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Global dynamic-behavior of a group of swarms in
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Abstract: This paper investigates global dynamic-behavior of a group of swarms in directed network by means of graph

theory, matrix analysis and control theory. The swarms consist of many identical dynamical agents and each agent is stable

in the sense of Lyapunov when it is disconnected from other agents. Each agent communicates the biased position infor-

mation with its neighbors. When each dynamical agent employs a linear distributed protocol in communication network,

the global dynamic-behaviors of swarms not only depend on the dynamic equations of agents, but also on the algebraic

characteristics associated with the network topology. Moreover, algebraic criteria are developed for the agents to achieve

gradual aggregation, periodical stability or divergence in trajectories. Finally, the simulation example shows the desired

result.
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2 (Problem description)
M

,

G=(V, E ,A) . G pi(i ∈
M = {1, 2, · · · , M}) i .

: G
eij ∈ E , pi pj

. , eij /∈ E pi

pj . G
, G

.

1[21] G M

, Lapalician L

, . 1M =
[1 1 · · · 1]T ,

L · 1M = 0.

xi = (xi1, xi2)T ∈ R
2 pi(i ∈

M) , :⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋi = vi,

miv̇i = Kvi + ui,

yi = F

(
xi

vi

)
,

(1)

: vi = (vi1, vi2)T ∈ R
2 pi , mi

, K =

[
−ki 0
0 −ki

]
,

ui ∈ R
2 ,

yi ∈ R
2 pi , F =

[C 02×2], C =

[
1 δi

−δi 1

]

, δi pi

.

, mi = 1, i ∈ M ,

, δi = δ, i ∈ M .

ki = k > 0(i ∈ M)
,

, ,

.

ui =
∑

pj∈Ni

aij(yj − yi), (2)

: Ni pi , aij

A .

ξ = (ξT
1 ξT

2 · · · ξT
M)T, ξi = (xT

i vT
i )T =

(xi1 xi2 vi1 vi2)T(i ∈ M) i (

),

ξ̇ = Ψξ, (3)

: Ψ = IM ⊗ A − L ⊗ B,

A =

[
02×2 I2×2

02×2 K

]
, B =

[
02×2 02×2

C 02×2

]
, (4)

L G Laplacian .

1 δ = 0, C = I2×2,

(1) (2)
[14].

3 (Analysis for the

globally behaviors of swarms)

G, 1, Ψ .

1 G
, Ψ

. , Ψ

vr, vl,

:

vr =
1

k

√
M∑
i=1

πi

1M ⊗
[

I2×2

02×2

]
,

vl =
1√
M∑
i=1

πi

ΠM ⊗ [−K I2×2 ]. (5)
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vlvr = I2×2, ΠM =(π1, π2, · · · , πM),1M =
(1, 1, · · · , 1)T G Laplacian L

, ΠML = L1M = 0.

Ψ = IM ⊗ A − L ⊗ B =

IM ⊗
[
02×2 I2

02×2 K

]
− L ⊗

[
02×2 02×2

C 02×2

]
,

Kronecker vr, vl ,

Ψ

, vlvr = I2. .

,

.

2 μ, A −
μB (Hurwitz)

k > 0 δ

k > |δ|√μ, (6)

A, B (4) .

(4) A, B ,

A − μB =

[
02×2 I2

−μC K

]
.

|−μC| = μ2 +μ2δ2 > 0, rank(A−μB) =
4. A − μB

πA−μB(s) = det(sI − (A − μB)) =∣∣∣∣∣∣∣∣∣

s 0 − 1 0
0 s 0 − 1
μ δμ s + k 0

−δμ μ 0 s + k

∣∣∣∣∣∣∣∣∣
=

s4 + a1s
3 + a2s

2 + a3s + a4,

:

a1 =2k, a2 =k2 + 2μ, a3 =2kμ, a4 =μ2(1+δ2).

πA−λmB(s) (Routh)

s4 1 a2 a4

s3 a1 a3 0

s2 b1 b2 0

s1 c1 0

s0 d1

,

:

b1 =
a1a2 − a3

a1

, b2 = d1 = a4 = μ2(1 + δ2),

c1 =
b1a3 − a1b2

b1

=
a1a2a3 − a2

3 − a2
1a4

a1b1

.

, πA−λmB(s) a1 >

0, b1 > 0, c1 > 0, d1 > 0. μ > 0, k > 0,

4 a1a2a3 − a2
3 −

a2
1a4 > 0 ,

k2 > μδ2. , πA−λmB(s)
k > |δ|√μ. .

3 α, β, I2 ⊗A−
V ⊗ B k > 0 δ

|δ| <
α

β
, (7)

k >
β + α|δ|√
α − β|δ| , (8)

V =

[
α β

−β α

]
, A, B (4) .

I2×2 ⊗ A − V ⊗ B

π(s) = det(sI8 − (I2×2 ⊗ A − V ⊗ B)) =∣∣∣∣∣sI4 − (A − αB) βB

−βB sI4 − (A − αB)

∣∣∣∣∣ =

[s4 + 2ks3 + (k2 + 2θ1)s2 + 2kθ1 · s + θ0] ·
[s4 + 2ks3 + (k2 + 2θ2)s2 + 2kθ2 · s + θ0],

:

θ0 =(α2+β2)(1+δ2), θ1 =α+βδ, θ2 =α−βδ.

2 , -

, π(s) ,

I2×2 ⊗A− Vn ⊗B

α−β · |δ| > 0 k >
α|δ| + β√
α − β|δ| .

. .

,

(2) , (3) .

2 G ,

(2) .

I) C δ

|δ| � min
i∈r

αi

βi

, (9)

αi ± βiiI, i ∈ r, αi > 0, βi > 0 Laplacian

L 2r , (3)

.

II) C δ

|δ| < min
i∈r

αi

βi

, (10)

(3)

, k. :

i) k

k > k∗ = max{max
i∈r

αi|δ| + βi√
αi − βi|δ|

,
√

λ|δ|}, (11)
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λ Laplacian L ,

(3) ,

.

ii) k

k = k∗ = max{max
i∈r

αi|δ| + βi√
αi − βi|δ|

,
√

λ|δ|}, (12)

(3)

. ,

ᾱ|δ| + β̄√
ᾱ − β̄|δ| = max

i∈r+1

αi |δ| + βi√
αi − βi |δ|

,

: αr+1 = λ, βr+1 = 0,

ω =
√

ᾱ − β̄|δ|. (13)

iii) k

k < k∗ = max{max
i∈r

αi|δ| + βi√
αi − βi|δ|

,
√

λ|δ|}, (14)

.

, 1, Laplacian L

, . ,

|λIM − L| = 0 s

, r , λIM − L

:

(λ − λ1)c1 , · · · , (λ − λs)cs ,

[(λ − α1)2 + β2
1 ]

cs+1 , · · · , [(λ − αr)2 + β2
r ]

cs+r ,

: c1 = 1,
s∑

i=1

ci + 2
s+r∑

n=s+1

cn = M .

Λ L ,

U ∈ R
M×M U−1LU = Λ, :

Λ = diag{J1, · · · , Js, Js+1, · · · , Js+r},

Jm =

⎡
⎢⎢⎢⎢⎢⎢⎣

λm 1
0

. . .
. . .

0

. . . 1

λm

⎤
⎥⎥⎥⎥⎥⎥⎦

, m ∈ s,

Jn =

⎡
⎢⎢⎢⎢⎢⎢⎣

Vn ∗
0

. . .
. . .

0

. . . ∗
Vn

⎤
⎥⎥⎥⎥⎥⎥⎦

, n ∈ r.

: J1 = 02×2, Vn =

[
αn βn

−βn αn

]
.

(U−1 ⊗ I4) · Ψ · (U ⊗ I4)=IM ⊗ A−Λ ⊗ B=⎡
⎢⎢⎣

Ic1 ⊗ A−J1 ⊗ B · · · 04×4

...
. . .

...

04×4 · · · Ics+r
⊗A−Js+r ⊗ B

⎤
⎥⎥⎦ ,

(3) A−λmB,

m ∈ s I2×2 ⊗ A − Vn ⊗ B(n ∈ r) .

3, |δ| � min
i∈r

αi

βi

, I2×2 ⊗ A −
Vn ⊗ B, n ∈ r ,

.

λ1 = 0 , A − λ1B = A

s1 = s2 = 0, Re(s3) = Re(s4) = −k < 0.

2 3, A − λmB, m ∈ {2, · · · , s}
I2×2 ⊗ A − Vn ⊗ B( n ∈ r)

(10) (11) .

, (10) (11) , Ψ

γ1, γ2, · · · , γ4M ,

Θ := (θ1, θ2, · · · , θ4M−1, θ4M) ∈ R
4M×4M ,

Θ−1 =Θ̃ :=(θ̃T
1 , θ̃T

2 , · · · , θ̃T
4M−1, θ̃

T
4M)T∈R

4M×4M ,

ΨΘ = Θ̃Ψ = Θ

⎡
⎢⎢⎢⎢⎢⎢⎣

02 0 0 · · · 0
0 J1 0 · · · 0
0 0 J2 · · · 0
...

...
...

. . .
...

0 0 0 · · · JM

⎤
⎥⎥⎥⎥⎥⎥⎦

= ΘJ = JΘ̃,

: J1 γ3 γ4 , Ji(i = 2,

3, · · · , M) γ4i−3, γ4i−2, γ4i−1 γ4i

. Re(γi) < 0( 3 � i � 4M),

lim
t→∞

eJt =

[
I2×2 02×(4M−2)

0(4M−2)×2 0(4M−2)×(4M−2)

]
,

lim
t→∞

exp(Ψt)=Θ

[
I2×2 02×(4M−2)

0(4M−2)×2 0(4M−2)×(4M−2)

]
Θ̃.

1,

vr = (θ1 θ2), vl =

(
θ̃1

θ̃2

)
,

lim
t→∞

exp(Ψt) = vrvl.

ξ(t) = exp(Ψt)ξ(0),

lim
t→∞

ξ(t) = lim
t→∞

exp(Ψt)ξ(0) = vrvlξ(0) =
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1
M∑
i=1

πi

1MΠM ⊗
[

I2×2 −K−1

02×2 02×2

]
·

⎡
⎢⎢⎢⎢⎢⎢⎣

x1(0)
v1(0)

...

xM(0)
vM(0)

⎤
⎥⎥⎥⎥⎥⎥⎦

,

lim
t→∞

xi(t) =
πi

M∑
i=1

πi

M∑
j=1

[xj(0) − 1
k
vj(0)] = x∗,

lim
t→∞

vi(t) = 0, i ∈ {1, 2, · · · , M}.

, (2)

, .

(3) (10) (12)

. Laplacian L

λ. |δ| < min
i∈r

αi

βi

max
i∈r

αi|δ| + βi√
αi − βi|δ|

<

√
λ|δ| ,

k=k∗=max{max
i∈r

αi|δ| + βi√
αi − βi|δ|

,
√

λ|δ|}=
√

λ|δ|,

A−λiB( i = 2, 3, · · · , s−1) I2×2⊗
A − Vn ⊗ B(n ∈ r) . A −
λsB

πA−λB(s) = det(sI − (A − λB)) =
s4 + 2ks3 + (k2 + 2λ)s2 + 2kλs + λ2 + λk2 =
(s2 + λ) · (s2 + 2ks + k2 + λ).

, A − λB

±i
√

λ.

|δ| < min
i∈r

αi

βi

, max
i∈r

αi|δ| + βi√
αi − βi|δ|

>
√

λ|δ|

, , L α1±iβ1

α1|δ| + β1√
α1 − β1|δ|

= max
i∈r

αi|δ| + βi√
αi − βi|δ|

,

k = k∗ =
α1|δ| + β1√
α1 − β1|δ|

, A− λiB(i =

2, 3, · · · , s) I2×2⊗A−Vn⊗B( n ∈ {2, 3, · · · , r})
, I2×2 ⊗ A − V1 ⊗ B

±i
√

α1 − β1|δ|.
, (10) (12) , (3)

. :

αr+1 = λ, βr+1 = 0,

ᾱ|δ| + β̄√
ᾱ − β̄|δ| = max

i∈r+1

αi|δ| + βi√
αi − βi|δ|

,

,

xi(t) = Fi + Gi sin(ωt + φi).

,

vi(t) = Hi + Ki sin(ωt + ψi),

: ω (13) , Fi, Gi, Hi, Ki, φi, ψi

.

, |δ| < min
i∈r

αi

βi

,

k<k∗=max{max
i∈r

αi|δ| + βi√
αi − βi|δ|

,
√

λ|δ|}

, , A−λiB(i ∈ s) I2×2⊗A−Vn⊗
B, (n ∈ r) ,

(3) , .

.

2 G , 1
[19], 2

G .

4 (Simulation example)
5 ,

G( 1) .

1 M = 5 G
Fig. 1 Directed graph G with five nodes

Laplacian : λ1 = 0,

λ2 = 2, λ3 = 3.3247, λ4 = 1.3376− 0.5623i, λ5 =
1.3376 + 0.5623i.

, : x1(0) = (−21, 2)T, x2(0) = (−8,−10)T,

x3(0) = (15,−4)T, x4(0) = (12, 2)T, x5(0) = (25,

25)T, v1(0)=(12,−13)T, v2(0)=(−12, 5)T, v3(0)=
(7, 18)T, v4(0) = (15,−25)T, v5(0) = (−20, 15)T.

(2), δ =
1.5, k=5 , 2

(3) , ,

(8.6857, 6.0857)T,

.

δ

, .

, k = 3,

3 .
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2 δ = 1.5, k = 5,

Fig. 2 The locations and velocities trajectories of the swarms

with δ = 1.5, k = 5

3 δ = 1.5, k = 3, .

Fig. 3 The locations and velocities trajectories of the swarms

with δ = 1.5, k = 3

4 k = 3.6542 ,

.

4 δ = 1.5, k = 3.6542,

Fig. 4 The locations trajectories of the swarms with

δ = 1.5, k = 3.6542

,

5 .

6

. 7 5

.
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5 δ = 1.5, k = 3.6542 ,

Fig. 5 The locations trajectories of each agent with

δ = 1.5, k = 3.6542

6 δ = 1.5, k = 3.6542, .

Fig. 6 The velocities trajectories of the swarms with

δ = 1.5, k = 3.6542

7 δ = 1.5, k = 3.6542 , .

Fig. 7 The velocities trajectories of each agent with

δ = 1.5, k = 3.6542

5 (Conclusions)
,

.

,

.

Laplacian

3

,

, .

,

. ,

.

( References):

[1] REYNOLDS C W. Flocks, birds, and schools: a distributed behav-

ioral model[J]. Computer Graphics, 1987, 21(4): 25 – 34.

[2] WARBURTON K, LAZARUS J. Tendency-distance models of social

cohesion in animal groups[J]. Journal of Theoretical Biology, 1991,

150(4): 473 – 488.

[3] VICSEK T, CZIROK A, BEN-JACOB E, et al. Novel type of phase

transition in a system of self-driven particles[J]. Physical Review Let-
ters, 1995, 75(6): 1226 – 1229.

[4] GIULIETTI F, POLLINI L, INNOCENTI M. Autonomous formation

flight[J]. IEEE Control Systems Magazine, 2000, 20(10): 34 – 44.

[5] BURGARD W, MOORS M, STACHNISS C, et al. Coordinated

multi-robot exploration[J]. IEEE Transactions on Robotics, 2005,

21(3): 376 – 386.

[6] LAFFERRIERE G, WILLIAMS A, CAUGHMAN J, et al. Decen-

tralized control of vehicle formations[J]. Systems and Control Letters,

2005, 54(9): 899 – 910.



1098 28

[7] LIN Zhiyun, BRUCE Francis, MANFREDI Maggiore. Necessary

and sufficient graphical conditions for formation control of unicy-

cles[J]. IEEE Transactions on Automatic Control, 2005, 50(1): 121 –

127.

[8] JADBABAIE A, LIN J, MORSE S A. coordination of groups of mo-

bile autonomous agents using nearest neighbor rules[J]. IEEE Trans-
actions on Automatic Control, 2003, 48(6): 988-1000.

[9] REN W, BEARD R W. Consensus seeking in multiagent systems un-

der dynamically changing interaction topologies[J]. IEEE Transac-
tions on Automatic Control, 2005, 50(2): 655 – 661.

[10] SABER R O, MURRAY R M. Consensus problems in networks of

agents with switching topology and time-delays[J]. IEEE Transac-
tions on Automatic Control, 2004, 49(9): 1520 – 1533.

[11] SABER R O, FAX J A, MURRAY R M. Consensus and cooperation

in networked multiagent systems[J]. Proceedings of the IEEE, 2007,

95(1): 215 – 240.

[12] GAZI V, PASSINO K M. Stability analysis of swarms[J]. IEEE
Transactions on Automatic Control, 2003, 48(4): 692 – 697.

[13] SAVKIN A V. Coordinated collective motion of groups of au-

tonomous mobile robots: analysis of vicsek s model[J]. IEEE
Transactions on Automatic Control, 2004, 49(6): 981 – 983.

[14] XIE Guangming, WANG Long. Consensus control for a class of

networks of dynamic agents[J]. International Journal of Robust and
Nonlinear Control, 2007, 17(4): 941 – 959.

[15] HONG Y, GAO L, CHENG D, et al. Lyapunov-based approach to

multiagent systems with switching jointly connected interconnec-

tion[J]. IEEE Transactions on Automatic Control, 2007, 52(5): 943 –

948.

[16] , . [J]. , 2004, (8):

4 – 7.

(CHENG Daizhan, CHEN Hanfu. From swarm to social behavior

control[J]. Science and Technology Review, 2004, (8): 4 – 7.)

[17] LIU Z, GUO L. Connectivity and synchronization of multi-agent sys-

tems[C] //2006 Chinese Control Confrence. Harbin: IEEE, 2006: 373

– 378.

[18] WANG Jinzhi, TAN Yin, MAREELS Iven. Robustness analysis of

leader-follower consensus[J]. Journal of Systems Science and Com-
plexity, 2009, 22(2): 186 – 206.

[19] YU Hongwang, ZHENG Yufan Global behavior of dynamical

agents in directed network[J]. Journal of Control Theory and Appli-
cations, 2009, 7(3): 307 – 314.

[20] , , , .

[J]. , 2010, 27(1): 86 – 93.

(CHU Tianguang, YANG Zhengdong, DENG Kuiying, et al. Prob-

lems in swarm dynamics and coordinated control[J]. Control Theory
& Applications, 2010, 27(1): 86 – 93.)

[21] MERRIS R. Laplacian matrices of a graph: a survey[J]. Linear Alge-
bra its Applications, 1994, 197(2): 143 – 176.

:

(1977—), , ,

, E-mail: yuhongwang@nau.edu.cn;

(1941—), , , ,

, E-mail: yfzheng@shu.edu.cn;

(1959—), , , ,

, E-mail: bszhang@nau.edu.cn.


