .

1 1 2

(1). (12) , (4)(9),

(1) x = 0 .

4 (Observer design)
(1), :

˙̂x = Ax̂ + Bu + Gγ(Hx̂) + ρ(y, u) +

L1(y − Cx̂) + L(y − Cx̂), (14)

L1 A0 � A−L1C Hurwitz, L

.

e � x − x̂,

ė = A(x − x̂) + G(γ(Hx) − γ(Hx̂)) −
L1C(x − x̂) − LC(x − x̂) =

(A0 − LC)e + G(γ(Hx) − γ(Hx̂)). (15)

Lyapnnov

V1 = eTP0e, P0 = PT
0 > 0, (16)

V̇1 = eT(AT
0 P0 + P0A0 − (LC)TP0 − P0LC)e +

2eTP0G(γ(Hx) − γ(Hx̂)) �
eT(AT

0 P0 + P0A0 − CTLTP0 − P0LC +

P0P0 + ‖G‖2γ2
3‖H‖2I)e.

L =
β

2
P−1

0 CT, β > 0 ,

V̇1 � eT(AT
0 P0 + P0A0 − β

2
CTCP−1

0 P0 −

P0

β

2
P−1

0 CTC + P0P0 + γ2
3‖G‖2‖H‖2I)e =

eT(AT
0 P0 + P0A0 − βCTC + P0P0 +

γ2
3‖G‖2‖H‖2I)e.

AT
0 P0 + P0A0 − βCTC + P0P0 +

γ2
3‖G‖2‖H‖2I = −η0I, (17)

η0 > 0, V̇1 � −η0e
Te. (17)

AT
0 P0 + P0A0 − βCTC + P0P0 +

(γ2
3‖G‖2‖H‖2 + η0)I = 0. (18)

β =
γ2

3‖G‖2‖H‖2 + ε

‖C‖2
,

(18)
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AT
0 P0 + P0A0 + P0P0 + (γ2

3‖G‖2‖H‖2 +

η0)I − γ2
3‖G‖2‖H‖2 + ε

‖C‖2
CTC = 0. (19)

γ2
4 = γ2

3‖G‖2‖H‖2, η0 > max(ε, 0), A0

Hurwitz , I > 0,

(γ2
3‖G‖2‖H‖2+ η0)I − γ2

3‖G‖2‖H‖2+ ε

‖C‖2
CTC > 0,

Ho =
[

A0 I

−(γ2
4 + η0)I+(γ2

4 +ε)CTC/‖C‖2 − AT
0

]
(20)

, 1 , (19) P0 =
PT

0 > 0.

Ho .

3√
γ2

4 + η0 < δ(−A0,
√

γ2
4 + εC/‖C‖) (21)

, Ho .

Σ2 = (γ2
4 + η0)I − (γ2

4 + ε)CCT/‖C‖2.

[−iωI − Ho]

det[−iωI − Ho] =

det
[−iωI−A0 −I

Σ2 −iωI+AT
0

]
=

(−1)n det
[ −I −iωI−A0

−iωI+AT
0 Σ2

]
=

(−1)n det(
[ −I −iωI−A0

−iωI+AT
0 Σ2

]
·

[
I −iωI−A0

0 I

]
) =

(−1)n det
(
(−iωI+AT

0 )(iωI+A0)−Σ2

)
=

(−1)n det
(
ΓH(iω)Γ (iω)−(γ2

4 +η0)I
)
,

Γ (iω) =

[
iωI + A0√

(γ2
4 + ε)C/‖C‖

]
.

(21) det(−iωI − Ho) �= 0, iω(∀ω ∈ R)
Ho , Ho .

.

2 2 3 . (21)

, (14) (1) ,

e = x − x̂ .

5 (Output feedback con-

trol design)

, (1) .

3 (1) 1 2 3

4. (12)(21) , (1)

x = 0 ,

u = −Kx̂/‖B‖2 − K1x̂, (22)

x̂ (14) x , K (9)

, K1 A − BK1 .

e = x − x̂ .

(22) (1),

(9)

ẋ = (A − BK1 − BK/‖B‖2)x + (BK1 +

BK/‖B‖2)e + Gγ(Hx) + ρ(y, u) =

(A1 − BBTP/‖B‖2)x + (BK1 +

BBTP/‖B‖2)e + Gγ(Hx) + ρ(y, u). (23)

(6) Lyapunov V (23)

V̇1 = xT[(AT
1 − (BBTP/‖B‖2)T)P + P (A1 −

BBTP/‖B‖2)]x + 2xTP (BBTP/‖B‖2 +

BK1)e + 2xTPGγ(Hx) + 2xTPρ(y, u) �
xT[AT

1 P + PA1 − 2PBBTP/‖B‖2 +

2PP + (γ2
2‖C‖2 + ‖C‖2γ2

1)I]x +

2
‖PBBTP‖

‖B‖2
‖x‖‖e‖+2‖PBK1‖‖x‖‖e‖=

−ηxTx + 2
‖PBBTP‖

‖B‖2
‖x‖‖e‖ +

2‖PBK1‖‖x‖‖e‖ � −ηxTx + ξ‖x‖‖e‖,
ξ = 2‖P‖2 + 2‖PBK1‖.

W (x, e) = lV (x) + V1(e),

l > 0, V1(e) (16) ,

Ẇ � l(−ηxTx + ξ‖x‖‖e‖) + V̇1(e).

V̇1(e) = ėTP0e + eTP0ė � −η0e
Te,

Ẇ � l(−ηxTx + ξ‖x‖‖e‖) − η0e
Te =

−(
lη

2
xTx +

η0

2
eTe +

lη

2
xTx +

η0

2
eTe −

ξ‖x‖‖e‖) = −(
lη

2
‖x‖2 +

η0

2
‖e‖2 +

lη

2
(‖x‖ − ξ

lη
‖e‖)2 − lη

2
(

ξ

lη
)2‖e‖2 +

η0

2
‖e‖2).

l = ξ2/(ηη0),

Ẇ � −(
lη

2
‖x‖2+

η0

2
‖e‖2+

lη

2
(‖x‖− ξ

lη
‖e‖)2)�

− lη

2
‖x‖2 − η0

2
‖e‖2.

x, e .
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6 (Simulation example)
[17] :{

Iq̈1 + MgL sin q1 + k(q1 − q2) = 0,

Jq̈2 − k(q1 − q2) = u,
(24)

I, J, q1, q2

.

x1 = q1, x2 = q̇1, x3 = q2, x4 = q̇2,

(24) :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 =x2,

ẋ2 =−k

I
(x1−x3) − MgL

I
sin x1,

ẋ3 =x4,

ẋ4 =− k

J
(x1−x3) +

1
J

u.

(25)

(25)

ẋ = Ax + Bu + Gγ(Hx),

:

A =

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 0

− k

I
0

k

I
0

0 0 0 1
k

J
0 − k

J
0

⎤
⎥⎥⎥⎥⎥⎦ ,

B =

⎡
⎢⎢⎢⎢⎣

0
0
0
1
J

⎤
⎥⎥⎥⎥⎦ , G =

⎡
⎢⎢⎢⎢⎣

0

−MgL

I
0
0

⎤
⎥⎥⎥⎥⎦ , x =

⎡
⎢⎢⎢⎣

x1

x2

x3

x4

⎤
⎥⎥⎥⎦ ,

H = [ 1 0 0 0 ], γ(z) = sin z, z = Hx.

:{
ẋ = Ax + Bu + Gγ(Hx),

y = Cx
(26)

, :

A =

⎡
⎢⎢⎢⎣

0 1 0 0
19.5 0 19.5 0
0 0 0 1

48.6 0 48.6 0

⎤
⎥⎥⎥⎦ ,

B =

⎡
⎢⎢⎢⎣

0
0
0

21.6

⎤
⎥⎥⎥⎦ , G =

⎡
⎢⎢⎢⎣

0
−3.33

0
0

⎤
⎥⎥⎥⎦ ,

H = [ 1 0 0 0 ], C = [ 1 0 0 0 ],

γ(z) = sin z, z = Hx.

, (1) , ρ(y, u)=
0.

1 2 3 4 ,

γ1 = γ2 = γ3 = 1. :

K1 = [1.5894 − 0.3443 − 1.5324 0.4630],

L1 = [10 − 33.1 − 22.359 − 83.7262]T,

η = η0 = 3, ε = 0.1

A1, A0 , (12) (21) .

3, (26) x = 0
,

u = −Kx̂/‖B‖2 − K1x̂,

x̂ (14) x .

Riccati (10)(19) :

P =

⎡
⎢⎢⎢⎣

5.2255 − 1.4530 − 2.5945 0.0190
−1.4530 2.1802 1.6808 0.4938
−2.5945 1.6808 5.4196 0.0898

0.0190 − 0.4938 0.0898 0.7392

⎤
⎥⎥⎥⎦ ,

P0 =

⎡
⎢⎢⎢⎣

15.6399 1.5417 11.9231 − 1.8108
1.5417 3.5033 1.2730 0.9497

11.9231 1.2730 10.2828 − 1.9504
−1.8108 0.9497 − 1.9504 1.4842

⎤
⎥⎥⎥⎦ .

, :

K = [0.4101 10.4529 1.9392 15.9659],

L = [3.6120 0.7258 − 4.7024 − 2.2373]T.

MATLAB , 1, 2

, .
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1

Fig. 1 Trajectories of the states

2

Fig. 2 Control input

7 (Conclusion)
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