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Cram r-Rao lower bounds for stochastic-bias discrete-time system with
incomplete measurements
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(School of Automation, Nanjing University of Science and Technology, Nanjing Jiangsu 210094, China)

Abstract: A modified recursive Cram r-Rao lower bound(CRLB) of the statistical estimation error variance is derived

for the state estimation with incomplete and stochastic-biased measurement sequences. Firstly, a mathematical model of the

discrete-time system with incomplete and stochastic-biased measurements is built; and then, the enumeration CRLB and the

statistical CRLB are derived, respectively. The proposed statistical CRLB is a lower bound of the enumeration CRLB, but

its calculation complexity is far lower than that of the enumeration CRLB. Simulation is performed in an optical-electrical

tracking system with pre-specified detection probability and biased occurrence probability.
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[10]

CRLB,

. ,

, a) ( )

. ( [10∼
12]) , ,

CRLB

, CRLB

.

2
(Mathematical model of incomplete and

stochastic-bias measurements)

Xk+1 = AXk + ωk, (1)

Yk = dkCXk + dk(1 − lk)Λk + υk. (2)

: Xk k n , A

A , ω Q

; C .

, υk

:

υk ∼
{

N(0, Rυk
); dk = 1,

N(0, σ2I);σ → ∞, dk = 0.
(3)

: Rυk
k ;

dk 0–1 , 1 λ, k

; 0 1 − λ, k

. lk 0–1 , 1

η , k

; 0 1 − η, k

.

dk lk ,

cov(dk, lk) =
(

λ(1 − λ) 0
0 η(1 − η)

)
.

, dk = 0, ,

σ : σ → ∞. dk = 1 lk = 0 ,

,

( ,

), (2) Λk

N(μ,RΛk
) ,

, ,

.

3 CRLB
(Recursive CRLB with incomplete and

stochastic-bias measurements)
,

, (2) :

Yk = CXk + υ̃k, (4)

υ̃k ∼

⎧⎪⎨
⎪⎩

N(0, Rυk
); dk = 1, lk = 1,

N(μ,RΛk
+ Rυk

), dk = 1, lk = 0 ,

N(0, σ2I); dk = 0, σ → ∞.

(5)

(1)(4)(5) ,

.

(1)(4),

Pk|k = E[(X̂k − Xk)(X̂k − Xk)T] � J−1
k . (6)

: X̂k Xk , X̂k �
E[Xk |Yk, dk, lk ]; Jk Fisher (FIM);

Pk|k − J−1 ; CRLB FIM

, Ck � J−1
k .

[9] , ,

Jk

:

Jk+1 = D22
k − D21

k (Jk + D11
k )−1D12

k , (7)

D11
k = E[−ΔXk

Xk
log p(Xk+1|Xk)], (8)

D12
k = E[−ΔXk+1

Xk
log p(Xk+1|Xk)], (9)

D21
k =E[−ΔXk

Xk+1
log p(Xk+1|Xk)]=[D12

k ]T, (10)

D22
k = E[−ΔXk+1

Xk+1
log p(Xk+1|Xk)] +

E[−ΔXk+1
Xk+1

log p(Yk+1|Xk+1, dk+1, lk+1)].

(11)

: ΔXk+1
Xk

(·) (·) Xk

, Xk+1 .

(1)(4)(5)

− log p(Xk+1 |Xk ) =

c1+
1
2
(Xk+1−AXk)TQ−1(Xk+1−AXk), (12)

− log p(Yk+1 |Xk+1 , dk+1, lk+1) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c2 +
1
2
FT

k+1R
−1
υk+1

Fk+1,

dk+1 = 1, lk+1 = 1;

c3 +
1
2
HT

k+1(RΛk+1 + Rυk+1)
−1Hk+1,

dk+1 = 1, lk+1 = 0;

+ ∞, dk+1 = 0.

(13)

: Fk+1 =Yk+1−CXk+1, Hk+1 =Yk+1−CXk+1−
μ, c1, c2, c3 .
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(13)

− log p(Yk+1 |Xk+1 , dk+1, lk+1) =

c4(dk+1, lk+1) +
1
2
[Yk+1 − CXk+1 −

(1 − lk+1)μ]T × R−1 × [Yk+1 −
CXk+1 − (1 − lk+1)μ]. (14)

: R−1 = [dk+1Rυk+1 + dk+1(1 − lk+1)RΛk+1 +
(1 − dk+1)σ2I]−1, c4(dk+1, lk+1) dk+1, lk+1

, σ → ∞.

(8)∼(11)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D11
k = ATQ−1A,

D12
k = −ATQ−1,

D21
k = −Q−1A,

D22
k = Q−1 + CT[dk+1lk+1Rυk+1+

dk+1(1 − lk+1)(RΛk+1 + Rυk+1)+

(1 − dk+1)σ2I]−1C.

(15)

(7)

Jk+1 = Q−1 + dk+1lk+1C
TR−1

υk+1
C + dk+1(1 −

lk+1)CT(RΛk+1 + Rυk+1)
−1C −

Q−1A(Jk + ATQ−1A)−1ATQ−1. (16)

, ( )CRLB FIM

Jk+1(Si) =

Q−1+dk+1(Si)lk+1(Si)CTR−1
υk+1

C +

dk+1(Si)[1−lk+1(Si)]CT(RΛk+1 +Rυk+1)
−1C −

Q−1A[Jk(Si)+ATQ−1A]−1ATQ−1, (17)

CRLB[11]

Ck(ENUM) Δ= ESi
[Jk(Si)−1] =

22k∑
i=1

[Jk(Si)−1] · Pk(Si). (18)

: Si k dk, lk ,

22k , Pk(Si) .

CRLB

, ,

CRLB .

4 CRLB (Statistical

CRLB)
,

, CRLB

, ( )CRLB ,

.

,

, CRLB

λ / : d1, d2, · · · , dk, · · · , di ∈
{0, 1}, i = 1, 2, · · · η

: l1, l2, · · · , lk, · · · , li ∈ {0, 1}, i =
1, 2, · · · . dk, lk Si.

1 A,B, C, D, A B ,

(A + DBE)−1 =

A−1 − A−1D(B−1 + EA−1D)−1EA−1.

1, (16)

Jk+1 =

(Q + A(Jk)−1AT)−1 + dk+1lk+1C
TR−1

υk+1
C +

dk+1(1 − lk+1)CT(RΛk+1 + Rυk+1)
−1C. (19)

J̄k FIM, (19)

J̄k = (Q + A(J̄k−1)−1AT)−1 +

ληCTR−1
υk

C +

λ(1 − η)CT(RΛk
+ Rυk

)−1C. (20)

CRLB

Cλ,η,k
Δ= (J̄k)−1 =

{[Q + A(J̄k−1)−1AT]−1 +

ληCTR−1
υk

C +

λ(1 − η)CT(RΛk
+ Rυk

)−1C}−1. (21)

2 X ,

E[X−1] � (E[X])−1, (22)

X .

3 X, Y, Z, X > Y Z ,

ZTXZ > ZTY Z. (23)

4 X, Y , X > Y > 0,

Y −1 > X−1. (24)

1 ,

, CRLB ( )CRLB .

Ck+1(ENUM) > Cλ,η,k+1.

, 1 :

∃k {
Ck(ENUM) � Cλ,η,k,

ESi
[Jk(Si)] � J̄k

(25)

, {
Ck+1(ENUM) > Cλ,η,k+1,

ESi
[Jk+1(Si)] < J̄k+1

(26)
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.

1 C0 > 0, D12
k

, J̄k > 0, Jk(Si) > 0 .

2 C0(ENUM)=Cλ,η,0=C0, ESi
[J0(Si)]

= J0 = C−1
0 .

3 (7),

Si

[D12
k (Si)]T[Jk(Si) + D11

k (Si)]−1D12
k (Si) > 0.

(27)

2

ESi
{[D12

k (Si)]T[Jk(Si) + D11
k (Si)]−1D12

k (Si)} >

[D12
k (Si)]T{ESi

[Jk(Si)] + D11
k (Si)}−1D12

k (Si).

(28)

(25) 4

{ESi
[Jk(Si)] + D11

k (Si)}−1 � [J̄k + D11
k (Si)]−1.

(29)

3 (28)(29)

ESi
{[D12

k (Si)]T[Jk(Si) +

D11
k (Si)]−1D12

k (Si)} >

[D12
k (Si)]T[J̄k + D11

k (Si)]−1D12
k (Si) =

(D12
λ,η,k)

T[J̄k + D11
λ,η,k]

−1D12
λ,η,k. (30)

(15) , D11
k , D12

k , D21
k dk, lk ,

λ η ,⎧⎪⎪⎨
⎪⎪⎩

D11
k (Si) = D11

λ,η,k = D11
k ,

D12
k (Si) = D12

λ,η,k = D12
k ,

D21
k (Si) = D21

λ,η,k = D21
k .

(31)

,

ESi
[D22

k (Si)] =

ESi
{Q−1 + dk+1(Si)lk+1(Si)CTR−1

υk+1
C +

dk+1(Si)[1−lk+1(Si)]CT(RΛk+1 +Rυk+1)
−1C}=

Q−1 + ληCTR−1
υk+1

C + λ(1 −
η)CT(RΛk+1 + Rυk+1)

−1C = D22
λ,η,k. (32)

(30) (32):

ESi
[Jk+1(Si)] =

ESi
{D22

k (Si) −
D21

k (Si)[Jk(Si) + D11
k (Si)]−1D12

k (Si)} =

ESi
[D22

k (Si)]−

ESi
{D21

k (Si)[Jk(Si) + D11
k (Si)]−1D12

k (Si)} <

D22
λ,η,k − (D12

λ,η,k)
T[J̄k + D11

λ,η,k]
−1D12

λ,η,k =

J̄k+1, (33)

Ck+1(ENUM) = ESi
[Jk+1(Si)−1] >

{ESi
[Jk+1(Si)]}−1 > J̄−1

k+1 = Cλ,η,k+1. (34)

, . .

,

CRLB .

CRLB

, CRLB

Pk(Si)
CRLB , CRLB

CRLB ,

CRLB.

2 ,

CRLB CRLB. 0 < λ <

1, 0 < η < 1 , :

R̃k = [ληR−1
υk

+ λ(1 − η)(RΛk
+ Rυk

)−1]−1 >

Rυk
/λ (35)

.

ληR−1
υk

+ λ(1 − η)(RΛk
+ Rυk

)−1 > 0

;

I − [ληR−1
υk

+ λ(1 − η)(RΛk
+ Rυk

)−1]·Rυk
/λ =

(1 − η)I − (1 − η)(RΛk
+ Rυk

)−1Rυk
>

(1−η)I−(1−η)(RΛk
+Rυk

)−1(Rυk
+ RΛk

) = 0.

(35) . .

2 ,

CRLB.

5 (Simulation)
.

A =

[
1 T

0 1

]
, Q =

[
T 4/4 0

0 T 2

]
,

T = 0.2 s, C = [1 0].

: 200 m/s, 1000 m,

500 m. x ,
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X0 = [−6000 m 200 m/s]T, J0 = 0.

: λ = 0.8,

(1 − η) = 0.1. 2 mil,
5 m. , x

20 m, 5 m.

, x ,

1 . , x

, .

1 x

Fig. 1 Curve of target measurement variances along x-axis

(21) , λ = 1,

(1 − η) CRLB , 2 .

2 CRLB (1 − η)

Fig. 2 the relation between CRLB and (1 − η)

2 , (1 − η) , CRLB

, CRLB .

, ( 50 ).

3 CRLB

, , λ = 1, η = 1 , CRLB

,

; λ = 0.8, η = 0.9 , CRLB

3 .

1 .

3 CRLB

Fig. 3 CRLB for observation system under four kinds of

special circumstances

1

Table 1 Optimal estimation performances for two

kinds of measurement

k σ1/m σ2/m

50 3.3 4.1

100 3.0 3.7

150 0.4 0.5

1 1 k 1∼3

; σ1 λ = 1, 1−η = 0

; σ2 λ = 0.8, 1 − η = 0.1

.

1

. ,

.

,

CRLB .

6 (Conclusion)
,

CRLB ,

:

1) CRLB CRLB ;

2)

.

;

,

.

;

,

.

, 1 1 , D12
k

, .
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D12
k , ,

, .
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