
27 7

2010 7 Control Theory & Applications
Vol. 27 No. 7

Jul. 2010

: 1000−8152(2010)07−0873−07

, , ,

( , 310027)

: , . 3 :

.

; ;

. .

: ; ; ; ;

: TP273 : A

Integral sliding mode control for singular systems with
nonlinear uncertainties
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Abstract: A performance-oriented robust controller is proposed for a class of singular systems with matched and un-

matched nonlinear uncertainties. The control scheme consists of 3 control terms: the integral sliding mode control (ISM),

the additional nonlinear control and the composite nonlinear feedback control(CNF). The ISM control term rejects matched

uncertainties completely and drives the system trajectory to the ideal sliding mode. The additional nonlinear control term

attenuates the unmatched nonlinear uncertainties which exist in ideal sliding mode and may affect the performance of the

sliding mode. The CNF control term guarantees the output tracking of reference input signal according to the prescribed

specifications. Finally, numerical examples are given to illustrate the effectiveness of the proposed approach.
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2 (Problem formulation)
:⎧⎪⎨

⎪⎩
Eẋ(t) = Ax(t) + Bu(t) + Bdm(x, t)+

Du(x, t),

y(t) = Cx(t).

(1)

: x(t) ∈ R
n , u(t) ∈ R

m

, Bdm(x, t) ∈ R
n

, Du(x, t) ∈ R
n

,

, y(t) ∈ R
q

: A, B, C, E ,

rankE = r � n.

1 (1) ,

[1] ,

det(sE − A) �≡ 0.

2 (1) :

Eẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t)
(2)

, [1] ,

u(t) = Kx(t), W > 0,

P

(A + BK)TP + PT(A + BK) = −W,

PTE = ETP � 0.

3 B .

.

4 ρ1(x, t)
ρ2(x, t), :

‖dm(x, t)‖ � ρ1(x, t),

‖Du(x, t)‖ � ρ2(x, t).
(3)

: ‖ · ‖ · 2 , ρ1(x, t) ρ2(x, t)
t ∈ [0,∞) , x Lipschitz .

1 ,

.

, a‖x‖+ b
[11∼14],

,

, .

,

, .

: r,

u(t), (3)

, r,

.

3 (ISM

control for uncertain singular systems)
3.1

(ISM control for matched uncertainties in sin-

gular systems)
, (1)

Du(x, t) = 0,

Eẋ(t) = Ax(t) + Bu(t) + Bdm(x, t),

y(t) = Cx(t).
(4)

s(x, t) = GEx(t) − GEx(t0) −� t

t0
[GAx(τ)+GBuCNF(τ)] dτ, (5)

: G ∈ R
m×n , GB ;

uCNF ,

, ; x(t0)
. ,

t0 , s[x(t0), t0] = 0,

. ,

.
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u = uCNF + uISM, (6)

: uISM = −M(x, t)sgn(sTGB),

M(x, t) ,

.

[3,5], (4) ,

ueq( uISM ):

ueq = −dm(x, p, t), (7)

[3,5], (7) (4) ,

Eẋ = Ax + BuCNF. (8)

, ,

uCNF , uCNF

.

[16, 17], ,

(8) y r,

.

uCNF = uL + uN, (9)

: uL , uN .

uL

uL = F1x + G1r, (10)

F1 , F1 C(sE −
A − BF1)−1B , G1

G1 = −[C(A + BF1)−1B]−1. (11)

r ,

xe = Ger = −(A + BF1)−1BG1r. (12)

x̃ = x − xe,

uL = F1x̃ + Hr, (13)

H = [I − F1(A + BF1)−1B]G1.

uN = ρ(r, y)F2x̃, (14)

: F2 , ρ(r, y) r− y

:

ρ(r, y) =
1

1 − e−1
(e−|1−(y−y0)/(r−y0)| − e−1), (15)

ρ(r, y) Lipschitz , y0 = y(0) y

.

(8), 1∼4 ,

(9)∼(14) , y

r.

2 , ρ(r, y)

, ,

ρ(r, y) 0 1. , |1−(y−y0)/(r−y0)|
1, ρ(r, y) ,

, uL , ,

; y , |1−(y−y0)/(r−
y0)| 0, ρ(r, y) ≈ 1,

, ,

.

3.2
(ISM control for unmatched uncertainties in sin-

gular systems)
,

CNF , (9)

u′
CNF = uCNF + u′, (16)

: uCNF ,

u′ :

u′ = −κρ2(x, t)Kx̃, (17)

: κ > 0, K .

s(x, t) = GEx(t) − GEx(t0) −� t

t0
[GAx(τ)+GBu′

CNF(τ)]dτ, (18)

: G ∈ R
m×n , GB ;

x(t0) .

u = uCNF + u′ + uISM, (19)

uISM = −M(x, t)sgn(sTGB),

M(x, t) .

3 (19) 3 : uISM

, ; u′

, ; uCNF

.

1 (1)

(3) , (19) ,

M(x, t) > ρ1(x, t) + ‖(GB)−1G‖ρ2(x, t),

s(x, t) .

(1)(18) (19)

ṡ = GBuISM + GBdm(x, t) + GDu(x, t),

sTṡ =

sT [GBuISM + GBdm(x, t) + GDu(x, t)] =

−(sTGB)M(x, t)sgn(sTGB) +

(sTGB)dm(x, t) + sTGDu(x, t) �
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−‖sTGB‖M(x, t) + ‖sTGB‖‖dm(x, t)‖ +

‖sTGB‖‖(GB)−1G‖‖Du(x, t)‖ �
−‖sTGB‖[M(x, t) − ρ1(x, t) −
‖(GB)−1G‖ρ2(x, t)] < 0,

sTṡ < 0.

(18) ,

ueq = −(GB)−1[GBdm(x, t) + GDu(x, t)]. (20)

(20) (1)

E ˙̃x=[A+BF1+ρ(r, y)BF2]x̃ + Bu′+LDu(x, t),
(21)

L = [I − B(GB)−1G].

4 (6) (8) uISM M(x, t),

,

; ,

( ,

),

, (21) , uCNF

(2) , ,

,

,

ρ2(x, t) u′

.

.

2 (19) ,

CNF , x̃

‖x̃(t)‖�k0e−βt‖x̃(0)‖ + η( sup
0�τ�t

ρ2(x, t))
1
2 , (22)

:

k0 =
√

λmax(PTE)/λmin(PTE),

β = λmin(W )/2λmax(PTE),

λmin(·) λmax(·) ·
, W uCNF ,

2 , sup
0�τ�t

ρ2(x, t) ρ2(x, t) 0 �

τ � t , K PTBK > 0, η

η =
‖P‖‖L‖

2
√

κβλmin(PTBK)λmin(PTE)
. (23)

Lyapunov V = x̃TPTEx̃ � 0,

V̇ =

−x̃TWx̃ − κρ2(x, t)x̃T(PTBK+

(BK)TP )x̃ + x̃T(PTL + LTP )Du(x, t) �
−λmin(W )‖x̃‖2 − 2κρ2(x, t)λmin(PTBK)‖x̃‖2 +

2‖x̃‖‖P‖‖L‖ρ2(x, t) �

−2βV +
‖P‖2‖L‖2

2κλmin(PTBK)
ρ2(x, t),

V (t) �

e−2βtV (0) +
(1 − e−2βt)‖P‖2‖L‖2

4κβλmin(PTE)
×

( sup
0�τ�t

ρ2(x, t)) �

e−2βtV (0) +
‖P‖2‖L‖2

4κβλmin(PTBK)
×

( sup
0�τ�t

ρ2(x, t)),

‖x̃(t)‖ �√
λmax(PTE)
λmin(PTE)

e−βt‖x̃(0)‖+

‖P‖‖L‖
2
√

κβλmin(PTBK)λmin(PTE)
( sup
0�τ�t

ρ2(x, t))
1
2 ,

(20) . .

5 , ρ2(x, t)

, x̃ (ISS) [18],

x̃

, : β, κ

L ‖x̃(t)‖. , k0e
−βt‖x̃(0)‖,

uCNF F1 F2 β,

; κ β,

; L,

G L : φ

:

I − Bφ = 0,

φ ,

φ∗ = B+, G∗ = B+. (24)

B+ = (BTB)−1BT, [7] ,

G :

1)

uISM = −M(x, t)
s

‖s‖ , (25)

2) M(x, t), .

6 (17)

u′ = −κh(ρ2(x, t))BMEx̃, (26)
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h(ρ2(x, t))

h(ρ2(x, t)) =

8<
:

ρ2(x, t), Du(x, t) �= 0,

0, Du(x, t) = 0.
(27)

, 2

‖x̃‖ � ke−βt‖x̃(0)‖,

Du(x, t) = 0 , ,

y r , 2.1 .

4 (Numerical examples)
3 ,

CNF ,

CNF

CNF

.

4.1 CNF (CNF control for

singular systems)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎣1 0 0

0 0 1
0 0 0

⎤
⎥⎦ ẋ =

⎡
⎢⎣1 0 0

0 1 0
0 0 1

⎤
⎥⎦ x +

⎡
⎢⎣1

0
1

⎤
⎥⎦ u,

y = x1,

(28)

1 CNF

Fig. 1 Comparing pole assignment with CNF

2

Fig. 2 Input of control

x(0) = [0 0 0]T,

. y

, .

s1,2 = −1 ± i, 1

, ;

CNF

, F1 = [−5 1 2], F2 = [1 0 0],
G1 = 2. 1 CNF

: , uN , uL

s1,2 = −1 ± i,
, ;

, uN ,

uN s1,2 = −1( ),

, . 2

.

4.2 ISM+CNF
(ISM+CNF control for singular systems with

matched uncertainties)
(28) dm = 0.5 sin(2πt),⎡

⎢⎣1 0 0
0 0 1
0 0 0

⎤
⎥⎦ ẋ =

⎡
⎢⎣1 0 0

0 1 0
0 0 1

⎤
⎥⎦ x +

⎡
⎢⎣1

0
1

⎤
⎥⎦ u+

⎡
⎢⎣0.5 sin(2πt)

0
0.5 sin(2πt)

⎤
⎥⎦ ,

y = x1.

4.1 CNF ,

G

G = B+ = [0.5 0 0.5],

uISM M(x, t)

M(x, t) = 0.6 > ‖0.5 sin(2πt)‖,
,

, M(x, t)
( ) , M(x, t)

. ,

, ,

uISM = −0.6
s

‖s‖ + ε
,

ε = 0.001. 3 , ,

CNF ; CNF

,

, , 4 .
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3 CNF CNF + ISM ( )

Fig. 3 Sliding mode function

4

Fig. 4 Input of control

4.3 ISM+CNF
(ISM+CNF control for singular systems with

unmatched uncertainties)
(28) dm = 0.5 sin(2πt)

Du = [0.3x2
1 0 0]T,⎡

⎢⎣1 0 0
0 0 1
0 0 0

⎤
⎥⎦ ẋ =

⎡
⎢⎣1 0 0

0 1 0
0 0 1

⎤
⎥⎦ x +

⎡
⎢⎣1

0
1

⎤
⎥⎦ u+

⎡
⎢⎣0.5 sin(2πt)

0
0.5 sin(2πt)

⎤
⎥⎦ +

⎡
⎢⎣0.3x2

1

0
0

⎤
⎥⎦ ,

y = x1.

G = B+ = [0.5 0 0.5], uISM

M(x, t)

M(x, t) = 0.6 + x2
1 > ‖dm‖ +

‖(GB)−1G‖‖Du‖.
.

CNF ,

, 4 ,

. 2,

u′
CNF. 2 5 ,

K . 5

u′ K = 3 K = 5, ,

κ , 6 .

5 CNF CNF + ISM ( )

Fig. 5 Comparing CNF with CNF + ISM(with unmatched

uncertainties)

6

Fig. 6 Input of control

,

7 PID .

PID

,

,

, ,

. , ,

,

, PID ,

; ,

, ,

, PID ,

, PID , ,

. ,

,

, PID

. 8 .
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7 PID CNF+ISM

Fig. 7 Comparing PID with CNF+ISM

8

Fig. 8 Input of control

5 (Conclusions)
,

,

. , ,

; ,

.

.
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