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Abstract: Smoothing functions can transform the unsmooth support vector regressions into smooth ones, and thus better

regression results can be obtained. It has been one of the key problems to seek a better smoothing function in this field for

a long time. Using the series expansion, a new class of polynomial smoothing functions is proposed for the |x|2ε function in

ε-insensitive support vector regressions. Their important properties are then discussed. It is shown that the approximation

accuracy and smoothness rank of polynomial functions can be as high as required. The experimental results show that as

the smoothness rank of polynomial functions increases, the approximation accuracy and the regression performance are

correspondingly improved. Therefore, the new class of polynomial functions provides better performance for smoothing

the support vector regression.
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2 (Support vector regres-
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x ε– |x|ε, |x|ε =
max{0, |x| − ε}. ε– |x|2ε.
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xi yi, A ∈ R
m×n, S =

{(Ai, yi)|Ai ∈ R
n, yi ∈ R, i = 1, · · · ,m}.

S, f(x),

f(x) x y.

ε–

|y − f(x)|ε = max{0, |y − f(x)| − ε}. (1)

, f(x) = wTx + b, : w ∈
R

n , b .

, , .

[11]:

min
(w,b)∈Rn+1

1
2
(wTw+b2)+

C

2

m∑
i=1

|Aiw+b− yi|2ε. (2)

(2) |x|2ε , .

3
(Polynomial smooth approximation function

and properties)

1[12] m =
1
2√

1 + x =

1+
1
2
x− 1

2 · 4x2+
1 · 3

2 · 4 · 6x3− 1 · 3 · 5
2 · 4 · 6 · 8x4+· · ·=

1+
1
2
x −

∞∑
n=2

(2n − 3)!!
(2n)!!

(−x)n, − 1�x�1. (3)

1 ε– |x|ε |x|∈ [−1
k

+ε,

1
k

+ ε] ,

|x|ε =
1
2k

(
1+k2(|x|−ε)2

2
−

∞∑
n=2

(2n − 3)!!
(2n)!!

(1 −

k2(|x| − ε)2)n) +
|x| − ε

2
. (4)

|x|ε = max(0, |x| − ε) =
||x| − ε| + (|x| − ε)

2
=

|k(|x| − ε)|
2k

+
|x| − ε

2
=

1
2k

√
1 + (k2(|x| − ε)2 − 1) +

|x| − ε

2
.

1

|x|ε =
1
2k

(
1 + k2(|x| − ε)2

2
−

∞∑
n=2

(2n − 3)!!
(2n)!!

(1 −

k2(|x| − ε)2)n) +
|x| − ε

2
.

.

2 ε– |x|ε

Pnε(x, k) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|x| − ε, |x| � 1
k

+ ε,

1
2k

(
1+k2(|x|−ε)2

2
−

n∑
l=2

(2l−3)!!
(2l)!!

(1− k2(|x|−

ε)2)l) +
|x| − ε

2
, − 1

k
+ ε < |x| <

1
k

+ ε,

0, |x| � −1
k

+ ε,

(5)

: n , k > 0.

2 n f(x) x0 k

, f (i)(x0) = 0(i = 0, 1, 2, · · · , k). k <

n, k, n , f(x) x0 k + 1 .

f(x) = a0x
n + a1x

n−1 + · · · + an,

f (k)(x) = 0, k = n + 1, n + 2, · · · . (6)

f(x) ,

f(x) =

f(x0)+f ′(x0)(x − x0) +
f ′′(x0)

2!
(x − x0)2 + · · ·+

f (n)(x0)
n!

(x−x0)n+
f (n+1)(x0)
(n + 1)!

(x − x0)n+1 + · · · .

(6)

f(x) =
f (k+1)(x0)
(k + 1)!

(x−x0)k+1+
f (k+2)(x0)
(k + 2)!

(x−x0)k+2 +

· · · + f (n)(x0)
n!

(x−x0)n =

(x−x0)k+1 · (f
(k+1)(x0)
(k + 1)!

+
f (k+2)(x0)
(k + 2)!

(x−x0) +

· · · + f (n)(x0)
n!

(x − x0)n−k−1).

.

3 P 2
nε(x, k) ε–

|x|ε Pnε(x, k) , P 2
nε(x, k)

|x|2ε n ,

P 2
nε(x, k) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(|x| − ε)2, |x| � 1
k

+ ε,

(
1
2k

(
1 + k2(|x| − ε)2

2
−

n∑
l=2

(2l − 3)!!
(2l)!!

(1−k2(|x| −

ε)2)l)+
|x| − ε

2
)2, − 1

k
+ ε < |x| <

1
k

+ ε,

0, |x| � −1
k

+ ε.

(7)
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k = 5, ε = 0.3 , 5

1 , P 2
nε(x, k) n , |x|2ε

.

(a) k = 5, ε = 0.3

(b) k = 5, ε = 0.3

1

Fig. 1 Smooth function approximation comparison chart

4 P 2
nε(x, k) (7) , :

1) P 2
nε(x, k) x n , :

p2
nε(±(

1
k

+ ε), k) =
1
k2

, p2
nε(±(−1

k
+ ε), k) = 0,

∇p2
nε(±(

1
k

+ε), k) =
2
k
, ∇p2

nε(±(−1
k

+ε), k)=0,

∇2p2
nε(±(

1
k

+ε), k) = 2, ∇np2
nε(±(

1
k

+ε), k)=0,

∇2p2
nε(±(−1

k
+ ε), k) = 0,

∇np2
nε(±(−1

k
+ ε), k) = 0, n � 3;

2) p2
nε(x, k) � |x|2ε;

3) lim
n→∞

max(p2
nε(x, k) − |x|2ε) = 0.

2) 3) , 1).

(6) :

p2
nε(±(

1
k

+ ε), k) =
1
k2

, p2
nε(±(−1

k
+ ε), k) = 0,

P 2
nε(x, k) .

|x| :

n � 1 ,

∇Pnε(x, k) =
k(|x| − ε)

2
(1 +

n∑
l=2

(2l − 3)!!
(2l − 2)!!

(1 −

k2(|x| − ε)2)l−1) +
1
2
, (8)

∇P 2
nε(x, k) = 2Pnε(x, k) · ∇Pnε(x, k). (9)

n � 2 ,

∇2Pnε(x, k) =
k

2
(1 +

n∑
l=2

(2l − 3)!!
(2l − 2)!!

(1 − k2(|x| − ε)2)l−1) −
k3(|x|−ε)2

2

n∑
l=2

(2l−3)!!
(2l−4)!!

(1−k2(|x|−ε)2)l−2, (10)

∇2P 2
nε(x, k) =

2Pnε(x, k) · ∇2Pnε(x, k) + 2(∇Pnε(x, k))2. (11)

n � 3 ,

∇3Pnε(x, k) =
k5(|x| − ε)3

2

n∑
l=2

(2l − 3)!!
(2l − 6)!!

(1 − k2(|x| − ε)2)l−3 −
3k3(|x|−ε)

2

n∑
l=2

(2l−3)!!
(2l−4)!!

(1−k2(|x|−ε)2)l−2, (12)

∇3P 2
nε(x, k) = 2Pnε(x, k)∇3Pnε(x, k)+

6∇Pnε(x, k)∇2Pnε(x, k). (13)

n � 4 ,

∇4Pnε(x, k) =

3k5(|x| − ε)2
n∑

l=2

(2l − 3)!!
(2l − 6)!!

(1 − k2(|x| − ε)2)l−3 −
k7(|x| − ε)4

2

n∑
l=2

(2l − 3)!!
(2l − 8)!!

(1 − k2(|x| − ε)2)l−4 −
3k3

2

n∑
l=2

(2l − 3)!!
(2l − 4)!!

(1 − k2(|x| − ε)2)l−2, (14)

∇4P 2
nε(x, k) =

2Pnε(x, k)∇4P (
nεx, k) +

8∇P (
nεx, k)∇3Pnε(x, k) + 6(∇2Pnε(x, k))2. (15)

∇p2
nε(±(

1
k

+ε), k)=
2
k
, ∇p2

nε(±(−1
k

+ε), k)=0,

∇2p2
nε ± (

1
k

+ε), k)=2, ∇2p2
nε(±(−1

k
+ε), k)=0,

∇3p2
nε(±(

1
k

+ε), k)=0, ∇3p2
nε(±(−1

k
+ε), k)=0,

∇4p2
nε(±(

1
k

+ε), k)=0, ∇4p3
nε(±(−1

k
+ε), k)=0.

P 2
nε(x, k) n � 1 , n � 2

, n � 3 , n � 4 .

n .
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P 2
nε(x, k) m + 1 , |x| =

±1
k

+ ε ,

∇(m+1)P 2
nε(x, k) �= 0, ∇(m)P 2

nε(x, k) = 0,

2 , ∇4P 2
nε

(x, k) x = ±(±1
k

+ ε)

m − 3 , ∇4P 2
nε

(x, k)

a(x+
1
k

+ε)m−3(x+
1
k
− ε)m−3(x− 1

k
−

ε)m−3(x − 1
k

+ ε)m−3, (16)

a , 4(m − 3), (15)

∇4P 2
nε

(x, k) 4n − 4, 4(m − 3) =
4n − 4, n = m − 2, , n ,

P 2
nε(x, k) n .

4 (Optimal

smoothing factor and algorithm selection)
1 E,

P 2
nε(x, k) |x|2ε |P 2

nε(x, k) − |x|2ε| �
E

, kopt(n,E).

1, |P 2
nε(x, k) − |x|2ε| � E,

4 2) : P 2
nε(x, k) − |x|2ε � E. P 2

nε(x, k)
|x|2ε |x| = ε ,

|x| = ε P 2
nε(x, k) − |x|2ε � E ,

|x| = ε (7),

kopt(n,E) �

1
2
−

n∑
l=2

(2l − 3)!!
(2l)!!

2
√

E
. (17)

:

n �2 , P 2
nε(x, k) ,

Newton-Armijo

min
(w,b)∈Rn+1

1
2
(wTw + b2) +

C

2

m∑
i=1

p2
nε((Aiw + b − yi), k). (18)

5 (Experiment )
2 , AMD X4

620, 2 G , MATLAB7.0 .

1 [−1, 1] 101

, sin c

f(x) = 0.5 ·
sin(

30
π

x)

30
π

x
+ ρ, (19)

ρ , 0, σ = 0.04.

. ε = 0.02, μ = 33,

C = 6. 2, 1,

: , ε-

SSVR , , CPU

, ,

CPU .

2

Fig. 2 Regression function produced by smooth support

vector regression

1 sin c

Table 1 Numerical result for sin function

ε-PSSVR
ε-SSVR

(n = 2) (n = 3) (n = 4) (n = 5)

69 69 69 69 69

/% 0.0598 0.0576 0.0574 0.057 0.0567

/% 0.0598 0.0576 0.0574 0.0571 0.0569

CPU /s 0.032 0.026 0.024 0.023 0.022

2
, UCI 4

[13], UCI

,

187 , , UCI

.

2.

10 , 10 , CPU .

,

, , CPU ,
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, ε-SSVR.

2 10

Table 2 Result comparison of 10-fold cross

validation

ε-PSSVR
ε-SSVR

(n = 2) (n = 3) (n = 4) (n = 5)

16.88 15.57 15.47 15.45 15.43

Heart 17.98 16.76 16.74 16.71 16.69

0.296 0.278 0. 270 0.268 0266

10.90 9.87 9.78 9.76 9.76

Breast 11.25 10.76 10.69 10.58 10.57

0.302 0.260 0.249 0.246 0.245

12.89 12.36 12.27 12.23 12.20

Kin-fh 12.96 12.46 12.40 12.36 12.35

0.232 0.206 0. 202 0. 201 0.200

18.98 17.63 17.61 17.59 17.57

Housing 19.86 18.76 18.74 18.71 18.69

0.085 0.080 0.078 0.077 0.076

6 (Conclusion)

ε– ,

,

,

, .

, ,

, ε-SSVR.

.
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