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Adaptive neural control of uncertain nonholonomic systems with
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Abstract: An adaptive neural network control is applied to nonholonomic systems in chain form, with unknown virtual

control coefficients and strong drift nonlinearities. The Backstepping technique and state-scaling are employed in design-

ing the adaptive neural network control laws. Nussbaum-type functions are used to solve the problem of the completely

unknown control direction. The uniform ultimate boundedness of all signals in the closed-loop is guaranteed; and the

systems states are proven to converge to a small neighborhood of zero. The control performance of the closed-loop system

is achieved by appropriately choosing the design parameters. The proposed adaptive neural network control is free from

the control singularity problem. An adaptive control-based switching strategy is used to overcome the uncontrollability

problem associated with x0(t0) = 0. Simulation results are provided to show the effectiveness of the proposed approach.
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2 (Problem formulation

and preliminaries)
2.1 (Problem formulation)

:⎧⎪⎨
⎪⎩

ẋ0 = d0(x0(t0))u0 + φ0(t, x0),

ẋi = di(x̄i(t))xi+1u0 + φi(x0, x̄i(t)),

ẋn = dn(x̄n(t))u1 + φn(x0, xn),

(1)

: 1 � i < n, n > 2, (x0, x1, · · · , xn)
, x̄i = (x1, · · · , xi)T ∈ R

i, u0, u1 ,

d0 di(1 � i � n) , φ0

φi(1 � i � n) .

u0 = u0(x0, μ), u1 = u1(x0, x, μ), μ̇ = v(x0, x, μ)

(1) ,

t → ∞ , (x0(t), x(t)) → 0,

.

1 φ0, c01 > 0

|φ0(t, x0)| � c01|x0|, ∀t � 0. (2)

1 � i � n , φi(x0, x̄i(t)) ,

φi(x0, 0) = 0.

.

2[17] d0(x0(t)) ,

d00 d̄0(x0(t))

d00 � d0(x0(t)) � d̄0(x0(t)).

1 � i � n, di(x̄i) ,

di0 > 0 d̄i(x̄i),

0 < di0 � |di(x̄i)| � d̄i(x̄i), ∀x̄i ∈ R
i.

3[17] d̄i(x̄i)
Ii := [l−i , l+i ] ⊂ [di0, +∞) .

1 di(x̄i) ,

di(x̄i) (1) . di(x̄i)

d̄i(x̄i) . di0

l−i l+i ,

.

, Nussbaum
[23].

1 N(s) : R → R

:

lim
s→∞

sup
1
s

� s

0
N(s)ds = +∞,

lim
s→∞

inf
1
s

� s

0
N(s)ds = −∞,

N(s) Nussbaum .

Nussbaum [23∼25].

1 V (·) δ(·) [0, tf)
, V (t) � 0(∀t ∈ [0, tf)). N(·)

Nussbaum-type . :

V (t) � C0+e−C1t
� t

0
(−λ0d1(τ)N(δ)+1)δ̇eC1τdτ,

(3)

: C1 > 0, λ0 >
c01

d00

, d1(t)

I1 : [l−1 , l+1 ], (0 /∈ I1) , C0

, V (t), δ(t)
� t

0
−λ0d1(τ)N(δ)δ̇dτ

[0, tf) .

N(δ) = exp(δ2) cos
πδ

2
.

2.2 (NN) (Linearly parame-

terized neural network)
[18]

h(Z).

hnn(Z) = WTS(Z), (4)

: Z ∈ Ω ⊂ R
n, W = (w1,

· · · , wl)T ∈ R
l, l > 1. S(Z) =

(s1(Z), · · · , sl(Z))T, si(Z) :

si(Z) = exp(
−(Z − μi)T(Z − μi)

η2
i

), i = 1, · · · , l,

(5)

: μi = [μi1, · · · , μin]T , ηi

. ΩZ ∈ R
n ,

(4) ,

h(Z) = W ∗TS(Z) + w(Z), ∀Z ∈ ΩZ, (6)

: W ∗ , w .
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W ∗ ,

:

W ∗ := arg min
W∈Rl

{ sup
Z∈ΩZ

|h(Z) − WTS(Z)|}. (7)

4 Ωi ∈ R
n,

| w(Zi) |� w∗
i , ∀Zi ∈ Ωi, i = 1, · · · , n, (8)

w∗
i � 0 .

3 (Adaptive

neural network control)
3.1 x0(t0) �= 0 , (Controller design

when x0(t0) �= 0 )
1 (1) d0 ,

u0 = −λ0x0, λ0 >
c01

d00

. (9)

Lyapunov V0 =
1
2
x2

0, V0 t

V̇0 � (λ0d0 − c01)x2
0 �

−(λ0d00 − c01)x2
0 = −(λ0d00 − c01)V0 � 0.

, V0 , x0 .

t → ∞ , x0 → 0. (9) , x0 → 0 ,

u0 → 0. u0 = 0 , state-scaling
[8] x .

zi =
xi

xn−i
0

, 1 � i � n. (10)

z , x :{
żi = −λ0di(x̄i(t))zi+1 + φ̄i(x0, z̄i(t)),

żn = dn(x̄n(t))u1 + φ̄n(x0, z),
(11)

1 � i � n − 1,⎧⎪⎨
⎪⎩

z̄i = [z1, · · · , zi]T, 1 � i � n − 1,

φ̄i =
φi

xn−i
0

− zi(n − i)
(−λ0d0x0 + φ0)

x0

.
(12)

u1 n :

Step 1 i = 1 , ξ1 = z1,

ξ2 = z2 − α1. α1 .

Lyapunov :

V1 =
1
2
ξ2
1 +

1
2
W̃T

1 Γ−1
1 W̃1, Γ1 = ΓT

1 > 0.

(6), V1(t) t

V1 = ξ1(−λ0d1(x1(t))(ξ2 + α1) + φ̄1) +

W̃T
1 Γ−1

1
˙̃W1 = −λ0d1ξ1(ξ2 + α1) +

W ∗
1

TS(Z1)ξ1 + w1ξ1 + W̃T
1 Γ−1

1
˙̃W1, (13)

: Z1 =(x0, z1)T∈Ωz1 , φ̄1,

φ̄1 = W ∗
1

TS(x0, z1) + w1(x0, z1).

W̃1 = Ŵ1 − W ∗
1 , Ŵ1 W ∗

1 .

α1:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

α1 = N(δ1)[k1ξ1 + ŴT
1 S(x0, z1)],

N(δ1) = exp(δ2
1) cos(

π

2
δ1), k1 >

1
2
,

δ̇1 = k1ξ
2
1 + ŴT

1 S(x0, z1)ξ1.

(14)

˙̂
W1 = Γ1(S(x0, z1)ξ1 − σ1(Ŵ1 − W 0

1 )), (15)

σ1 , :

−σ1W̃
T
1 (Ŵ1 − W 0

1 ) �

−σ1

2
‖W̃1‖2+

1
2
σ1‖W ∗

1 −W 0
1 ‖2w1ξ1 � 1

2
w2

1 +
1
2
ξ2
1 .

(16)

V1 t

V̇1 �−C11V1 + C12 − λ1d1N(ζ1)δ̇1 +

δ̇1 − λ1d1ξ1ξ2, (17)

: C11 > 0, C12 > 0, :⎧⎪⎨
⎪⎩

C11 := min{2k1 − 1,
σ1

λminΓ
−1
1

},

C12 :=
1
2
σ1‖W ∗

1 − W 0
1 ‖2 +

1
2
w2

1.

(18)

(17) eC11t [0, t]

V1 � C12

C11

+(V1(0)−C12

C11

)e−C11t+

e−C11t
� t

0
(−λ0d1N(δ1) + 1)eC11τ δ̇1dτ −

e−C11t
� t

0
λ0d1ξ1ξ2eC11τdτ. (19)

Step i (2 ��� i ��� n − 1) Step 1,

ξi = zi − αi−1.

Lyapunov

Vi =
1
2
ξ2

i +
1
2
W̃T

i Γ−1
i W̃i, Γi = ΓT

i > 0.

Vi t

V̇i � −λ0diξi(ξi+1 + αi) + ξiφ̄i − ξiα̇i−1 +

W̃T
i Γ−1

i
˙̃Wi = −λ0diξi(ξi+1 + αi) +

W ∗
i

TS(Zi)ξi + wiξi + W̃T
i Γ−1

i
˙̃

iW , (20)

Zi = (x0, z̄i, αi−1,
∂αi−1

∂x0

,
∂αi−1

∂z1

, · · · ,
∂αi−1

∂zi−1

,

wi−1)∈ Ωi ⊂ R
2i+1, :⎧⎪⎪⎪⎨

⎪⎪⎪⎩
α̇i−1 =

∂αi−1

∂x0

ẋ0 +
i−1∑
j=1

∂αi−1

∂zj

żj + wi−1,

wi−1 =
∂αi−1

∂δi−1

δ̇i−1 +
∂αi−1

∂Ŵi−1

˙̂
Wi−1.

(21)

αi :
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⎪⎪⎪⎩

αi = N(δi)(kiξi + ŴT
i S(Zi)),

N(δi) = exp(δ2
i ) cos(

π

2
δi), ki >

1
2
,

δ̇i = kiξ
2
i + ŴT

i S(Zi)ξi.

(22)

:
˙̂

Wi = Γi(S(Zi)ξi − σi(Ŵi − W 0
i )). (23)

σi , :⎧⎪⎨
⎪⎩
− σiW̃

T
i (Ŵi−W 0

i )�−σi

2
‖W̃i‖2+

1
2
σi‖W ∗

i −W 0
i ‖2,

wiξi � 1
2
w2

i +
1
2
ξ2
i , 1 � i � n,

(24)

Vi t

V̇i �−Ci1Vi + Ci2 − λ0diN(δi)δ̇i +

δ̇i − λ0diξiξi+1, (25)

: Ci1 > 0, Ci2 > 0, 1 � i � n, :⎧⎪⎨
⎪⎩

Ci1 := min{2ki − 1,
σi

λmin{Γ−1
i }},

Ci2 :=
1
2
σi‖W ∗

i − W 0
i ‖2 +

1
2
w2

i .

(26)

(25) eCi1t, [0, t]

Vi � Ci2

Ci1

+ (Vi(0) − Ci2

Ci1

)e−Ci1t +

e−Ci1t
� t

0
(−λ0diN(δi) + 1)eCi1τ δ̇idτ −

e−Ci1t
� t

0
λ0diξiξi+1eCi1τdτ. (27)

Step n z , Vn−1 αn−1

. Lyapunov :

Vn =
1
2
ξ2

n +
1
2
W̃T

n Γ−1
n W̃n.

Vn t

V̇n = dnξnu1 + ξnφ̄n − ξnα̇n−1 + W̃T
n Γ−1

n
˙̃Wn =

dnξnu1+W ∗
n

TS(Zn)ξn+wnξn+W̃T
n Γ−1

n
˙̃Wn,

:

Zn = (x0, z̄n,
∂αn−1

∂x0

,
∂αn−1

∂z1

, · · · ,
∂αn−1

∂zn−1

, wn−1),

α̇n−1 =
∂αn−1

∂x0

ẋ0 +
n−1∑
j=1

∂αn−1

∂zj

żj + wn−1,

wn−1 =
∂αn−1

∂δn−1

δ̇n−1 +
∂αn−1

∂Ŵn−1

˙̂
Wn−1.

u1 :⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u1 = −λ0N(δn)(knξn + ŴT
n S(Zn)),

N(δn) = exp(δ2
n) cos(

π

2
δn), kn >

1
2
,

δ̇n = knξ2
n + ŴT

n S(zn)ξn.

(28)

:

˙̂
Wn = Γn(S(Zn)ξn − σn(Ŵn − W 0

n)), (29)

σn , (24) ,

Vn t

V̇n � −Cn1Vn + Cn2 − λ0dnN(δn)δ̇n + δ̇n, (30)

: Cn1 > 0 , Cn2 > 0, (26) .

(30) eCn1t, [0, t]

Vn � Cn2

Cn1

+ (Vn(0) − Cn2

Cn1

)e−Cn1t+e−Cn1t

� t

0
(−λ0dnN(δn) + 1)eCn1τ δ̇ndτ. (31)

1, Vn(t), δn ξn(t), Ŵn

[0, tf) . ξn(t) n − 1

e−C(n−1)1t
� t

0
−λ0dn−1ξn−1ξneC(n−1)1τdτ

. 1 n − 1 ,

Vi(t), ξi(t), Ŵi(t) zi(t)
. xi(t) .

, x0(t0) �= 0 , .

x0(t0) = 0 .

3.2 x0(t0) = 0 (Controller design

when x0(t0) = 0)
x0(t0) = 0 , u0

[8, 17]:

u0 = u∗
0, u∗

0 < 0. (32)

, x0 1 Lipschitz

|φ0| � c01|x0|, x0 .

ts > 0, [0, ts]
u = u∗(x0, μ) (1) ,

(32) u0, (1) :{
ẋi = diu

∗
0xi+1 + φi, 1 � i � n,

ẋn = dnu1 + φn.
(33)

(33) (11) ,

. x0(ts) �= 0, ts,

(9) (28) u0 u1.

1 1∼4 ,

di(x̄i(t)) (1), (9) (28)

u0 u1, (29)

(1) ,

(x0(0), x(0)) ∈ Ω0, :

1) Ω, t � 0 ,

(x0, x) ∈ Ω,

;

2) ,

Ωs:
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⎪⎪⎪⎪⎪⎪⎪⎩

Ωs ={(x0, x) | lim
t→∞

|xi|=0(i=0, · · · , n−1),

lim
t→∞

|xn| = μ},
μ > μξn,max + μαn−1,max,

μξn,max =
√

2(
Cn2

Cn1

+ cn + Vn(0)) � |ξn(t)|.

(34)

1) [26] 1.1 1

(30)(31) Vn, δn, ξn(t) Ŵn

. ξn(t) , n − 1

e−C(n−1)1t
� t

0
−λ0dn−1ξn−1ξneC(n−1)1τdτ

. 1 n − 1 ,

Vi(t), ξi(t), Ŵi(t) zi(t)
, (10) xi(t)

.

2) [26] 1.2 ,

: (31), cn

e−C(n−1)1t
� t

0
−λ0dn−1ξn−1ξneC(n−1)1τdτ

, Vn(t) :⎧⎪⎪⎨
⎪⎪⎩

|ξn(t)|�
√

2(
Cn2

Cn1

+ ci + Vn(0)) = μξn,max,

‖Ŵn‖2 � 2Vn(t)
λmin(Γ−1

n )
.

(35)

Step n − 1 Step 1 , ci

e−Ci1t
� t

0
−λ0diξiξi+1eCi1τdτ

, Vi(t) :⎧⎪⎪⎨
⎪⎪⎩

|ξi(t)| �
√

2(
Ci2

Ci1

+ ci + Vi(0)) = μξi,max,

‖Ŵi‖2 � 2Vi(t)
λmin(Γ−1

i )
.

(36)

(36) (22) αn−1 .

|αn−1| � μα(n−1),max, μ > μξn,max +μα(n−1),max ,

|zn| � μ. (37)

(10) t → ∞, x0 → 0
zi(t) , t →

∞ , x0(t), x1(t), · · · , xn−1(t) → 0, |xn(t)| � μ.

,

, ,

Ωs.

2 1 , 3 , Ω0,

Ω Ωs. 3

[26] 1, Ω0 Ω

Ωs; Ωs .

Ω , Ω0 ,

, ,

.

3.3 (Uncertain dynamic

model)

,

. :⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u̇0 = v0,

ẋ0 = d0(x0(t0))u0 + φ0(t, x0),

ẋi = di(x̄i(t))xi+1u0 + φi(u0, x0, x̄i(t)),

ẋn = dn(x̄n(t))u1 + φn(u0, x0, x̄n),

u̇1 = dn+1(x̄n+1(t))v1 + φn+1(u0, x0, x̄n+1),

(38)

v0 v1 .

5 φ0, c01

φ0(t, x0) = c01x0, ∀t � 0. (39)

,

v0

v0=−λ0u0−λ0c01x0−λ+sgn (u0 + λ0x0). (40)

λ+ , λ0 > c01.

2 λ+

(u0(0), x0(0)), |x0(0)| > 0, |u0(0)| > 1,

u0 = −λ0x0, λ0 >
c01

d00

, ∀t � t0. (41)

u0 + λ0x0,

d
dt

(u0 + λ0x0) = −λ+sgn(u0 + λ0x0). (42)

(41)

t0 =
|u0(0) + λ0x0(0)|

λ+
. (43)

ẋ0 = u0 + φ0 tmin =
d00

d00 + c01

.

λ+ t0 < tmin.

2 (40), (38) :⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ0 = d0(x0(t0))u0 + φ0(t, x0),

ẋi = di(x̄i(t))xi+1u0 + φi(u0, x0, x̄i(t)),

ẋn = dn(x̄n(t))u1 + φn(u0, x0, x̄n),

u̇1 = dn+1(x̄n+1(t))v1 + φn+1(u0, x0, x̄n+1).

(44)

3.1 ,

(44). u1 =αn ,

v, v = αn+1, αn+1

.

ξn+1 =u1−αn, Lyapunov :

Vn+1 =
1
2
ξ2

n+1 +
1
2
W̃n+1Γ

−1
n+1W̃n+1. (45)

, :⎧⎪⎪⎨
⎪⎪⎩

v1 =−λ0N(δn+1)(kn+1ξn+1+ŴT
n+1S(Zn+1)),

N(δn+1)=exp(δ2
n+1) cos(

π

2
δn+1),

δ̇n+1 =kn+1ξ
2
n+1+ŴT

n+1S(Zn+1)ξn+1.

(46)
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˙̂
Wn = Γn(S(Zn)ξn − σn(Ŵn − W 0

n)), (47)

: kn+1 >
1
2

, σn . (24),

Vn+1 t

V̇n+1 �−C(n+1)1Vn+1 + C(n+1)2 −
λ0dn+1N(δn+1)δ̇n+1 + δ̇n+1, (48)

C(n+1)1, C(n+1)2 (26) .

(48) eC(n+1)1t, [0, tf ]

Vn+1 � C(n+1)2

C(n+1)1

+(Vn+1(0)−C(n+1)2

C(n+1)1

)e−C(n+1)1t+

e−C(n+1)1t
� t

0
(−λ0dn+1N(δn+1) +

1)eC(n+1)1τ δ̇n+1dτ. (49)

1, Vn+1(t), δn+1 ξn+1(t), Ŵn+1

[0, tf) . ξn+1(t)
n

e−Cn1t
� t

0
−λ0dnξnξn+1eCn1tdτ

. 1 n ,

Vn+1(t), δn+1, Ŵn+1 zn+1(t)
. xi(t) .

2 1∼5 ,

di(x̄i(t)) (38), (40)

(46) v0 V1,

(38) ,

(x0(0), x(0)) ∈ Ω0, Ω,

t � 0 , (x0, x) ∈ Ω,

, ,

Ωs.

4 (Simulation)
,

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẋ0(t) = u0 +
x0

1 + sin2 x0

,

ẋ1(t) = (1 + x2
1)u0x2 + x0x

2
1,

ẋ2(t) = (3 + cos (x1x2))u1 +
x2

1x
2
2

1 + cos2 x2

.

(50)

(50) (1), (10) ,

:{
ż1 =−λ0(1 + x2

1)z2 + φ̄1,

ż2 = (3 + cos (x1x2))u1 + φ̄2,
(51)

:

φ̄1 = x2
1 + λ0z1 − z1

1 + sin2 x0

,

φ̄2 − α̇1 =
x2

1x
2
2

1 + cos2 x2

− α̇1.

,

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

u0 = −λ0x0,

α1 = N(δ1)(k1ξ1 + ŴT
1 S1(Z1)),

u1 = −λ0N(δ2)(k2ξ2 + ŴT
2 S2(Z2)),

δ̇i = kiξ
2
i + ŴT

i Si(Zi)ξi,
˙̂

Wi = Γi(Si(Zi)ξi − σi(Ŵi − W 0
i )),

(52)

N(δi) = eδ2
i cos(

π

2
δi)(i = 1, 2) Nussbaum-type

.

Z1 =(x0, z1), Z2 =(x0, z1, z2, α1,
∂α1

∂x0

,
∂α1

∂z1

, w1),

w1 =
∂α1

∂δ1

δ̇1 +
∂α1

∂Ŵ1

˙̂
W1.

1,2,3 .

1

Fig. 1 States of simulated system

2

Fig. 2 Control of simulated system

3

Fig. 3 Norm of NN weight
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,

: ŴT
1 S1(Z1) 117 , μl

[−1, 2] × [−0.5, 1.5], η2
1 = 0.1. ŴT

2 S2(Z2)
240 , μl [−1, 0] × [−0.5, 0.5] ×

[−1, 3]× [−1, 3]× [−0.5, 1.5]× [−0.5, 1.5]× [−1, 1].

(x0(0), x1(0), x2(0)) = (1, 1, 1),

Ŵ1(0) = 0, Ŵ2(0) = 0, W 0
1 = W 0

2 = 0,

σ1 = σ2 = 0.1, λ0 = 2, k1 = 1, k2 = 1,

Γ1 = 0.4, Γ2 = 0.2.

, 1

(x0, x1, x2) . 2

, . 3

. ,

. .

5 (Conclusion)

,

.

,

. Nussbaum-type

.

, ,

. ,

.
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