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A global exponential observer for camera calibration
FANG Yong-chun, LIU Xi, LI Bao-quan, ZHANG Xue-bo

(Institute of Robotics and Automatic Information System, Nankai University, Tianjin 300071, China)

Abstract: This paper presents a global exponential observer to solve the camera calibration problem on-line. While

the camera is rotating with the mobile robot platform, the observer estimates online the intrinsic parameters of a camera

from the motion information and the online information of the characteristic point image obtained by the camera. We

analyze the motion constraints of the pan-tilt camera, and build the kinematics model for the coordinate variations of the

characteristic point image. The nonlinear observer of the intrinsic parameters is built based on no less than four image

points(any three of them are not collinear); the parameters of state-estimation are proved theoretically to be convergent to

the intrinsic parameters of the camera exponentially. Simulation results demonstrate superior performance of the proposed

nonlinear observer.
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2 (Background)
2.1 (Kinematics development)

1 , F Fc

, zc

. F
Qi(i = 1, 2, · · · ), Fc

mi ∈ R
3×1

mi = [Xi Yi Zi]T. (1)

Fc ,

:

ṁi = −v − ω × mi, (2)

v, ω ∈ R
3 xc, yc,

zc , :

v = [vx vy vz]T, ω = [ωx ωy ωz]T. (3)

(2) :⎧⎪⎨
⎪⎩

Ẋi = −vx − ωyZi + ωzYi,

Ẏi = −vy − ωzXi + ωxZi,

Żi = −vz − ωxYi + ωyXi.

(4)

Qi

Fc ,

.

1

Fig. 1 Illustration of Kinematics

2.2 (Camera model)

,

:

f : R
3 �→ R

2.

,

, (pinhole)

, 2.

Qi,

pi ∈ R
3

pi = [pix piy 1]T, (5)

[21]:

pi =
1
Zi

Ami, (6)
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mi Qi Fc ,

(1), A ∈ R
3×3

, :

A =

⎡
⎢⎣fx 0 u0

0 fy v0

0 0 1

⎤
⎥⎦ , (7)

: (u0, v0) (

) , fx, fy

u, v .

2

Fig. 2 Camera model

2.3 (Image Jacobian matrix)

. (2) (6)

, [
ṗix

ṗiy

]
= J(A, pix, piy, Zi)

[
v

ω̄

]
, (8)

: v, ω ,

(3); J(A, pix, piy, Zi) Qi

(Jacobian matrix),

A pix, piy

Fc Zi,

:

J =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−fx

Zi

0

0 −fy

Zi

pix − u0

Zi

piy − v0

Zi

(pix − u0)(piy − v0)
fy

fy +
(piy − v0)2

fy

−(fx+
(pix−u0)2

fx

) − (pix−u0)(piy−v0)
fx

fx

fy

(piy − v0) −fy

fx

(pix − u0)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

.

(9)

3 (Intrinsic pa-

rameter observer design and analysis)
3.1 (Nonlinear observer de-

sign)
,

, xc, yc . ,

:

v = [0 0 0]T, ω̄ = [ωx ωy 0]T, (10)

ωx, ωy ∈ R xc, yc

. (10) (8) ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ṗix =
(pix − u0)(piy−v0)

fy

ωx−

(fx +
(pix−u0)2

fx

)ωy,

ṗiy = (fy +
(piy−v0)2

fy

)ωx−
(pix − u0)(piy−v0)

fx

ωy,

(11)

: pix, piy ∈ R i

.

ωx, ωy

pix, piy fx, fy, u0, v0

. ,

:

1 N ∈ R

(N � 4), Fc

(1) (5). ,

N 3 ,

pr, ps, pt :

(prx−psx)(psy−pty) �=(pry−psy)(psx−ptx). (12)

, N

X ∈ R
(2N+4)×1,

:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x2i−3 = pix − p1x, i = 2, 3, · · · , N,

x2i−2 = piy − p1y, i = 2, 3, · · · , N,

x2N−1 = 1/fx, x2N = u0/fx,

x2N+1 = v0/fx, x2N+2 = 1/fy,

x2N+3 = u0/fy, x2N+4 = v0/fy,

(13)

: xi X i , N

. , X 6

, . ,

,

.

X , (11)

:
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Ẋ = Tω

[
ωx

ωy

]
,

Y = [x1 x2 · · · x2N−2]T,

(14)

: Y ∈R
2N−2 , Ti,j T ∈

R
(2N+4)×2 i j , T ∈ R

(2N+4)×2

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T2i−3,1 =(pixpiy − p1xp1y)x2N+2−
x2i−3x2N+4 − x2i−2x2N+3,

T2i−3,2 =−x2i−3x2N−1(pix + p1x) + 2x2i−3x2N ,

T2i−2,1 =(piy + p1y)x2i−2x2N+2 − 2x2i−2x2N+4,

T2i−2,2 =−(pixpiy − p1xp1y)x2N−1+

x2i−2x2N + x2i−3x2N+1,

T2N−1,1 = T2N,1 = T2N+1,1 = 0,

T2N−1,2 = T2N,2 = T2N+1,2 = 0,

T2N+2,1 = T2N+3,1 = T2N+4,1 = 0,

T2N+2,2 = T2N+3,2 = T2N+4,2 = 0,

i = 2, 3, · · · , N(N ).
(15)

(14),

:
˙̂

X = α(X̂, Y )ω + β(X̂, Y , ω), (16)

: ˆX(t) X ,

β(X̂, Y , ω) α(X̂, Y ) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β2i−3,1 = k2i−3e2i−3,

β2i−2,1 = k2i−2e2i−2,

β2N−1,1 =k2N−1ωy

N∑
j=2

{−y2j−3(pjx+p1x)e2j−3−

(pjxpjy − p1xp1y)e2j−2},

β2N,1 = k2Nωy

N∑
j=2

(2y2j−3e2j−3 + y2j−2e2j−2),

β2N+1,1 = k2N+1ωy

N∑
j=2

(y2j−3e2j−2),

β2N+2,1 =k2N+2ωx

N∑
j=2

{(pjxpjy−p1xp1y)e2j−3+

(pjy + p1y)y2j−2e2j−2},

β2N+3,1 = k2N+3ωx

N∑
j=2

(−y2j−2e2j−3),

β2N+4,1 = k2N+4ωx

N∑
j=2

(−y2j−3e2j−3−

2y2j−2e2j−2),

i = 2, 3, · · · , N(N ),
(17)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α2i−3,1 = (pixpiy − p1xp1y)x̂2N+2−
y2i−3x̂2N+4 − y2i−2x2N+3,

α2i−3,2 = −y2i−3x̂2N−1(pix + p1x) + 2y2i−3x̂2N ,

α2i−2,1 = (piy + p1y)y2i−2x̂2N+2 − 2y2i−2x̂2N+4,

α2i−2,2 = −(pixpiy − p1xp1y)x̂2N−1+

y2i−2x̂2N + y2i−3x̂2N+1,

α2N−1,1 = α2N,1 = α2N+1,1 = 0,

α2N−1,2 = α2N,2 = α2N+1,2 = 0,

α2N+2,1 = α2N+3,1 = α2N+4,1 = 0,

α2N+2,2 = α2N+3,2 = α2N+4,2 = 0,

i = 2, 3, . . . , N(N ),
(18)

: αi,j βi,j α(X̂, Y ) β(X̂, Y , ω)
i j , k1, k2, · · · , k2N+4 .

e ∈ R
2N+4

e = X − X̂, (19)

(19) :

ė = f(pix, piy, e, ω), (20)

f(pix, piy, e, ω) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f2i−3 = [(pixpiy − p1xp1y)e2N+2 − y2i−3e2N+4−
y2i−2e2N+3]ωx + [−y2i−3e2N−1(pix+

p1x) + 2y2i−3e2N ]ωy − k2i−3e2i−3,

f2i−2 =[(piy+p1y)y2i−2e2N+2−2y2i−2e2N+4]ωx−
[(pixpiy − p1xp1y)e2N−1 − y2i−3e2N+1−
y2i−2e2N ]ωy − k2i−2e2i−2,

f2N−1 = −k2N−1ωy

N∑
j=2

{−y2j−3(pjx+p1x)e2j−3−

(pjxpjy − p1xp1y)e2j−2},

f2N = −k2Nωy

N∑
j=2

(2y2j−3e2j−3 + y2j−2e2j−2),

f2N+1 = −k2N+1ωy

N∑
j=2

(y2j−3e2j−2),

f2N+2 =−k2N+2ωx

N∑
j=2

{(pjxpjy−p1xp1y)e2j−3+

(pjy + p1y)y2j−2e2j−2},

f2N+3 = −k2N+3ωx

N∑
j=2

(−y2j−2e2j−3),

f2N+4 = −k2N+4ωx

N∑
j=2

(−y2j−3e2j−3−

2y2j−2e2j−2),

i = 2, 3, · · · , N(N ).
(21)
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1 ,

(16) .

, ,

.

3.2 (Stability analysis)
1 [22]{

ξ̇ = Hξ + ΩT(t)z, ξ ∈ R
n,

ż = −ΛΩ(t)Pξ, z ∈ R
p,

(22)

:

1) H Hurwitz , P , Q, Λ ,

HTP + PH = −Q;

2) ‖Ω(t)‖, ‖Ω̇(t)‖ ,

� t+T

t
Ω(τ)ΩT(τ)dτ > γI > 0, (23)

: γ , I ,

(ξ, z) = 0 (22) .

1 (16)∼(18), 1

, (20) .

ξ ∈ R
(2N−2)×1, z ∈ R

6×1, H ∈
R

(2N−2)×(2N−2), Λ ∈ R
6×6, Ω(t) ∈ R

6×(2N−2), P ∈
R

(2N−2)×(2N−2) :

ξ = [e1 e2 · · · e2N−2]T, P = I,

z = [e2N−1 e2N e2N+1 e2N+2 e2N+3 e2N+4]T,

H = diag{−k1,−k2, · · · ,−k2N−2},
Λ = diag{k2N−1, k2N , · · · , k2N+4},
Ω(t) =⎡

⎢⎢⎢⎢⎢⎢⎢⎣

σ1,1 σ1,2 · · · σ1,i σ1,i+1 · · · σ1,2N−3 σ1,2N−2

σ2,1 σ2,2 · · · σ2,i σ2,i+1 · · · σ2,2N−3 σ2,2N−2

0 σ3,2 · · · 0 σ3,i+1 · · · 0 σ3,2N−2

σ4,1 σ4,2 · · · σ4,i σ4,i+1 · · · σ4,2N−3 σ4,2N−2

σ5,1 0 · · · σ5,i 0 · · · σ5,2N−3 0
σ6,1 σ6,2 · · · σ6,i σ6,i+1 · · · σ6,2N−3 σ6,2N−2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

(24)

Ω(t) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ1,2i−3 = −y2i−3(pix + p1x)ωy,

σ1,2i−2 = −(pixpiy − p1xp1y)ωy,

σ2,2i−3 = 2y2i−3ωy, σ2,2i−2 = y2i−2ωy,

σ3,2i−2 = y2i−3ωy,

σ4,2i−3 = (pixpiy − p1xp1y)ωx,

σ4,2i−2 = (piy + p1y)y2i−2ωx,

σ5,2i−3 = −y2i−2ωx, σ6,2i−3 = −y2i−3ωx,

σ6,2i−2 = −2y2i−2ωx,

i = 2, 3, · · · , N(N ),
(25)

(20) (22) .

, :

1) H Hurwitz , P , Q, Λ ,

HTP + PH = −Q.

2) ,

‖Ω(t)‖, ‖Ω̇(t)‖ .

3) 1, ω

. Ω(t) 6 ,

Ω(t) .

, 1 , (20)

. .

,

, ,

.

4 (Simulation experiment)
(16)

, .

, 3

, ,

. ,

. 780 × 582
, :

(u0, v0) = (390, 290), fx = 710, fy = 700.

(26)

, 30 .

, 4

.

, xc, yc

ωx, ωy :

ωx = 0.07sin 0.8t, ωy = 0.12sin 1.6t. (27)

N = 4,

X 12 . , X 6 x1,

x2, x3, x4, x5, x6 ,

6 x7, x8, x9, x10, x11, x12

,

.

,

:

û(0)=400, v̂(0)=300, f̂x(0)=500, f̂y(0)=510.

(28)

6 . , 6

.
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(16)

. 4

, 1 3 , 2

4 0, 0.1

, .

3 4 . 3

6 ,

1 s 0. 4

6 ,

. , ,

.

3 6

Fig. 3 Observation error of the first 6 elements of state vector

under global noise

4

Fig. 4 Observation results of the intrinsic parameters under

global noise

,

2 , 6 s

0, 3

, 5 6 .

, 5 6 , 6

6

, ,

. 5 6 ,

3 s , .

6 s , ,

2 s ,

.

.

5 6

Fig. 5 Observation error of the first 6 elements
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6

Fig. 6 Observation results of the intrinsic parameters

,

, .

fx, fy, u0, v0

, 6 s 10 s

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

fx = 710 + 6(t − 6),
fy = 700 + 6(t − 6),
u0 = 390 + 6(t − 6),
v0 = 290 + 6(t − 6).

(29)

7 8 . 7

6 ,

8 . ,

,

. ,

.

, .

7 6

Fig. 7 Observation error of the first 6 elements while the

intrinsic parameters change
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8

Fig. 8 Observation results while the intrinsic parameters

change

5 (Conclusion)
,

.

,

,

,

.

.

,

.
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