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Abstract: This paper studies the local smooth stabilization of 3-dimensional nonlinear affine control systems with a

null eigenvalue and a pair of conjugated imaginary eigenvalues. The system is converted to a standard form by employing

a nonsingular linear transform and a time-scale transform; and then, sets of linear equations are formed by using the formal

progression method and the extended canonical discriminant function. Furthermore, an approach is developed to determine

the smooth control law and the Lyapunov function for the closed-loop system. Consequently, a sufficient condition of the

local smooth stabilization for the standard system is obtained; the validity of which is shown by an example.
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1 (Introduction)
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. Brockett R. W.

Bacciotti A. [1,2]

ẋ = f (x) + g (x) u, (1)

: f(0) = 0, g(0) = 0, g = (g1, g2, · · · , gm),

f, gi ∈ C
∞(i = 1, 2, · · · , m), x(t) ∈ R

n, u ∈ R
m,

m � n.

, :

(1)

ẋ = Ax + Bu

, 0. ,

, (1)

.

(1) ,

0 ,

.

, (1)

(2) :

ẋ = Ax + f0 (x) + g0 (x) · u, (2)

: f0 (0) = 0, Df0 (0) = 0, g0 (0) = 0, A

: 2009−05−09; : 2010−11−16.

: (60835001).
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, Lyapunov
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[8] Hopf

,

. [9]

,

. , [10]

. Fu J. H. [11∼13] ,

Ż = f (Z),

Ż = AZ, A =
∂f

∂Z
(0). A

—– (1) 0 , (2)

Lyapunov

,

. ,

, —–A

0.

,

. ,

. [14]

—–

0,

, .

[15] Lyapunov

ẋs =
n∑

j=1

psjfj(xj), s = 1, 2, · · · , n

, Lyapunov

,

.

[16] ,

. [17] (1)

,

—–

(1) (2) .

[18]

,

.

. ,

;

, ,

,

.

,

.

—– ,

, (2)

.

2
(3-dimensional critical

smooth control system with a pair of conju-

gated imaginary and zero eigenvalues )

:

Ż = AZ + f̄ (Z) + ḡ (Z) u,

: A ±ωi 0, ω , i
.

:⎧⎪⎨
⎪⎩

ẋ = y + P (x, y, z) + g1(x, y, z)u,

ẏ = −x + Q(x, y, z) + g2(x, y, z)u,

ż = H(x, y, z) + g3(x, y, z)u,

(3)

: f(Z) = (P, Q, H)T, g(Z) = (g1, g2, g3)T

Z = (x, y, z)T , f(0) = 0,
∂f

∂Z
(0) = 0,

g(0) = 0.

, A S ∈
R

3×3, S−1AS =

(
D 0
0 0

)
, D =

(
0 ω

−ω 0

)
.

Z = SU ,
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U̇ = S−1ASU+S−1f̄(SU) +S−1ḡ(SU)u.

v = ωt,
dU

dv
= A0U + f(U) + g(U)u,

:

A0 =

⎛
⎜⎝ 0 1 0
−1 0 0
0 0 0

⎞
⎟⎠ , ωf(U) = S−1f̄(SU),

ωg(U) = S−1ḡ(SU).

, Ż = AZ + f̄ (Z) + ḡ (Z) u

,

(3).

3 Lyapunov
(Design of control law and construction of

Lyapunov function)
(3), .

f , g u :

f =
∞∑

n=2

fn, g =
∞∑

n=1

gn, u =
∞∑

n=1

un, (4)

fn, un, gn x, y, z n

.

gu =
∞∑

n=2

hn, hn =
n−1∑
i=1

giun−i, hn

u1, u2, · · · , un−1 .

fn = (Pn, Qn, Hn)T, hn = (h1
n, h2

n, h3
n)T (n �

2), Pn, Qn, Hn, h1
n, h2

n, h3
n x, y, z n

, (3) :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋ = y +
∑
n�2

Pn +
∑
n�2

h1
n(x, y, z, u1, · · · , un−1),

ẏ = −x
∑
n�2

Qn +
∑
n�2

h2
n(x, y, z, u1, · · · , un−1),

ż =
∑
n�2

Hn +
∑
n�2

h3
n (x, y, z, u1, ·, un−1) .

(5)

(5) Lyapunov

V =
1
2

(
x2 + y2 + z2

)
+

∑
n�3

Vn (x, y, z),

Vn x, y, z n . ,

V .

∇ ,

Fk =
(
Pk + h1

k, Qk + h2
k, Hk + h3

k

)T
, k � 2,

Gn (x, y, z, u1, u2, · · · , un−2) =

(x, y, z) · Fn−1 +
n−1∑
k=3

∇Vk · Fn+1−k, n � 4,

G3 = (x, y, z) · F2,

Gn(n � 3) , V (5)

V̇ =

x(y +
∑
n�2

(Pn+ h1
n))+y(−x +

∑
n�2

(Qn+h2
n))+

z
∑
n�2

(Hn + h3
n) +

∑
n�3

∂Vn

∂x
(y +

∑
k≥2

(Pk + h1
k) +

∑
n�3

∂Vn

∂y
(−x +

∑
k�2

(Qk + h2
k)) +

∑
n�3

∂Vn

∂z

∑
k�2

(Hk + h3
k) =∑

n�2

(x(Pn + h1
n) + y(Qn + h2

n) + z(Hn + h3
n)) +

∑
n�3

(y
∂Vn

∂x
− x

∂Vn

∂y
) +

∑
n�3

∑
k�2

∂Vn

∂x
(Pk + h1

k) +

∑
n�3

∑
k�2

(
∂Vn

∂y
(Qk + h2

k) +
∂Vn

∂z
(Hk + h3

k)) =

∑
n�3

(Gn − (x
∂Vn

∂y
− y

∂Vn

∂x
)).

x
∂V3

∂y
− y

∂V3

∂x
= G3, (6)

x
∂Vn

∂y
− y

∂Vn

∂x
= Gn, n � 4. (7)

Gn , (7) Vn

, Vn Gn . (6)

u1, u1 (6) V3,

un−2 Gn (7) Vn.

u1, · · · , un−3 V3, · · · , Vn−1,

un−2 Vn.

Vn(x, y, z) =
n∑

j=0

(
j∑

i=0

αn
i,jx

iyj−i)zn−j ,

x
∂Vn

∂y
− y

∂Vn

∂x
=

n∑
j=1

(
j−1∑
i=0

(j − i)αn
i,jx

i+1yj−i−1 −
j∑

i=1

iαn
i,jx

i−1yj−i+1)zn−j.

un−2 =
∑

i+j+k=n−2

γi,j,kx
iyjzk,

γ,

Gn =
n∑

j=0

(
j∑

i=0

βn
i,j(γ)xiyj−i)zn−j,

Gn z n , βn
0,0(γ).

γ , Gn {βn
i,j(γ)} .

γ, βn
0,0(γ) �= 0, x

∂Vn

∂y
− y

∂Vn

∂x
z n − 1 , (7) .

γ, βn
0,0(γ) = 0, (7) ,

k(1 � k � n) :

(k − i + 1) αn
i−1,k − (i + 1) αn

i+1,k =

βn
i,k(γ), i = 0, 1, · · · , k, (8)
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αn
i,k = 0(i < 0 i > k).

n, k, (8) k+1

( γ )⎛
⎜⎜⎜⎜⎜⎜⎝

0 −1
k 0 −2

. . .
. . .

. . .

2 0 −k

1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

αn
0,k

αn
1,k

...

αn
k−1,k

αn
k,k

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

βn
0,k(γ)

βn
1,k(γ)

...

βn
k−1,k(γ)
βn

k,k(γ)

⎞
⎟⎟⎟⎟⎟⎟⎠

. (9)

Dk, k , det(Dk) =
(k!!)2,

{
βn

i,k(γ)
}

, (9){
an

i,k

}
(8) . k ( k =

2m) , det(Dk) = 0, (8) :

2 (m − i + 1) αn
2(i−1),2m−2iαn

2i,2m

= βn
2i−1,2m(γ), i = 1, · · · , m, (10)

(2m − 2i + 1) αn
2i−1,2m−(2i + 1) αn

2i+1,2m =

βn
2i,2m(γ), i = 0, · · · , m. (11)

(10) m , (m + 1)
(αn

0,2m, αn
2,2m, · · · , αn

2m,2m) ,

m.

, βn
0,0(γ) = 0 γ un−2

(αn
0,2m, αn

2,2m, · · · , αn
2m,2m).

(11) (m + 1) , m

(αn
1,2m, αn

3,2m, · · · , αn
2m−1,2m) ,

m.

(11)

δn
m (γ) =

(
βn

0,2m(γ), βn
2,2m(γ), · · · , βn

2m,2m(γ)
)T

,

C (δn
m (γ)),

Dn
m (γ) = det (C (δn

m (γ))) =

(−1)m
m∑

i=0

(2m − 2i − 1)!! (2i − 1)!!βn
2i,2m (γ) .

Dn
m (γ) = 0, (11) C (δn

m (γ))
m, (11) , :

(2m − 2i + 1) αn
2i−1,2m − (2i + 1) αn

2i+1,2m −
Ci

mλn
m (γ) = βn

2i,2m (γ) , i = 0, · · · , m (12)(
αn

1,2m, αn
3,2m, · · · , αn

2m−1,2m, λn
m (γ)

)
, Ci

m

.

, (12)

(−1)m+1(2m)!! �= 0, .

(12) λn
m (γ),

λn
m (γ) = (−1)m+1Dn

m (γ) /(2m)!!. (13)

, Dn
m (γ) �= 0 λn

m (γ) �= 0.

, γ un−2(n � 3) , Gn

{βn
i,k(γ)} Vn {αn

i,k}.

, :

1 ,

Gn − (x
∂Vn

∂y
− y

∂Vn

∂x
) �= 0,

Gk − (x
∂Vk

∂y
− y

∂Vk

∂x
) = 0, k < n,

2 n l 2 � 2n1 < · · · < 2nl � n,

(13) l λ λn
1 , λn

2 , · · · , λn
l ,

Gn−(x
∂Vn

∂y
−y

∂Vn

∂x
)=−

l∑
i=1

λn
i (x2 + y2)ni zn−2ni .

,

Gn − (x
∂Vn

∂y
− y

∂Vn

∂x
) =

n∑
k=1

(
k∑

i=0

(βn
i,k(γ) − (k − i + 1)αn

i−1,k+

(i + 1)αn
i+1,k)x

iyk−i)zn−k =

−
l∑

i=1

λn
i (γ) (

ni∑
j=0

Cj
ni

x2jy2ni−2j)zn−2ni =

−
l∑

i=1

λn
i (γ) (x2 + y2)ni zn−2ni .

r =
√

x2 + y2, ρ =
√

x2 + y2 + z2, Lyapunov

V =
1
2

(x2 + y2 + z2)+
n∑

k=3

Vk, 1

, βn
0,0(γ) = 0,

V̇ = (G3 − (x
∂V3

∂y
− y

∂V3

∂x
)) + · · · +

(Gn − (x
∂Vn

∂y
− y

∂Vn

∂x
)) + O(ρn) =

−
l∑

i=1

λn
i (γ) r2nizn−2ni + O (ρn) .

βn
0,0 (γ) �= 0, λn

0 (γ) = −βn
0,0(γ), n0 = 0,

V̇ = −
l∑

i=0

λn
i (γ)r2nizn−2ni + O (ρn) .

4 (Sufficient con-

dition for the local smooth stabilization)
1 u1, u2, · · · , un−2 1

, (5) ,

γ nl = n/2, λn
0 (γ) �= 0, δ > 0,

0 < ρ < δ ,

W0 (r, z) =
l∑

i=0

λn
i (γ) r2niz2(nl−ni) > 0.

V (x, y, z) =
1
2

(
x2 + y2 + z2

)
+

n∑
k=3

Vk(x, y, z),
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nl = n/2, λn
0 (γ) �= 0 1

V̇ = −
l∑

i=0

λn
i (γ) r2niz2(nl−ni) + O(ρn) =

−W0(r, z) + O(ρn).

0 < ρ < δ W0(r, z) > 0 , δ1(δ1

< δ), 0 < ρ < δ1 ,

V̇ = −W0 (r, z) + O(ρn) < 0.

, V̇ 0 � ρ < δ1 .

Lyapunov ,

u =
n−2∑
i=1

ui (5).

1 nl = 2n ,

λn
0 (γ) �= 0, un−2 γ ,

βn
0,0 (γ) �= 0. λn

m (γ) Gn , Gn

un−2 ,

.

2 1 , :

λ3
0 = 0, λ3

1 = 0 G3, u1 V3; λ4
0 = 0, λ4

1 = 0,

λ4
2 = 0 G4, u2 V4, · · · ; λn−1

0 = 0, λn−1
1 = 0, · · · ,

λn−1
ln−1

= 0 Gn−1, un−3 Vn−1; λn
0 �= 0, λn

1 = 0,

· · · , λn
ln

= 0 Gn un−2.

3 W0(r, z) ,

[14] 2.3 .

4 1 , 3 f
∞P

n=2
fn, , f ,

f , f .

5 (An example)
u = (u1, u2, u3)T

: ⎧⎪⎨
⎪⎩

ẋ = y + xy2 + xu1,

ẏ = −x + yu2,

ż = zu3.

(14)

u1 = (u1
1, u

2
1, u

3
1)

T = 0, h2 = g1u1 = 0,

F2 = (P2 + h1
2, Q2 + h2

2, H2 + h3
2)

T = 0, G3 = 0.

V3 = 0, x
∂V3

∂y
− y

∂V3

∂x
= G3.

u2 = (u1
2, u

2
2, u

3
2)

T,

h3 = (xu1
2, yu2

2, zu3
2)

T,

F3 = (xy2 + xu1
2, yu2, zu3

2)
T,

G4 = x2y2 + x2u1
2 + y2u2

2 + z2u3
2.

u2 = (−x2,−y2,−z2)T,

G4 = −x4 + x2y2 − y4 − z4.

β4
0,0 = −1 �= 0,

x
∂V4

∂y
− y

∂V4

∂x
�= G4.

n = 4, l = 2, n1 = 1, n2 = 2, nl = n/2.

, λ4
0 = −β4

0,0 = 1 �= 0, λ4
1 = 0, λ4

2 =
5
8

, δ > 0, 0 < ρ < δ ,

W0(r, z) =
5r

8

4

+ z4 > 0.

4 1 , (14) u=(−x2,

− y2,−z2)T (0, 0, 0) .

, ⎧⎪⎨
⎪⎩

ẋ = y + xy2 − x3,

ẏ = −x − y3,

ż = −z3,

Lyapunov

V =
1
2
(x2 + y2 + z2) +

3
8
xy3 − 3

8
x3y.

V̇ = −(
5r

8

4

+ z4)+ o(ρ4) , (14)

.

6 (Conclusions)

, ,

,

Lyapunov ,

.

.

,

.

5 , u =
(0,−y2,−z2)T, G4 = x2y2 − y4 − z4

x
∂V4

∂y
− y

∂V4

∂x
�= G4.

n = 4, l = 2, n1 = 1, n2 = 2, nl = n/2, λ4
0 = 1,

λ4
1 = 0, λ4

2 = 1/4.

W0(r, z) =
1
4
r4 + z4 > 0

, (14) .

Lyapunov

V =
1
2
(x2 + y2 + z2) +

3
4
xy3 +

1
4
x3y,

.

.

[17] .
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