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Abstract: For the controller design of polytopic uncertain systems, the additional variables method is effective to reduce

conservativeness. However, this method makes the dimension of linear matrix inequality (LMI) higher. Motivated by the

direct iterative linear matrix inequality (DILMI) approach, a mixed H-two/H-infinity robust control method for polytopic

uncertain systems is proposed. First, based on the affine quadratic stability theory, it is proved that the stability of a

polytopic uncertain system can be transformed into the stability of the system at vertices of the polytope. In the light of this

perspective, a sufficient condition is derived from parameter-dependent Lyapunov approach to guarantee the robust stability

and mixed H-two/H-infinity performance of the polytopic uncertain system. Then, a DILMI algorithm is developed for

decoupling the Lyapunov variables and the controller gain. The algorithm solves the non-convex optimization problem of

the sufficient condition without introducing any additional variables. Finally, simulation results based on the F-16 polytopic

model are given to demonstrate the effectiveness of the proposed method.
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2 (Problem statement)
:{

ẋ(t) = A(θ)x(t) + B(θ)u(t) + G(θ)w(t),
y(t) = C(θ)x(t),

(1)

: x(t) ∈ R
n , u(t) ∈ R

m ,

w(t) ∈ R
h , y(t) ∈ R

p .

A(θ), B(θ), G(θ), C(θ)
, (A(θ), B(θ), G(θ),

C(θ)) ∈ Θ,

Θ
Δ= {(A(θ), B(θ), G(θ), C(θ))|

(A(θ), B(θ), G(θ), C(θ)) =
N∑

i=0

(Ai, Bi, Gi, Ci)θi; θi � 0,

N∑
i=0

θi = 1; i = 0, · · · , N}, (2)

: (Ai, Bi, Gi, Ci) , θi

. (2) (1)

.

,

Sy(t) r(t),

lim
t→∞

e(t) = 0, e(t) = r(t) − Sy(t), (3)

: e(t) , S ∈ R
l×P

, . ,

[3].
� t

0
e(t)dt

, (1) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
e(t)
ẋ(t)

]
=

[
0 − SC(θ)
0 A(θ)

][� t

0
e(t)dt

x(t)

]
+[

0
B(θ)

]
u(t)+

[
I 0
0 G(θ)

][
r(t)
w(t)

]
,

y(t) = [0 C(θ)]

[� t

0
e(t)dt

x(t)

]
.

(4)

x̄(t) = [(
� t

0
e(t)dt)T xT(t)]T,

v(t)= [(rT(t) wT(t)]T, ȳ(t)=y(t).

(4) :{
˙̄x(t) = Ā(θ)x̄(t) + B̄(θ)u(t) + Ḡ(θ)v(t),
ȳ(t) = C̄x̄(t),

(5)

(Ā(θ), B̄(θ), Ḡ(θ), C̄(θ)) ∈ Θ,

:

Āi =

[
0 − SCi

0 Ai

]
∈ R

(l+n)×(l+n),

B̄i =

[
0
Bi

]
∈ R

(l+n)×m, C̄i =[0 Ci] ∈ R
p×(l+n),

Ḡi =

[
I 0
0 Gi

]
∈ R

(l+n)×(l+h).

, (5),

(1). ,

.

3 H2/H∞ (Mixed

H2/H∞ robust controller design)
DILMI
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H2/H∞ , .

:

1) ;

2) H2 ,

H∞ .

,

:

u(t) = Kx̄(t) = Ke

� t

0
e(t)dt + Kxx(t). (6)

K = [Ke Kx] ∈ R
m×(l+p)

.

(6) (5), :{
˙̄x(t) = (Ā(θ) + B̄(θ)K)x̄(t) + Ḡ(θ)v(t),
ȳ(t) = C̄x̄(t).

(7)

(7) ,

H∞ H2

z∞(t) ∈ R
p1 z2(t) ∈ R

p2 , :⎧⎪⎪⎪⎨
⎪⎪⎪⎩

˙̄x(t) = (Ā(θ) + B̄(θ)K)x̄(t) + Ḡ(θ)v(t),
ȳ(t) = C̄x̄(t),
z∞(t) = (C∞ + D∞K)x̄(t),
z2(t) = (C2 + D2K)x̄(t),

(8)

C2, D2, C∞, D∞ .

,

. ,

M , S(M)

S(M) = M + MT. (9)

1 .

1[1] H2/H∞

H∞ γ,

K

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

min ‖Tz2v‖2 =

min{tr( 1
2π

� ∞

−∞
T (jω)TT(jω)dω)1/2},

s.t. ‖Tz∞v‖∞ = (sup
ω

(σmax(T (jω)))) < γ,

(10)

: Tz∞v v(t) z∞(t) , Tz2v

v(t) z2(t) . H2 H∞

.

2[2]

(1), i+1

P0, · · · , Pi,

θ = (θ0, · · · , θi) Lyapunov ,

V (x, θ) = xTP (θ)x > 0, V̇ (x, θ) =
dV

dt
< 0, (11)

Lyapunov P (θ) = θ0P0 + θ1P1 + · · ·+ θiPi,

(1) , .

1 (8), γ λ,

P (θ), Q(θ)
H2/H∞ K, :

min(tr(Q(θ))) s.t.⎡
⎢⎣(Ā(θ)+B̄(θ)K)TP (θ)+P (θ)(Ā(θ)+B̄(θ)K)

ḠT(θ)P (θ)
C∞ + D∞K

∗ ∗
−γI ∗

0 −γI

⎤
⎥⎦ < 0, (12)

(Ā(θ)+B̄(θ)K)TP (θ)+P (θ)(Ā(θ)+B̄(θ)K)+

(C2+D2K)T(C2+D2K) < 0, (13)[
Q(θ) ḠT(θ)P (θ)

P (θ)Ḡ(θ) P (θ)

]
> 0, (14)

tr(Q(θ)) < λ2, (15)

θ = (θ0, · · · , θi) ,

1 H2/H∞ .

1 2, H∞
[18] 3.1.5, 1, ,

.

2 1 , θ ,

Lyapunov P (θ) .

1 , LMI

. , , 1

,

, H2/H∞ .

1[2] θ

f(θ1, · · · , θK)=α0+
∑
i

αiθi+
∑
i<j

βijθiθj +
∑
i

δiθ
2
i ,

(16)

θ θ̇ [2] (3) (5)

. f(·) ,

2δi =
∂2f

∂θ2
i

(θ) � 0, i = 0, · · · , K, (17)

f(·) , f(·)
.

2 (8),

γi λi μ, K
, 1
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H2/H∞ . P∞i,

P2i, Qi :

min[tr(Q0)] s.t.2
64

(Āi+B̄iK)TP∞i+P∞i(Āi+B̄iK) ∗ ∗
ḠT

i P∞i −γiI ∗
C∞ + D∞K 0 −γiI

3
75 < 0, (18)

[
(Āi+B̄iK)TP2i+P2i(Āi+B̄iK) ∗

C2 + D2K −I

]
<0, (19)

[
Qi ḠT

i P2i

P2iḠi P2i

]
> 0, (20)

tr(Qi) < λ2
i , i = 0, · · · , N, (21)[

((Āi−Ā0)+(B̄i−B̄0)K)T(P∞i−P∞0)+ (P∞i−P∞0)((Āi−Ā0)+(B̄i−B̄0)K)+μI ∗
(Ḡi − Ḡ0)

T(P∞i − P∞0) μI

]
> 0, (22)

((Āi−Ā0)+(B̄i−B̄0)K)T(P2i−P20)+(P2i−P20)((Āi−Ā0)+(B̄i−B̄0)K)+μI >0, i=1, · · · , N. (23)

(8), 1, H∞
[18] 3.1.5,

P∞i,

P2i Qi 2 (18)∼(21),

, 1

H2/H∞ .

Lyapunov :

P∞(θ) =
N∑

i=0
P∞iθi, P2(θ) =

N∑
i=0

P2iθi,

Q(θ) =
N∑

i=0
Qiθi,

N∑
i=0

θi = 1

θ0 = 1 −
N∑

i=1
θi. (24)

P∞(θ), P2(θ), Q(θ) ,

:

P∞(θ) = P∞0 +
N∑

i=1
θi(P∞i − P∞0),

P2(θ) = P20 +
N∑

i=1
θi(P2i − P20),

Q(θ) = Q0 +
N∑

i=1
θi(Qi − Q0),

A(θ) = A0 +
N∑

i=1
θi(Ai − A0),

B(θ) = B0 +
N∑

i=1
θi(Bi − B0),

G(θ) = G0 +
N∑

i=1
θi(Gi − G0).

(12) (13), :

f∞(θ) =⎡
⎢⎢⎢⎢⎢⎣

S{((A0 +
N∑

i=1
θi(Ai − A0)) + (B0 +

N∑
i=1

θi(Bi − B0))K)(P∞0 +
N∑

i=1
θi(P∞i − P∞0))} ∗ ∗

(G0 +
N∑

i=1
θi(Gi − G0))T(P∞0 +

N∑
i=1

θi(P∞i − P∞0)) −γI ∗
C∞ + D∞K 0 −γI

⎤
⎥⎥⎥⎥⎥⎦ < 0,

(25)

f2(θ) = ((A0 +
N∑

i=1
θi(Ai − A0)) + (B0 +

N∑
i=1

θi(Bi − B0))K)(P∞0 +
N∑

i=1
θi(P∞i − P∞0)) +

(P∞0 +
N∑

i=1
θi(P∞i − P∞0))((A0 +

N∑
i=1

θi(Ai − A0)) + (B0 +
N∑

i=1
θi(Bi − B0))K)T +

(C2 + D2K)T(C2 + D2K) < 0. (26)

1, , , f∞(θ) f2(θ)
,

∂2f∞
∂θ2

i

(θ)=

[
((Āi−Ā0)+(B̄i−B̄0)K)T(P∞i−P0)+(P∞i − P0)((Āi − Ā0) + (B̄i − B̄0)K) ∗

(Ḡi − Ḡ0)T(P∞i − P0) 0

]
� 0, (27)

∂2f2

∂θ2
i

(θ) = ((Āi − Ā0) + (B̄i − B̄0)K)T(P2i − P20) + (P2i − P20)((Āi − Ā0) + (B̄i − B̄0)K) � 0. (28)

, μ,[
((Āi−Ā0)+(B̄i−B̄0)K)T(P∞i−P0)+(P∞i−P0)[(Āi−Ā0)+(B̄i−B̄0)K] ∗

(Ḡi − Ḡ0)T(P∞i − P0) 0

]
+ μ

[
I 0
0 I

]
> 0, (29)
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((Āi − Ā0) + (B̄i − B̄0)K)T(P2i − P20) + (P2i − P20)((Āi − Ā0) + (B̄i − B̄0)K) + μI > 0. (30)

, (29)(30) 2 (22)

(23). .

3 [18]

Lyapunov P , 2

Lyapunov P∞i P2i,

. , 2 1

, .

, 2 Lyapunov

. (18)∼(23) ,

LMI . , [17] .

DILMI .

[17]

. ,

, . ,

.

3 (8), γ λ,

X , W

H2/H∞ K = ZX−1,

:

min[ tr(W0)]

s.t.

⎡
⎢⎣XĀT

i +ĀiX+ZTB̄T
i +B̄iZ ∗ ∗

ḠT
i −γiI ∗

C∞X + D∞Z 0 −γiI

⎤
⎥⎦< 0,

(31)[
XĀT

i +ĀiX+ZTB̄T
i +B̄iZ Ḡi

ḠT
i −I

]
< 0, (32)

[
Wi C2X + D2Z

XCT
2 +ZTD2 X

]
> 0, (33)

tr(Wi) < λ2
i , (34)

,

1 H2/H∞ .

, 2 Lyapunov

P∞i P2i ,

P∞i = P2i = P, i = 0, · · · , N,

(18)∼(20) :⎡
⎢⎣(Āi+B̄iK)TP +P (Āi+B̄iK) ∗ ∗

ḠT
i P −γiI ∗

C∞ + D∞K 0 −γiI

⎤
⎥⎦<0,

(35)[
(Āi + B̄iK)TP + P (Āi + B̄iK) ∗

C2 + D2K −I

]
< 0, (36)

[
Qi ḠT

i P

PḠi P

]
> 0. (37)

(35) [P−1 I I],⎡
⎢⎣P−1(Āi+B̄iK)T+(Āi+B̄iK)P−1 ∗ ∗

ḠT
i −γiI ∗

C∞P−1 + D∞KP−1 0 −γiI

⎤
⎥⎦<0.

(38)

P−1 = X , Z = KX , (31).

[18] 3.1.5,

H2 :[
XĀT

i +ĀiX+XKTB̄T
i +B̄iKX Ḡi

ḠT
i −I

]
<0, (39)

tr((C2+D2K)X(C2+D2K)T) < λ2
i . (40)

Z = KX (39)(40),

(39)(32) , (33)(34) (40) .

, (31)∼(34)

H2/H∞ .

, P∞i = P2i = P , P∞i − P∞0 = 0,

P2i − P20 = 0. , (22)(23)

. 1 2, (31)∼ (34)

. .

DILMI
Step 1 H∞ γ H2

λ, X W , 3

, H2/H∞
K0

opt = ZoptX
−1
opt;

Step 2 K = K0
opt, 2

, Lyapunov P 0
∞i P 0

2i;

Step 3 j (j >0),

1) P∞i =P j−1
∞i , P2i =P j−1

2i (18)∼(23),

2 , j

Kj
opt.

2) K = Kj
opt (18)∼(23), 2

, j Lyapunov P j
∞i

P j
2i;

Step 4 σ,

|tr(Qj
0 − Qj−1

0 )| <σ,

Kopt =Kj
opt H2/H∞

, . , j = j + 1, Step 3.

4 DILMI ,

Lyapunov ,
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Lyapunov . ,

DILMI LMI ,

, . MATLAB LMI

[18] .

4 (A flight tracking

control example)
,

Herbst .

F-16 [3]:{
x(t) = A(θ)x(t) + B(θ)u(t) + G(θ)w(t),
y(t) = C(θ)x(t),

(41)

: x(t) = [u, w, q, v, p, r]T , y(t) =
[q, μ̇rat, rstab, α, β]T , u(t)=[δh, δa, δr]T

, w(t) . u, v, w, p, q,

r, μ̇rat, rstab, α, β, δh, δa, δr X Y

Z

. Ai, Bi, Ci Gi(i = 0, · · · , 3)

. i = 0 , i = 1 25%

, i = 2 50% , i = 3
75% . r(t) =

(μ̇rat, α, β)T,

, 3

Herbst .

, 500 m, 0.2. 5 s ,

Herbst ,

, μ̇rat =
20(◦)/s, α = 10◦, β = 0◦. , 15 s,

, μ̇rat = 0(◦)/s, α =
0◦, β = 0◦, .

:

S =

⎡
⎢⎣0 1 0 0 0

0 0 0 1 0
0 0 0 0 1

⎤
⎥⎦ , C∞ =

[
5I3×3 03×6

03×3 03×6

]
,

D∞ =

[
05×3

2I3×3

]
, C2 =

[
I3×3 03×6

03×6 03×6

]
,

D2 =

[
03×3

0.1 · I3×3

]
.

( 0),

( 1, 2, 3) .

, 0 H2

. DILMI ,

H2/H∞
K DILMI =⎡
⎢⎣ −0.0178 −19.1398 0.3361 3.5349 3.5349
−10.3326 −0.0102 2.3981 0.0011 0.0056

3.9373 −0.0790 12.2147 0.0276 0.0247

270.7051 −0.0056 0.0921 0.9999
0.1244 −0.5877 41.5269 26.5869
1.5780 −1.6894 −19.4391 102.5391

⎤
⎥⎦ .

H2/H∞ K DILMI
K LQR, K NLMI, K ILMI ,

. , K LQR
[19] LQR(linear quadratic regulator)

, K NLMI DILMI

1 , K ILMI [16]

. DILMI ,

K NLMI Lyapunov P

, ,

. [16]

, LMI , .

, K NLMI ,

H2 K ILMI
K DILMI . K ILMI K DILMI
H2 , K DILMI

K ILMI .

1 3 LMI H2

Table 1 The H2 performance comparison of three

control algorithms based on LMI

0 1 2 3

NLMI 1.4835 6.8180 7.1138 7.0834 /

ILMI 1.2943 5.7905 5.7911 5.8240 28

DILMI 1.2959 5.7986 5.7959 5.8224 62

,

40% 6 m/s

. 1∼4 ,

K LQR, K NLMI K DILMI
. 1 , , 3

.

K DILMI , .

2 3 , 25% 50% ,

K NLMI K LQR
, , K DILMI

. 4 ,

75% , K LQR ,

. K NLMI
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,

. , K DILMI
,

.

1

Fig. 1 Response curves in health horizontal stabilator case

2 25%

Fig. 2 Response curves of 25% loss of horizontal stabilator

3 50%

Fig. 3 Response curves of 50% loss of horizontal stabilator

4 75%

Fig. 4 Response curves of 75% loss of horizontal stabilator
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5 (Conclusion)
,

Lyapunov ,

H2/H∞ ,

DILMI . ,

LQR LMI ,

,

, .

LMI , ,

.
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(Appendix)

1) F-16

A0 =

2
666666664

−0.0153 0.0481 −5.9420

−0.0910 −0.9568 138.3608

0.0002 0.0046 −1.0220

0 0 0

0 0 0.0003

0 0 0.0025

0.0021 0 0

0.0163 0 0

−0.0005 0 −0.0029

−0.2804 6.2667 −151.1435

−0.1821 −3.4192 0.6401

0.0454 −0.0304 −0.4535

3
777777775

,

B0 =

2
666666664

0.0478 0 0

−0.3444 0 0

−0.1747 0 0

0 0.0465 0.1205

0 −0.6928 0.1237

0 −0.0293 −0.0587

3
777777775

,

G0 = [0.0481 −0.9368 0.0046 0 0 0 ]T,

C0 =

2
6666664

0 0 57.2958 0 0 0

0 0 0 0 57.2468 2.3696

0 0 0 0 −2.3696 57.2468

−0.0155 0.3756 0 0 0 0

0 0 0 0.3760 0 0

3
7777775

.

2) F-16 25%
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A1 =

2
666666664

−0.0108 0.0245 −5.9867

−0.0927 −0.7009 138.3548

0.0003 0.0006 −1.0220

0 0 0

0 0 0.0003

0 0 0.0025

0.0020 0 0

0.0206 0 0

−0.0006 0 −0.0029

−0.2804 6.3143 −151.1412

−0.1424 −3.4188 0.6489

0.0344 −0.0236 −0.4533

3
777777775

,

B1 =

2
666666664

−0.0381 0 0

−0.3208 0 0

−0.1367 0 0

0 0.0465 0.1205

0 −0.6928 0.1237

0 −0.0293 −0.0587

3
777777775

,

G1 = [0.0245 −0.7009 0.0006 0 0 0]T,

C1 =

2
6666664

0 0 57.2958 0 0 0

0 0 0 0 57.2460 2.3871

0 0 0 0 −2.3871 57.2460

−0.0157 0.3756 0 0 0 0

0 0 0 0.3760 0 0

3
7777775

.

3) F-16 50%

A2=

2
666666664

−0.0069 0.0010 −6.2046

−0.0942 −0.4528 138.3253

0.0005 −0.0044 −1.0221

0 0 0

0 0 0.0003

0 0 0.0025

,

0.0020 0 0

0.0256 0 0

−0.0007 0 −0.0029

−0.2802 6.5466 −151.1298

−0.1060 −3.4157 0.6626

0.0231 −0.0183 −0.4531

3
777777775

B2 =

2
666666664

0.0255 0 0

−0.2150 0 0

−0.0912 0 0

0 0.0467 0.1207

0 −0.6931 0.1236

0 −0.0293 −0.0587

3
777777775

,

G2 = [0.0010 −0.4528 −0.0044 0 0 0]T,

C2 =

2
6666664

0 0 57.2958 0 0 0

0 0 0 0 57.2424 2.4720

0 0 0 0 −2.4720 57.2424

−0.0162 0.3756 0 0 0 0

0 0 0 0.3760 0 0

3
7777775

.

4) F-16 75%

A3=

2
666666664

−0.0057 0.0208 −8.4308

−0.0961 −0.1919 138.0127

0.0008 0.0090 −1.0229

0 0 0

0 0 0.0003

0 0 0.0025

0.0022 0 0

0.0352 0 0

−0.0011 0 −0.0029

−0.2785 8.9169 −150.9961

−0.0839 −3.3902 0.7401

0.0105 −0.0260 −0.4533

3
777777775

B3 =

2
666666664

0.0370 0 0

−0.0655 0 0

−0.0271 0 0

0 0.0481 0.1222

0 −0.6958 0.1233

0 −0.0288 −0.0587

3
777777775

,

G3 = [0.0208 −0.1919 −0.0090 0 0 0]T,

C3 =

2
6666664

0 0 57.2958 0 0 0

0 0 0 0 57.1983 2.3400

0 0 0 0 −2.3400 57.1983

−0.0219 0.3753 0 0 0 0

0 0 0 0.3760 0 0

3
7777775

.
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