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Convergence and convergence rate analysis of
elitist genetic algorithm based on martingale approach

YU Shou-yi, KUANG Su-qiong

(School of Information Science and Engineering, Central South University, Changsha Hunan 410083, China)

Abstract: The martingale approach is introduced in this paper to study the convergence conditions and convergence

rate of elitist genetic algorithm(EGA) instead of the traditional Markov chain theory. The maximal fitness function process

is described as a submartingale. Based on the submartingale convergence theorem, we develop the almost everywhere

convergence sufficient conditions of the EGA. The relations between the probability 1 convergence sufficient conditions

and the algorithm operating parameters are analyzed; and the maximal evolutional generations needed to obtain the global

optimal solution are estimated. The martingale approach has its unique advantage and is a new method to analyze the

convergence and performance of the genetic algorithm.
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1 (Introduction)
(GA) ,

Markov chain ,

, ,

, .

(SGA) 1 [1],

, . 20

90 , Rudolph Markov chain

(EGA) 1 [2],

t → ∞, GA

Markov chain
[3∼6].

, Markov

chain ,
[7,9,10].

,

, EGA ,

pc, pm, ps

, EGA

.

2 EGA (Model of EGA)

max F (x), F (x) > 0. (1)

, ,

,
[6∼8]:

1) , m,

L X1;

2) ;

3) Xn

, Yn;

: 2009−02−24; : 2009−09−23.

: (60574030); (60634020).
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4) Yn Vn;

5) Vn

Xn;

6) ,

n = n + 1 2).

:

1) .

, i j k
[7]

P n
C(i × j, k) =

{
|k|pc/L, k �= i, j,

(1 − pc) + |k|pc/L, k = i.
(2)

: |k| i j k , 0 � pc � 1
.

a = 1 − pc + pc/L. (3)

2) .

, Vn

Xn+1
[7, 9]

P n
M(i, j) = pd(i,j)

m (1 − pm)L−d(i,j),

: 0 � pm � 1 , d(i, j) i j

. ,

0,

b = (1 − pm)L. (4)

3) .

EGA ,

m + 1,

, ,

. EGA [10]

P n∗
S (x, i) =

|x|
|B(Xn)| , x ∈ B(Xn), (5)

: |x| Xn x , |B(Xn)|
Xn B(Xn) .

m ,

P n
S (x, i) = σn(f(xi))/

m∑
k=1

σn(f(xk)),

i ∈ x, n = 1, 2, · · · . (6)

σn .

3 EGA (Conver-

gence analysis of EGA)
EGA

{f̂(Xn)} .

n

f∗, {f̂(Xn)} = f∗, n

f∗. {f̂(Xn)} ,

, EGA

{f̂(Xn)} . 3

, 1 {f̂(Xn)}
; 2 EGA

; 3 ,

EGA .

1 EGA

{f̂(Xn)} ,

E{f̂(Xn+1)/Xn} � f̂(Xn). (7)

EGA

, ,

,

,

E{f̂(Xn+1)/Xn} � f̂(Xn) > 0. (8)

, EGA {f̂(Xn)}
.

.

2 EGA .

X n

f̂(Xn), f∗, EGA

n ,

f̂(Xn) = f∗.

1,

E{f̂(Xn+1)/Xn} = f∗.

E{f̂(Xn+1)/Xn} =∑
i,j∈x

P n
C(i × j, y)

∑
v

P n
M(y, v)

∑
k

P n
S (v, k)f̂(k) �

∑
i,j∈x

P n
C(i × j, i)

∑
v

P n
M(y, v)

∑
k

P n
S (v, k)f̂(k) �

a
∑
v

P n
M(y, v)

∑
k

P n
S (v, k)f̂(k) �

a
∑
v

P n
M(y, y)

∑
k

P n
S (v, k)f̂(k) �

abm{ ∑
k∈B(Xn)

[P n
S (v, k) − P n∗

S (v, k)]f̂(k) +

∑
k∈B(Xn)

P n∗
S (v, k)f̂(k)}.

EGA, k /∈ B(Xn) , P n∗
S (v, k) = 0,
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k ∈ B(Xn) , f̂(k) = f∗,

E{f̂(Xn+1)/Xn} �
abm{ ∑

k∈B(Xn)

[P n
S (v, k)f̂(k) + f∗} � abmf∗.

abmf∗ � f∗.

f∗ > 0,

abm � 1. (9)

(3) (4) (9) , EGA

.

.

3 ∀n � 1,

1) E[f̂(X1)] < ∞, f∗ < ∞,

2) E[f̂(Xn)/Xn−1] = f̂(Xn−1) + cn−1f
∗,

3) cn ∈ [0, 1], lim
n→∞

n−1∑
k=0

ck = 1 − f̂(X1)
f∗ ,

f̂(Xn) a,s−→ f∗.

(2)

E[f̂(Xn)] = E[f̂(Xn−1)] + cn−1f
∗ =

E[f̂(Xn−2)] + cn−1f
∗ + cn−2f

∗= · · ·=
E[f̂(X1)] + f∗ n−1∑

k=0

ck.

(1) (3)

E[f̂(Xn)] < E[f̂(X1)] + f∗ < ∞,

sup
n

E[f̂(Xn)] < sup
n

E[f̂(X1)] + sup
n

f∗ < ∞.

f̂(Xn) ,
[11, 12]

f̂(Xn) a,s−→ f̂(X∞) = lim
n→∞

f̂(Xn),

lim
n→∞

E[f̂(Xn)] =

lim
n→∞

E[f̂(X1)] + f∗ lim
n→∞

n−1∑
k=0

ck =

E[f̂(X1)] + f∗(1 − f̂(X1)
f∗ ) = f∗,

f̂(Xn) a,s−→ f∗. (10)

.

4 EGA (Convergence rate of

EGA)
4.1 (Estimation of convergence

rate)
EGA

, .

r(n) n n + 1
, EGA , r(n)

r(n) =
|E[f̂(Xn+1)/Xn] − f̂(Xn)|

|f̂(X1) − f∗| , (11)

f̂(X1) .

, {f̂(Xn)} ,

E{f̂(Xn+1)/Xn} � f̂(Xn) > 0.

f̂(Xn) < f∗, ,

(11)

r(n) =
E[f̂(Xn+1)/Xn] − f̂(Xn)

f∗ − f̂(X1)
=∑

i,j∈x

P n
C(i × j, y)

∑
v

P n
M(y, v)

∑
k

P n
S (v, k)

f∗ − f̂(X1)
·

f̂(k)

f∗ − f̂(X1)
− f̂(Xn)

f∗ − f̂(X1)
=∑

i,j∈x

P n
C(i × j, y)

∑
v

P n
M(y, v)

f∗ − f̂(X1)
·

{ ∑
k/∈B(Xn)

P n
S (v, k)f̂(k)}

f∗ − f̂(X1)
− f̂(Xn)

f∗ − f̂(X1)
<∑

i,j∈x

P n
C(i × j, y)

∑
v

P n
M(y, v)

f∗ − f̂(X1)
·

{ ∑
k/∈B(Xn)

P n
S (v, k)f̂(k)}

f∗ − f̂(X1)
− f∗

f∗ − f̂(X1)
=∑

i,j∈x

P n
C(i × j, y)

∑
v

P n
M(y, v)

f∗ − f̂(X1)
·

∑
k/∈B(Xn)

P n
S (v, k)f̂(k)

f∗ − f̂(X1)
.

k /∈ B(X) , f̂(k) < f∗,

r(n) <

∑
i,j∈x

P n
C(i × j, y)

∑
v

P n
M(y, v)

f∗ − f̂(X1)
·
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k/∈B(Xn)

P n
S (v, k)f̂(k)

f∗ − f̂(X1)
+

f∗ − f̂(Xn)

f∗ − f̂(X1)
=

(1 + pcpmps)f∗ − f̂(Xn)

f∗ − f̂(X1)
.

k /∈ B(X) , f̂(X1) < f̂(Xn) < f∗,

0 <
f∗ − f̂(Xn)

f∗ − f̂(X1)
< 1,

f̂(X1) < f̂(Xk),

r(n) >

∑
i,j∈x

P n
C(i × j, y)

∑
v

P n
M(y, v)

f∗ − f̂(X1)
·

∑
k/∈B(Xn)

P n
S (v, k)f̂(X1)

f∗ − f̂(X1)
=

pcpmpsf̂(X1)

f∗ − f̂(X1)
.

pcpmpsf̂(X1)

f∗−f̂(X1)
<r(n)<

(1+pcpmps)f∗−f̂(Xn)

f∗−f̂(X1)
,

(12)

: pc, pm, ps

.

n , pc, pm , (12)

:

n =
1

r(n)
<

f∗ − f̂(X1)

pcpmpsf̂(X1)
. (13)

EGA , pc, pm,

,

, , ps .

ps1, nmax

nmax =
f∗ − f̂(X1)

pcpmps1f̂(X1)
. (14)

(14) , EGA

,

,

, .

4.2 (Simulation research)
(12) , i + 1

i r(i)

pcpmps(i)f̂(X1)

f∗ − f̂(X1)
< r(i) <

(1 + pcpmps(i))f∗ − f̂(Xi)

f∗ − f̂(X1)
, r(i) �= 0. (15)

r(i) ,

. (12)

, 3

.

4.2.1 (Test functions)
3 :

1) :

F1(x) = x + 10 sin(5x) + 7 cos(4x),

0 � x � 9. (16)

, ,

.

2) Schaffer -6:

F2(x1, x2) = 0.5 − (sin2
√

x2
1 + x2

2 − 0.5)
[1 + 0.001(x2

1 + x2
2)]2

,

−10 � x1, x2 � 10. (17)

, 1,

, ,
[13].

3) Rosenbrock :

f3(x1, x2) = 100(x2
1 − x2)2 + (1 − x1)2,

−2.048 � x1, x2 � 2.048. (18)

,

, 0 [14].

Rosenbrock ,

⎧⎨
⎩

F3(x1, x2) =
1

1 + f3(x1, x2)
,

− 2.048 � x1, x2 � 2.048,

(19)

f3(x1, x2) 0 , GA

F3(x1, x2) 1.

4.2.2 (Simulation results)
, r(i),

(15), pc = 0.5, pm = 0.001,

ps(i) , ,

ps min(i) � ps(i) � ps max(i), (20)

(15) (20) ,

pcpmps max(i)f̂(X1)

f∗ − f̂(X1)
< r(i) <
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(1 + pcpmps min(i))f∗ − f̂(Xi)

f∗ − f̂(X1)
, (21)

(15) .

(21) ps min(i) ps max(i)
,

3 1∼ 3 . ,

2(b) 2(a) 6 ,

2(b) ,

2(a) .

1 F1(x)

Fig. 1 Simulation results of F1(x)

(a)

(b)

2 F2(x1, x2)

Fig. 2 Simulation results of F2(x1, x2)

3 F3(x1, x2)

Fig. 3 Simulation results of F2(x1, x2)

3 , 9 6 4 ,

, F1(x)
25.1 24.7, 0.4;

F2(x1, x2)
1.785 0.999, 0.786; F3(x1, x2)

1.09 0.93,

0.16. ,

(21) , (15) ,

(12) .

5 (Conclusions)

, EGA .

, EGA

;

; EGA

.

, pc,pm ps

,

; ,

pc,pm ps .

Markov chain GA ,

,

, ,
[9, 11].
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