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Abstract: The purpose of the multi-objective optimization is to quickly find out the Pareto optimal solutions which

converge to the ideal Pareto front with a good performance in diversity. Based on the immune clonal theory, this paper

introduces the fitness sharing strategy; and then a new multi-objective optimization evolutionary algorithm with good

performance in diversity is proposed for maintaining the diversity of solutions. The proposed algorithm employs an external

archive to preserve the non-dominated solutions. The principle which includes sharing fitness and Pareto domination is

used to update the external archive mentioned above and select the active antibodies for generating offspring. Moreover,

for enhancing the search ability in the decision space, this paper introduces the good-point-searching approach which

can generate the good-point set with uniform distribution. The proposed algorithm is tested on several multi-objective

optimization problems and compared with many classical methods; much better performances in both the convergence and

diversity of obtained solutions are observed.
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2 (Basic conception)
2.1 (Mathematical def-

inition of MOPs)
, n m

( )⎧⎪⎨
⎪⎩

min �y= �F (�x)=(f1(�x), f2(�x), · · · , fm(�x))T,

s.t. gi(�x) � 0, i = 1, 2, · · · , q,

hj(�x) = 0, j = 1, 2, · · · , p.

(1)

: �x = (x1, x2, · · · , xn)T ∈ X ⊂ R
n n

, X n ; �y = (y1, y2, · · · , ym) ∈
Y ⊂ R

m m , Y m . F (x)
m

; gi(�x) � 0(i = 1, 2, · · · q) q

, hj(�x) = 0(j = 1, 2, · · · , p) p .

:

1 ∀�x ∈ X , x (1)

gi(�x) � 0(i = 1, 2, · · · q) hj(�x)
= 0(j = 1, 2, · · · , p), x .

2 X x

( Xf ), Xf ⊆ X .

3 �xa, �xb ∈ Xf ( �xa �xb ),

�xa �xb ∀fi (�xa) � fi (�xb) (1 � i �

m) ∃fi (�xa) < fi (�xb) (1 � i � m) ,

�xa ≺ �xb.

4 x, x Pareto

, ¬∃ �x∗ ∈Xf �x∗ ≺ �x. , Pareto

P ∗ Δ= {�x|¬∃ �x∗ ∈ Xf : �x∗ ≺ �x}.

5 Pareto P*

( ) Pareto ,

PF
Δ={�F (�x)=(f1(�x), f2(�x), · · · , fm(�x)) |�x ∈ P ∗},
, Pareto Pareto
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2.2 (Artificial immune algo-

rithm)
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A = {a1, a2, · · · , am}.

Burnet ,
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Fig. 1 State flow for clonal selection algorithm

4

.
1) TC.

, A = {a1, a2, · · · ,

am} TC

A1(k) = TC(a1, a2, · · · , a|A|) =

TC(a1) + TC(a2) + · · · + TC(a|A|) =

{a1
1, a

2
1, · · · , aq1

1 } + {a1
2, a

2
2, · · · , aq2

2 } +

· · · + {a1
|A| , a
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|A| , · · · , aq|A|

|A| }, (2)
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f (ai)
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Nc (
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2) TR.

C =
(
c1, c2, · · · , c|C|

)
A = {a1, a2, · · · ,

a|A|} ,

C

A2 (k) = TR
(
c1, c2, · · · , c|C|

)
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TR (c1) + TR (c2) + · · · + TR
(
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3) TM.
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(4) TS.

S =
(
s1, s2, · · · , s|S|

)
R = (r1, r2, · · · ,

r|R|) , S

A4 (k) = TS
(
s1, s2, · · · , s|S|

)
=

s∗1 + s∗2 + · · · + s∗n. (5)

, n Pareto-

, s∗i (i = 1, 2, · · · , n)
.

m, n � m, A4 (k); n > m,
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,

, m ,
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∗
2, · · · , s∗n) =

s∗∗1 + s∗∗2 + · · · + s∗∗m . (6)

3 (Phenotype fitness

sharing strategy)
Goldberg Richardson

[23], ,
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sharing (dij), (7)
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Fig. 2 Graphical representation of solutions in the variable

space mapped over the objective space

4 (Good point search

in decision space)
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S H N :

p
N
(i) = {({r1 × i}, {r2 × i}, · · · , {rs × i}),

i = 1, 2, · · · , N},
:

rk = {2 cos
2πk

p
}(1 � k � s),

p (p− 3)/2 � s , {a} a

. ai
k(k = 1, 2, · · · , s, i = 1, 2, · · · , N )

,

ai
k = αk + {rk × i} × (βk − αk) , αk � ai

k � βk.
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( 400). ,

, CS
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3

Fig. 3 Comparison of distribution between 400 good points and 400 random points in 2-dimensional space

4

Fig. 4 Comparison of distribution between 400 good points and 400 random points in 3-dimensional space
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5 (Immune clonal

algorithm with fitness sharing)
5.1 (Algorithm description)

(immune clonal algo-

rithm with fitness sharing, ICA-FS)

,

( )

. t

Et, At,

Ct.

Step 1 . Gmax,

Ne, (

)Na, Nc;

Step 2 . Ne

POP0, t = 0, Et = ∅,

At = ∅, Ct = ∅;

Step 3 .
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Et+1, 5.2 ;

Step 4 . t � Gmax,

Pareto

, ; , t = t + 1;
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,
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;

Step 6 . At ,
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Ct;

Step 7 . Ct 2.2

C∗
t ;

Step 8 .

Ne Dt;

Step 9 C∗
t Dt POPt.

Step 3.

,

2 :

Ne, TEt+1 > Ne ,

;
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|Et| > Na ,
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5.2 (Updating strategy of ex-

ternal archive)

,

.

,

Ab, 3 :

1) 0; 2)

0 Ne ( ); 3) Ne

( ). :

For each antibody Ab in TEt+1

Switch(condition)//

Case 1: // 1

Ab ; // 5

Case 2: // 2

If Ab

Ab; // 6(a)

Else if Ab

Ab Ab

; // 6(b)

Elseif Ab

, Ab; // 6(c)

End

Case 3: // 3

If Ab

Ab;// 7(a)

Elseif Ab

, Ab Ab

; // 7(b)

Elseif Ab

, Ab

, Ne

;

// 7(c)

End

End

End

End

5 Ab

Fig. 5 Approach to handle Ab when external archive is empty

6 Ab

Fig. 6 Approach to handle when external archive is non-empty and non-full
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7 Ab

Fig. 7 Approach to handle when external archive is full

5.3 (Computational complexity

of the proposed algorithm)
, (M

).

Step 3 , POPt(POPt 3 ,

Ne Nc

Ne )

O(M(Ne + Nc + Ne)
2),

, POPt ,

Et

O((Ne + Nc + Ne)
2); Step 5

, O(N2
e ); Step 6 Step 7

O(Nc); Step

8 O(Ne).
, O(M(Nc +

2Ne)2), Ne

.

, NSGA-II

O(MN3) O(MN2)(M
, N

,

O(M(2N) log(2N))); SPEA

O(MN3), SPEA2 ,

3 ,

; PAES

,

O(αMN)(α ),

PESA ,

PESA-II .

6 (Experiment designs

and results)
6.1 (Test functions)

,

KUR, ZDT1, ZDT2, DTLZ1 DTLZ2

, Pareto

[2]. KUR 3 ,

2, ; ZDT1 ZDT2 30

, 2; DTLZ1 DTLZ2

,

DTLZ1 k = 3, | �xk| = 5, DTLZ2 k =
3, | �xk| = 10.

6.2 (Parameter setting)

ICA-FS

, NSGA-

II[13], PESA-II[10], SPEA2[7] . NSGA-II

, ;

PESA-II ;

SPEA2 SPEA ,

3

.
[22]. 1

.
1

Table 1 Parameter setting for experimental

algorithms

Parameter ICA-FS PESA-II NSGA-II SPEA2

Pc 1 0.8 0.8 0.8

15 15 15 15

Pm 1/n 1/n 1/n 1/n

20 20 20 20

:

KUR, ZDT1 ZDT2 , NSGA-II

100; PESA-II 100,

10; SPEA2

100; ICA-

FS 100, 100,
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20, 100, σshare

0.1. DTLZ1, DTLZ2 , NSGA-II

200; PESA-II 200,

5, NSGA-II

200, SPEA2

200; ICA-FS 200,

200, 20,

100, σshare 0.05.

Gmax 500,

KUR, DTZ1 DZT2 ,

50000 ; DTLZ1, DTLZ2 ,

100000 .

6.3 (Evaluation index)

,

Deb convergence metric[26] Schott

spacing[27] , :

(convergence metric): P ∗ = (p1,

p2, · · · , p|P∗|) Pareto

Pareto , A =
(
a1, a2, · · · , a|A|

)
Pareto . A

ai, P ∗

:

di =
|P∗|
min
j=1

√
k∑

m=1

(
fm (ai) − fm (pj)

fmax
m − fmin

m

)2

, (9)

: fmax
m fmin

m P ∗ m

.

A ,

C (A) =
|A|∑
i=1

di/|A|. (10)

Pareto

Pareto .

,

Pareto .

(spacing metric): A

Pareto . S

S =

√
1

|A| − 1

|A|∑
i=1

(d̄ − di)2, (11)

: di = min
j

{
k∑

m=1
|fm (ai) − fm (aj)|}, ai, aj ∈

A, i, j = 1, 2, · · · , |A| ∧ j �= i.

6.4 (Experimental results)

KUR, ZDT1, ZDT2, DTLZ1 DTLZ2

5 NSGA-II, PESA-II,

SPEA2 ICA-FS .

, ,

: KUR, ZDT1, ZDT2

50000 , DTLZ1 DTLZ2

100000 .

,

4 30 .

Pareto ,

.

8 9

Pareto

( KUR Pareto

, KUR ).
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8 4

Fig. 8 Box plots of the convergence metric obtained by

ICA-FS, NSGA-II, PESA-II and SPEA2

9 4

Fig. 9 Box plots of the spacing metric obtained by

ICA-FS, NSGA-II, PESA-II and SPEA2

, ZDT1,

ZDT2 DTLZ2 , ICA-FS

3 ,

Pareto Pareto

; 11|xk| − 1 DTLZ1

, , ICA-FS PESA-II

SPEA2.

KUR, ZDT1 ZDT2 , ICA-

FS Pareto 3

; DTLZ1, ICA-FS PESA-

II , PESA-II

,

; DTLZ2 , ICA-FS

SPEA2 , SPEA2

O(N3)( N

), ICA-FS

O(N2)( N ,

Nc + 2Ne).

5 , ICA-FS

,

, Pareto ,

.

7 (Conclusion)
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. 5
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, Pareto

;

.
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1) σshare ,

, ,
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