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On LQG problems with unknown noises
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Abstract: For the control problem of linear-quadratic-Gaussian(LQG) with unknown variances of noises, a dual adaptive

control approach with learning features is proposed. The controller, on the one hand, drives the system toward a desired

state; on the other hand, it performs the learning process to reduce the uncertainties of unknown parameters. Simulation

results validate the proposed approach.
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, .

–

LMI ,

.

2 (Problem statement)
:

x(k+1)=Ax(k) + Bu(k) + w(k),

k = 0, 1, · · · , N − 1, (1)

z(k) = Cx(k) + v(k), k = 1, 2, · · · , N, (2)

: x(k) ∈ R
n , z(k) ∈ R

m

, u(k) ∈ R
p . A, B C

, . x(0) x̄0,

P0 , w(k) v(k)
, x(0)

. w(k) v(k) 0, W V

, :

w(k) ∼ N(0,W ),

v(k) ∼ N(0, V ).

: W V , ,

, Ωw Ωv, :

Ωw = {W1,W2, · · · ,Ws},
Ωv = {V1, V2, · · · , Vs}.

(1) (2) , (w(k), v(k))

Ω = {(W1, V1), (W2, V2), · · · , (Ws, Vs)}.

J = xT(N)Qx(N) +
N−1∑

k=0

[xT(k)Qx(k) + uT(k)Ru(k)], (3)

: Q , R

. A, B, C, Q R ,

, ,

.

(1), k ,

, k ,

{u(0), u(1), · · · , u(k − 1)}
k {z(1), z(2), · · · ,

z(k)},

Ik = {u(0), · · · , u(k − 1), z(1), · · · , z(k)}.
, u(k) = fk(Ik)

, E{J} , :

(P) min E{J},
s.t. x(k+1)=Ax(k)+Bu(k)+w(k),

k = 0, 1, · · · , N − 1,

z(k)=Cx(k)+v(k), k=1, 2,· · ·, N.

u(k) = fk(Ik) ,

,

Ik, ,

, . ,

, ,

, , Ik

, ,

.

W V , LQG ,

; W V ,

, [4] ,

.

,

,

Ωw Ωv . LQG [4]

. , (P) LQG ,

,

, ,

.

, , Kalman

,

, ,

, ,

.

E{J} ,

W V

. [7∼12] ,

.

3 (Dual control strategy)
(W,V ) LQG

, LQG ,

. Ω , Ω s ,

, (W,V ) s . s

LQG . , ,

θ (W,V ) , θ = θj (W,V ) (Wj,

Vj), j .

1 k Ik, j

xj(k) Ik
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x̂j(k|k) = E
{
x(k)|Ik, θ = θj

}
.

x̂j(k|k) Kalman :

x̂j(k|k) = Ax̂j(k − 1|k − 1) + Buj(k − 1) +

Fj(k)vj(k), (4)

:

Fj(k) = Pj(k|k)CT[CPj(k|k − 1)CT + Vj]−1, (5)

Pj(k|k − 1) = APj(k − 1|k − 1)AT + Wj, (6)

Pj(k|k) = [I − Fj(k)C]Pj(k|k − 1), (7)

vj(k) = z(k) − Cx̂j(k|k). (8)

x̂j(0|0) = x̂(0) Pj(0|0) = P0.

1 j , E{J}

u∗
j (k) = −Γ (k)x̂j(k|k), (9)

k = N − 1, N − 2, · · · , 0,

Γ (k) = D−1(k)BTS(k + 1)A, (10)

D(k) = BTS(k + 1)B + R, (11)

S(k)=ATS(k+1)A+Q−ΓT(k)D(k)Γ (k), (12)

S(N) = Q.

j, j ∈ {1, 2, · · · s}, :

J∗
j (k) =

min
u(k),u(k+1),··· ,u(N−1)

E{xT(N)Qx(N)+

N−1∑

j=k

[xT(j)Qx(j)+uT(j)Ru(j)] | Ik, θ=θj}.

Ik , , Ik ⊂ Ik+1, ,

:

E{(·)|Ik} = E{E{(·)|Ik+1|Ik}.

,

J∗
j (k) = min

u(k))
E

{
xT(k)Qx(k) + uT(k)Ru(k) +

J∗
j (k + 1) | Ik, θ = θj

}
. (13)

J∗
j (N) = E

{
xT(N)Qx(N) | IN , θ = θj

}
. (14)

, j Bellman

, (13),

j

.

(13). N − 1,

Jj(N − 1) =

E
{
xT

j (N − 1)Qxj(N − 1) +

uT
j (N−1)Ruj(N−1)+J∗

j (N) | IN−1
}
. (15)

(14) (15), ,

Jj(N−1) =

x̂T
j (N−1|N−1)[ATQA+Q] × x̂j(N−1|

N− 1) + 2uT
j (N − 1)BTQAx̂j(N − 1) +

uT
j (N − 1)[BTQB + R]uj(N − 1) +

tr(ATQA+Q)Pj(N−1|N−1)+trQWj. (16)

Jj(N − 1) uj(N − 1) ,

N − 1

u∗
j (N − 1) = −Γ (N − 1)x̂j(N − 1|N − 1),

Γ (N − 1) (10) . N − 1
u∗

j (N − 1) (16) ,

J∗
j (N − 1) = x̂T

j (N − 1|N − 1)S(N − 1) ×
x̂j(N − 1|N − 1) + sj(N − 1),

S(N − 1) (12) , s(N − 1)
,

sj(N − 1) = tr[Q(APj(N − 1|N − 1)AT + Wj)].

k + 1

J∗
j (k + 1) = x̂T

j (k + 1|k + 1)S(k + 1) ×
x̂j(k + 1|k + 1) + sj(k + 1). (17)

Bellman (13),

J∗
j (k) = min

u(k)
E

{
xT

j (k)Qxj(k) + uT
j (k)Ruj(k) +

J∗
j (k + 1) | Ik

}
, (18)

Kalman (4) (17),

(18),

Jj(k) = x̂T
j (k|k)[ATQA + Q]x̂j(k|k) +

2uT
j (k)BTQAx̂j(k) +

uT
j (k)[BTQB + R]uj(k) + sj(k + 1) +

tr(ATQA + Q)Pj(k|k) + trQWj.

Jj(k) uj(k) , k

u∗
j (k) = −Γ (k)x̂j(k|k),

Γ (k) (10) . k u∗
j (k)
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Jj(k) ,

J∗
j (k) = x̂T

j (k|k)S(k)x̂j(k|k) + sj(k), (19)

S(k) (12) , s(k) ,

sj(k) = sj(k + 1) + tr[Q(APj(k|k)AT + Wj)].

.

1 , j

u∗
j (k) , Γ (k),

x̂j(k|k), (10)∼(12) ,

(4)∼(8) , .

(10)∼(12) ,

, , Γ (k) ;

x̂j(k|k) , .

,

Γ (k), , ,

, x̂j(k|k),

, .

θ s , 1 θ

, s θ s

u∗
1(k), u∗

2(k), · · · , u∗
s(k), ,

s ,

, ,

.

2 k, j

qj(k),

u∗(k) =
s∑

j=1

qj(k)u∗
j (k). (20)

qj(k) j k

,

qj(k) = P (θ = θj | Ik), k = 0, 1, · · · , N − 1. (21)

[13] , qj(k)(j = 1, 2,· · ·, s)

qj(k) =
Lj(k)

s∑

j=1

Lj(k)qj(k − 1)
qj(k − 1), (22)

:

Lj(k) = |Pz(k|k − 1)|− 1
2 ×

exp[−1
2
vT

j (k)P−1
z (k|k − 1)vj(k)],

Pz(k + 1|k + 1) = CPj(k + 1|k)CT + Vj,

vj(k) = z(k) − Cx̂i(k|k).

(22) :

q1(0) =
1
s
, q2(0) =

1
s
, · · · , qs(0) =

1
s
,

, , s

, ,

, ,

,

.

,

θ = θi, [14] , k → +∞, j = i,

qj(k) → 1; k → +∞, j �= i, qj(k) → 0.

,

u∗(k) =
s∑

j=1

qj(k)u∗
j (k) k ,

θi u∗
i (k). .

, k

, 1, , (P)

, , k , .

{u∗
j (k)} E{J} ,

,
s∑

j=1

qj(k)u∗
j (k)

, ,

.

,

. ,

:

i) . ,

,

,

.

ii) . ,

( )

, ;

θ, ,

, ,

. ,

θ , ,

[a, b]. a = a1 < a2 < · · · <

as = b, [a, b] ,

[a, b] =
s−1⋃

i=1

[ai, ai+1], ci

, {c1, c2, · · · , cs−1} .

, cj , θ

, , cj [aj, aj+1]
θ , ,

, , ,

,

ε, ε ,

, , ε

.
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4 (Simulation analysis)
,

.

Step 1 (5)∼(8)

Fj(k);

Step 2 (10)∼(12)

Γ (k);

Step 3 k = 0;

Step 4 z(k), (4) j

, x̂j(k|k);

Step 5 j u∗
j (k) =

−Γ (k)x̂j(k|k);

Step 6 (22) k s

q1(k), q2(k), · · · , qs(k);

Step 7 u∗(k) =
s∑

j=1

qj(k)u∗
j (k)

;

Step 8 k N − 1, ; , k :=
k + 1, Step 4.

,

.

:

x(k + 1) = 0.8x(k) + 0.5u(k) + w(k),

: w(k) ∼ N(0,W ), W ∈ Ωw = {1, 0.2},

, x(0) ∼ N(x̄0, P0), x̄0 = 2, P0 = 1.

z(k) = x(k) + v(k),

: v(k) ∼ N(0, V ), V ∈ Ωv = {0.1, 0.8}.

Ω = {(1, 0.1), (0.2, 0.8)}, (W,V ) (1,

0.1).

J = E{x2(20) +
19∑

k=0

[x2(k) + u2(k)]}.

q1(0) = 0.5, q2(0) = 0.5.

, 1 (W,V ) (1, 0.1)
, , ,

, ,

. ,

, ,

.

, ,

1000 Monte Carlo ,

1 .

1 ,

,

,

, .

1

Table 1 Comparison of dual control algorithm with

optimal control algorithm

3.4730 3.4925

39.6382 41.9046

4.1119 4.2037

1 2

,

.

1

Fig. 1 A-posteriori probabilities of two sets of parameters

2

Fig. 2 Optimal control and dual control

1, 20

,

. – ,
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, ; 2,

,

,

.

, ,

, , ,

,

,

, ,

, , ,

.
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, , ,

.

5 (Conclusion)
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,

.

,

, ,
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