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Online bootstrap monitoring of the stationarity for
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CHEN Zhan-shou1, TIAN Zheng1,2

(1. Department of Applied Mathematics, Northwestern Polytechnical University, Xi’an Shannxi 710129, China;

2. State Key Laboratory of Remote Sensing Science, Institute of Remote Sensing Applications, Chinese Academy of Science,

Beijing 100101, China)

Abstract: Impulse noise makes random signals occur heavy tails. For the online heavy tailed random signal with

symmetrically distributed stable noise, we propose a kernel weighted variance ratio procedure to sequentially detect its

stationarity. The asymptotic distribution of the monitoring statistic under nonstationary null hypothesis is derived, and its

consistency is proved. In order to determine the critical values of the monitoring statistic and avoid the estimation of the

tail index, we propose a bootstrap resampling method. Simulations and analysis of two groups of real data validate the

proposed procedure.
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2 (Problem description)
(1) :

Yt =δt+ut, ut =ρut−1+εt, t�1, u0 =0, (1)

: δt , ρ ∈ (−1, 1] , |ρ| <

1 , (1) , ρ = 1 , (1)

.

, ,

|ρ| < 1 , (1) ,

Yt ∼ I(0), ρ = 1
, Yt ∼ I(1). {εt}

, 1.

1 {εt} ,

,

T × P (ε1/aT ∈ ·) −→ μ(·), (2)

aT TP (|ε1| > aT) v−→ 1, μ

2μ(dx) = κ|x|−κ−1dx, (3)

v−→ R–{0} . [12]

(a−1
T

[Tτ ]∑
t=1

εt, a
−2
T

[Tτ ]∑
t=1

ε2
t )

d−→ (U1(τ), U2(τ)), (4)

: U1(τ) U2(τ) [0, 1] κ κ/2
Levy , aT=T 1/κL(x), L(x) , κ∈(1, 2)

, [x] x .

1 1 (2) (3)

, κ

, 1 < κ < 2,

, κ = 2 , [13].

δt = 0 ,

3 . (1) Y1,

Y2, · · · , 1, 2, · · · , .

,

, {Yt, t > 0} I(0)
I(1) . T ,

s ∈ [1/T, 1],

ΓT(s) =
[Ts]−3

[Ts]∑
i=1

(
i∑

j=1

Yj)2Kh(i − [Ts])

[Ts]−2
[Ts]∑
i=1

Y 2
i

, (5)

: Kh(·) = K(·/h)/h, K(·) 0,

, Lipschitz , h = hT > 0
,

T/hT → ζ ∈ [1,∞), T → ∞.

2 Kh(·),

, [6].

3 (Asymptotic distribution)
(5)

, .

1 (1) {Yt}
, Yt ∼ I(1), T → ∞ ,

ΓT(s) ⇒ Υ (s) =� s

0
K(ζ(r − s))

(� r

0
U1(t)dt

)2

dr

sζ−1
� s

0
U1(r)2dr

.

i = [Tr], j = [Tt], Yt ∼ I(1)

T−1a−1
T

i∑
j=1

Yj ⇒
� r

0
U1(t)dt,

T−1a−2
T

[Ts]∑
i=1

Y 2
i ⇒

� s

0
(U1(r))2dr.

K(·) Lipschitz , T/h → ζ ,

TKh(i − [Ts]) =
T

h
K((T/h)(i/T − [Ts]/T )) → ζK(ζ(r − s)).

(6)

, .

.

2 (1) {Yt}
, Yt ∼ I(0), T → ∞ ,

ΓT(s) → 0.

i = [Tr], (4)

a−1
T

[Tr]∑
j=1

Yj ⇒ U1(r).

(6)

Z1T(s) = a−2
T

[Ts]∑
i=1

(
i∑

j=1

Yj)2Kh(i − [Ts]) ⇒

ζK(ζ(r − s))
� s

0
(U1(r))2dr,

Z2T(s) = a−2
T

[Ts]∑
i=1

Y 2
i ⇒ U2(s).

ΓT(s) =
[Ts]−3Z1T(s)
[Ts]−2Z2T(s)

→ 0.

.
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k , c Υ (s)
, min Φ = T . 1 2

,

RT =RT(c)=min{k � n � T : UT(n/T )<c},
ΓT(s)

.

, δt = β0 δt = β0 + β1t ,

,

. δt = β0 ,

ε̂i = Yi − i−1
i∑

j=1

Yj, i = 1, · · · , T

(5) Yi, δt = β0 + β1t ,

ε̂i = Yi − β̂0,i − β̂1,ii, i = 1, · · · , T

. β̂0,i β̂1,i i

β0 β1 .

3 δt = β0 + β1t , (1)

, |ρ| < 1 ,

, ρ = 1 , ,

.

4 Bootstrap (Bootstrap method)
, κ ,

Υ (s) κ .

(

) κ,

.

,

,

, ,

. ,

bootstrap [11,14] .

,

.

N + 1 , N

bootstrap , :

Step 1

ε∗1 = Y1, ε∗2 = Y2 − Y1, · · · , ε∗N = YN − YN−1,

ε̂j = ε∗j −
1
N

N∑
i=1

ε∗i , j = 1, 2, · · · , N.

Step 2 {ε̂1, · · · , ε̂N} M

bootstrap u1, · · · , uM .

Step 3 Y ∗
t =Y ∗

t−1+ut, t=1, · · · , M, Y ∗
0 =0,

Γ ∗
M(s) =

[Ms]−3
[Ms]∑
i=1

(
i∑

j=1

Y ∗
j )2Kh1(i − [Ms])

[Ms]−2
[Ms]∑
j=1

Y ∗2
j

.

Step 4 Step 2 Step 3 B ,

Γ ∗
M(s) Υ (s) .

3 M → ∞, N → ∞, M/N →
0, x

Pϕ(Γ ∗
M(s) � x) p→ P (Υ (s) � x),

: ϕ = σ(εi, i � 1), Pϕ ϕ .

ε̂1, · · · , ε̂N bootstrap ui ,

u∗
i ,

1
aM

[Mt]∑
i=1

ui =
1

aM

[Mt]∑
i=1

u∗
i −

[Mt]
NaM

N∑
j=1

εj.

(4) 3 [14]

Pϕ(a−1
M

[Mt]∑
i=1

ui � x) p→ P (U1(t) � x),

Pϕ(a−1
M

[Mt]∑
i=1

u2
i � x) p→ P (U2(t) � x).

, 1 .

.

5 (Simulation results)
.

DGP1 (5) ,

DGP2 (5) ,

,

, .

DGP1: Yt = Yt−1 + εt, t = 1, · · · , T ;

DGP2: Yt = 0.5Yt−1 + εt, t = 1, · · · , T .

κ = 1.14, 1.83
(κ = 2) {εt}.

T = 250, 500, N = 0.2T , 0.3T , boot-

strap M = [T/log(T )], B =
400, K(x) = (2π)−1/2e−x2/2.

0.05 , h =
0.7T , h1 = 0.6M . 10000

1(T =
250) 2(T = 500). , κ 2 ,

,

, .

κ ,
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.

N T , ,

, 2 .

4 1,

N + 1 ,

1, N + 1 ,

, , ,

, .

1 T = 250
Table 1 Simulation results for T = 250

N = 0.2T N = 0.3T
κ

1.14 0.065 0.843 23.8 0.059 0.875 17.0

1.83 0.058 0.826 23.7 0.051 0.889 13.7

2 0.055 0.819 22.5 0.049 0.872 11.4

2 T = 500
Table 2 Simulation results for T = 500

N = 0.2T N = 0.3T
κ

1.14 0.056 0.959 18.7 0.054 0.975 9.28

1.83 0.049 0.944 18.4 0.05 0.979 8.5

2 0.052 0.958 17.2 0.049 0.969 8.78

6 (Example analysis)
1

, [15],

,

. 1999 1

.

21 31 20

, 488

1(a). ,

. [16]

, 40 ,

, 1.5443,

( 1(b)). 5

, 100 , 1(a)

101 , 0.05

,

, ( ARIMA

) . [10]

, ,

,

.

(a)

(b)

1

Fig. 1 Deleted seasonal data and estimation of tail index
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2 (EGTM)

,

EGTM [17]. 2(a)

EGTM

300 . , EGTM

,

,

, .

40

( 2(b)), 1.8822. 1

, 100 , 101

,

0.05 , 102

, ,

, ( ARMA )

. ADF [10] ,

(

),

. ,

.

(a)

(b)

2 EGTM

Fig. 2 EGTM original data and Estimation of tail index

7 (Conclusions)

, ,

,

.

,

,

. ,

,

,

,

. ,
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, ,

.
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