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Adaptive neural-network tracking control for
SISO affine nonlinear systems with zero-dynamics

GUO Peng1, HU Hui1,2, LIU Guo-rong1, LIU Dong-bo1,2

(1. Hunan Institute of Engineering, Xiangtan Hunan 411104, China;

2. College of Electrical and Information Engineering, Hunan University, Changsha Hunan 410082, China)

Abstract: A direct adaptive neural-network tracking control scheme is presented for SISO affine nonlinear systems with

zero-dynamics. Parameters in neural-networks are updated by using a gradient descent method for minimizing a quadratic

cost function of the error between the unknown ideal controller and the current neural-networks controller. There is no

robust-control term in the controller. By Lyapunov stability theorem, we prove the convergence of parameters as well as

the uniform ultimate-boundedness of the tracking error and the states of the corresponding closed-loop system. Simulation

results illustrate the feasibility of this method
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2 (Problem formulation)
SISO :{

ẋ = f(x) + g(x)u,

y = h(x).
(1)

: x ∈ R
n, u, y ∈ R

, Ωx ⊂ R
n, Ωu ⊂ R , x ∈ Ωx,

u ∈ Ωu; f(x), g(x) ; h(x) ∈ R

; r < n, ∀(x, u) ∈ U ,

: 2009−09−02; : 2010−05−05.

: (09JJ3094); (2008FJ3029); (09B022);

(09JJ8006).
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U = Ωx × Ωu.

, T (x) = (ξT, ηT)T,

(1) ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dξi

dt
= ξi+1 i = 1, · · · , r − 1,

dξr

dt
= α(ξ, η) + β(ξ, η)u,

dη

dt
= q(ξ, η),

y = ξ1.

(2)

ξi = Li−1
f h(x), α(ξ, η) = Lr

fh(x) β(ξ, η) =
LgL

r−1
f h(x) �= 0. β(ξ, η) ,

, , c,

β(ξ, η) � c > 0.
[6].

1
dη

dt
= q(0, η)

, q(ξ, η) ξ Lipschitz . Lyapunov

V0(η)

σ1 ‖η‖2 � V0(η) � σ2 ‖η‖2
, (3)

∂V0(η)
∂η

q(0, η) � −σ3 ‖η‖2
, (4)

‖∂V0(η)
∂η

‖ � σ4‖η‖, (5)

σi, i = 1, 2, 3, 4 .

‖q(ξ, η) − q(0, η)‖ � Lξ ‖ξ‖ , (6)

Lξ Lipschitz .

ȳd = (yd, ẏd, · · · , y
(r−1)
d )T ∈ R

r,

yd .

e = yd − y, ē =
(e, ė, · · · , e(r−1) )T ∈ R

r, ,

:
·
ē = A0ē + b[y(r)

d − α(ξ, η) − β(ξ, η)u], (7)

A0 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
...

0 0 0 · · · 1
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

r×r

, b =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
0
0
...

1

⎤
⎥⎥⎥⎥⎥⎥⎦

r×1

.

(A, b) , K = [k0 k1

· · · kr−1]T, Ac = A0 − bKT

, Q,

Lyapunov P :

AT
c P + PAc = −Q. (8)

: SISO

(1),

, (1)

,

.

2 yd r

, bd,

‖(yd, y
(1)
d , · · · , y

(r−1)
d )T‖ � bd.

3 (Design of controller)

ν=y
(r)
d +KTē+λ tanh(

bTP ē

Ξ
), Ξ ,

λ ,

. tanh(·) ∈ (−1, 1), ē , tanh(
bTP ē

Ξ
)

, , ē , tanh(
bTP ē

Ξ
)

, ē → 0 , tanh(
bTP ē

Ξ
) → 0.

(7) ν, ,

·
ē = (A0 − bKT)ē − bλ tanh(

bTP ē

Ξ
) −

b[α(ξ, η) + β(ξ, η)u − ν]. (9)

(9) , α, β ,

u∗(ξ, η, ν) :

u∗(ξ, η, ν) = β−1(ξ, η)(ν − α(ξ, η)), (10)

·
ē = (A0 − bKT)ē − bλ tanh(

bTP ē

Ξ
), (11)

Lyapunov :

V = ēTP ē, (12)

(8) (11)

V̇ = −ēTQē − 2λbTP ē tanh(
bTP ē

Ξ
), (13)

bTP ē tanh(
bTP ē

Ξ
) , V̇ �

0, e = 0 , V̇ = 0,

lim
t→∞

|e| = 0, . (10)

, α(ξ, η) β(ξ, η) , (10) .

GGAP-RBF u(z) =
ϕT(z)θ, z = [ξT ηT v]T u∗(z),

θ = (θ1 · · · θM)T , ϕ(z) =
(ϕ1(z) · · ·ϕM(z))T . ,

[11,12], GGAP-

RBF ,

,

, .

, Ω(z) θ∗

u(z) u∗(z),
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u∗(z) = ϕT(z)θ∗ + δ(z), ‖δ(z)‖ � δ̄, (14)

δ(z) ,

, δ̄ , , θ∗

.

Ω(z) , Ω(z)
z ,

z ∈ Ω(z), ‖δ(z)‖ � δ̄ .

eu

eu = u∗(z) − u(z) = ϕT(z)θ̃ + δ(z), (15)

θ̃ = θ∗ − θ.

(9) u∗(z), (10)
·
ē =

Acē−bλ tanh(
bTP ē

Ξ
)−b[α(ξ, η)+β(ξ, η)u] −

b[β(ξ, η)u∗(z) − β(ξ, η)u∗(z) − ν] =

Acē−bλ tanh(
bTP ē

Ξ
)−bβ(ξ, η)(u(z)−u∗(z)).

(16)

Ac = A0 − bKT,

e(r) + KTē + λ tanh(
bTP ē

Ξ
) = β(ξ, η)eu. (17)

θ ,

Jθ =
1
2
e2
u =

1
2
(u∗(z) − ϕT(z)θ)2. (18)

(18),

θ̇ = −γϕ(z)eu. (19)

(19) , eu, eu ,

θ̇ , ,

(17), γ = γθβ(ξ, η), γθ

, (19),

θ̇ = −γθϕ(z)β(ξ, η)eu =

γθϕ(z){ē(r) + KTē + λ tanh(
bTP ē

Ξ
)}. (20)

[10] , ,

(20) θ̃ ,

,

(20) , [10] ,

σ– ,

θ̇ = γθϕ(z){ē(r) + KTē+

λ tanh(
bTP ē

Ξ
)} − γθσθ, (21)

σ .

4 (Converge-

nce and stability analysis of control system)
,

. Lyapunov :

Vθ=
1

2γθ

θ̃Tθ̃. (22)

(15)(19), (22) ,

V̇θ = −θ̃T (ϕ(z)β(ξ, η)eu−σθ) =

−ϕT(z)θ̃β(ξ, η)eu + σθ̃Tθ =

−β(ξ, η)e2
u + β(ξ, η)δ(z)eu + σθ̃Tθ. (23)

:

σθ̃Tθ = −σ

2
‖θ̃‖2 − σ

2
‖θ‖2 +

σ

2
‖θ̃ + θ‖2 �

− σ

2
‖θ̃‖2 +

σ

2
‖θ∗‖2, (24)

−e2
u + δ(z)eu =

−1
2
e2
u +

1
2
δ2(z) − 1

2
(eu − δ(z))2 �

− 1
2
e2
u +

1
2
δ2(z). (25)

(24)(25) (23) ,

V̇θ �−1
2
β(ξ, η)e2

u +

1
2
β(ξ, η)δ2(z) − σ

2
‖θ̃‖2 +

σ

2
‖θ∗‖2, (26)

: θ∗ , δ(z) β(ξ, η) ,

ψ

ψ = sup
t

(
1
2
β(ξ, η)δ2(z)) +

σ

2
‖θ∗‖2

, (27)

V̇θ � −1
2
ρVθ + ψ − 1

2
β(ξ, η)e2

u, (28)

ρ = σγθ. (28) , Vθ > ψ/ρ , V̇θ < 0,

θ̃ . (28)

‖θ̃‖2 � ‖θ̃(0)‖2e−ρt + 2γθ

ψ

ρ
, (29)

θ̃ Ωθ = {θ̃|‖θ̃‖2 �
2γθ

ψ

ρ
}. (29)

‖θ̃‖ � ‖θ̃(0)‖e−0.5ρt +
√

2γθψ/ρ, (30)

β(ξ, η)(ϕT(z)θ̃ + δ(z)) � ψ0e−0.5ρt + ψ1, (31)

ψ0, ψ1 .

1[13]

0 � |ς| − ς · tanh(
ς

Ξ
) � KcΞ (32)

Ξ > 0 ς ∈ R . Kc Kc =
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e−(Kc+1) , Kc = 0.2785.

1 (1) 1,

(21) ,

(1) ,

.

Lyapunov

V (ē, η) = ēTP ē + μV0(η), (33)

μ > 0 . V (ē, η) , (8)

(15) (16) (31)

V̇ (ē, η) =

ēT
(
AT

c P + PAc

)
ē − 2bTP ēλ tanh(

bTP ē

Ξ
) +

2bTP ēβ(ξ, η)(u∗ − u) + μV̇0(η) �

−ēTQē − 2bTP ēλ tanh(
bTP ē

Ξ
) +

2
∣∣bTP ē

∣∣ (
ψ0e−0.5ρt + ψ1

)
+ μV̇0(η). (34)

λ λ � ψ1, 1,

1

V̇ (ē, η) �
−ēTQē + 2

∣∣bTP ē
∣∣ ψ0e−0.5ρt +

2ψ1KcΞ + μ
∂V0(η)

∂η
[q(0, η) + q(ξ, η) − q(0, η)] �

−ēTQē − μσ3 ‖η‖2 + μσ4Lξ ‖ξ‖ ‖η‖ +
2ψ1KcΞ. (35)

2,

2|bTP ē|ψ0e−0.5ρt � 0.5||ē||2 + 2||bTP ||2ψ2
0e

−ρt,

‖ξ‖ � ‖ē‖ + ‖(yd y
(1)
d · · · y

(r−1)
d )T‖ �

‖ē‖ + bd,

V̇ (ē, η) �
−(λmin(Q) − 0.5) ‖ē‖2 − μσ3 ‖η‖2 +
μσ4Lξ ‖ē‖ ‖η‖+μσ4Lξbd ‖η‖ + · · · +
2||bTP ||2ψ2

0e
−ρt+2ψ1KcΞ. (36)

μσ4Lξ ‖ē‖ ‖η‖ � 1
2
μσ4Lξε1 ‖η‖2 +

1
2ε1

μσ4Lξ ‖ē‖2
, (37)

μσ4Lξbd ‖η‖�(μσ4Lξε2bd)
2 ‖η‖2+

1
4ε2

2

, (38)

(36)

V̇ (ē, η) �

−(λmin(Q)−0.5)‖ē‖2−μσ3‖η‖2+
1
2
μσ4Lξε1‖η‖2+

· · · + 1
2ε1

μσ4Lξ‖ē‖2 + (μσ4Lξε2bd)2‖η‖2 +

1
4ε2

2

+ 2||bTP ||2ψ2
0e

−ρt + 2ψ1KcΞ �

−(λmin(Q) − 0.5 − 1
2ε1

μσ4Lξ)‖ē‖2 −

μ[σ3 − 1
2
σ4Lξε1 − μ(σ4Lξε2bd)2]‖η‖2 +

1
4ε2

2

+ 2||bTP ||2ψ2
0e

−ρt + 2ψ1KcΞ, (39)

ε1, ε2 , ε1, ε2, σ3− 1
2
σ4Lξε1−

μ(σ4Lξε2bd)2 > 0, ε =
1

4ε2
2

+ 2||bTP ||2ψ2
0e

−ρt +

2ψ1KcΞ . μ =
1
2
(σ3 − 1

2
σ4Lξε1)

(σ4Lξε2bd)2
,

V̇ (ē, η) �−(λmin(Q) − 0.5 − 1
2ε1

μσ4Lξ)‖ē‖2 −
1
4

(σ3 − 1
2
σ4Lξε1)2

(σ4Lξε2bd)2
‖η‖2 + ε. (40)

Q, λmin(Q)−0.5− 1
2ε1

μσ4Lξ > 0,

, η ,

‖ξ‖ � ‖ē‖+ ‖(yd y
(1)
d · · · y

(r)
d )T‖ � ‖ē‖+ bd,

ξ . .

5 (Simulation example)
SISO :⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

[
ẋ1

ẋ2

]
=

[−4x1+ 2x1x
2
2

0

]
+

[
0

0.1 sin x1

]
+

([
0
1

]
+

[
0

0.1 sin x2

])
u,

y = x2.

(41)

y yd = 2 sin(0.5t).
r = 1. T (x) =

[ξT ηT]T = [x2 x1]T, ẋ1 = −4x1,

. x(0) =
[
0 0.6

]T
,

: Q = diag[10 10], P =
[
15 5
5 5

]
,

K = [1 2]T, Ξ = 0.01, γθ = 9,

σ = 0.05. MATLAB ,

1, 2 .

1 ,

.

2 GGAP-RBF

, 21 . 3
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,

.

.

1

Fig. 1 Plots of output tracking of system

2

Fig. 2 Node number of hidden layer

3 θ

Fig. 3 Norm of the weight vectors θ

6 (Conclusion)
SISO

.

,

.

,

GGAP-RBF

. Lyapunov

. .
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