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Abstract: Combining constraint programming(CP) and mathematical programming(MP) to solve scheduling problems

has been an interesting topic for researchers, and promising results are obtained. We propose a preprocessing approach

for solving resource-constrained project-scheduling problems(RCPSP) with integer programming(IP) model, and prove

an effective inequality theory for the IP model. The effective inequality can be obtained by solving a maximum clique

problem which is built on a sub-network of the original project. A detailed computational experiment is performed using the

well-known standard instances in PSPLIB. Computational results show that the proposed effective inequality remarkably

improves the performances of the IP model. Finally, the computational results are analyzed and future research directions

are discussed.
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1 (Introduction)
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ject scheduling problem, RCPSP)
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[15] Debels Vanhoucke
[16] Valls

[17] Gonçalves
[18] Ballestı́n

RCPSP [19] Ranjbar
[20].

,

(constraint programming, CP)
[21∼27], RCPSP

[25∼27].

,

. CP

,

/
[28∼31]. 2002 ,

(INFORMS) INFORMS

Journal on Computing Special Issue on

the Merging of Mathematical Programming and Con-

straint Programming CP
[31].

Alvarez-Valdés Tamarit[5] RCPSP

IP , CP ,

, IP

,

.

, 30

, J30 480

462 ,

0.071%.

2 (Problem description

and mathematical model)
RCPSP G = (V, H) ,

V = {1, 2, · · · , J} ( ) , H

, (i, j) ∈ H i

j . 1 ,

J ,

. i(i = 1, · · · , J)
ri, pi, di,

k(k = 1, · · · , K) rik.

k Rk.

,

.

1[32] Ω,

∀i, j ∈ Ω, i, j (

) , , Ω

. Ω , Ω

(minimal forbidden set, MFS).

1 , Ω, ∃k ∈ {1,

· · · , K} ∑
j∈Ω

rjk > Rk, ∀k ∈ {1, · · · , K},

∀i ∈ Ω
∑

j∈Ω\{i}
rjk � Rk. ,

, Ω

, Ω .

,

RCPSP

. [33] .

:

xij =

{
1, i ( ) j,

0, .

ti i .

H∗ ( ) ,

i ( ) j, (i, j) ∈ H∗;

Ωp p(p = 1, · · · , P ) 2

; Ωn n(n = 1, · · · , N) 3 3

; M .

Alvarez-Valdés Tamarit[5] RCPSP

:

min tJ , (1)

s.t. : xij = 1, xji = 0,∀(i, j) ∈ H∗, (2)

0 � xij + xji � 1,∀i, j ∈ V, (3)

xik � xij + xjk − 1,∀i, j, k ∈ V, (4)

P : xij + xji = 1, i, j ∈ Ωp, p = 1, · · · , P, (5)∑
i,j∈Ωn

xij � 1, n = 1, 2, · · · , N, (6)

tj � ti + (pi + M)xij − M, ∀i, j ∈ V, (7)

xij ∈ {0, 1},∀i, j ∈ V, (8)

ri � ti � di − pi,∀i ∈ V. (9)

: (1) .

(2) ; (3)

2 i j 1 ; (4)

; (3) (4)

G ; (5) 2

; (6)

3 3

2 ; (7) ti,

tj xij ; (8) (9)

.

[5] , Alvarez-Valdés Tamarit P
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: (i, j) ∈ H ,

S(i) = {k ∈ V |(i, k) ∈ H∗, (j, k) �∈ H∗, P (j) =
{k ∈ V |(k, j) ∈ H∗, (k, i) �∈ H∗, P (i, j) = {k ∈
V |(k, i) (k, j) , k �∈ P (j) ∪
S(i)}.

1[5] L = S(i) ∪ P (j) ∪ P (i, j), L′ ⊆
L ∀i, j ∈ L′ ,

tj � ti + pi +
∑

k∈L′∩S(i)

pkxkj +
∑

k∈L′∩P (j)

pkxik +
∑

k∈L′∩P (i,j)

pk(xik + xkj − 1) (10)

P .

[5] (10) ,

RCPSP

.

3 (Constraint progra-

mming and valid inequation)
3.1 (Cons-

traint propagation based preprocessing of probl-

em and model)
CP . [34]

.

RCPSP . UB RCPSP

, r′i d′
i

i

, RCPSP :

1 (i, j) �∈ H∗ r′i � d′
j ,

UB j

i .

j d′
j

i . ,

j i . .

2 i j r′i + pi + pj >

d′
j , UB

j i .

i j , P
, xij = 1, xji = 1.

i j , xij = 1,

2 r′j + pj � r′i + pi + pj > d′
j ,

j d′
j . ,

, xji = 1,

UB j i

. .

3 i j

(i, j)

UB, UB

j i .

i j , P
xij = 1, xji = 1.

i j , xij = 1,

3

UB, . , xij

= 1 , xji = 1,

UB j

i . .

4 i j

(i, j)
[34], UB

j i .

i j , P
xij = 1, xji = 1.

i j , xij = 1,

4 UB

. , xji =
1, UB

j i . .

[34] HCPA,

1∼4 :

1: .

1) HCPA ri di ,

r′i d′
i.

2) ∀i, j ∈ V 1 ,

(j, i).

3) 2

, Ωp, p = 1, · · · , P .

4) Ωp, p = 1, · · · , P ,

i, j ∈ Ωp 2∼4 ,

(j, i).

5) 2)∼4)

(j, i), 1).

6) r′i, d′
i .

1 ,

P . ,

:

2: .

1) 1 t1, t2, · · · , tn

, r′i � ti � d′
i − pi, i = 1, 2, · · · , n.

2) xij . ∀(i, j) �∈ H∗.

r′i + pi + pj > d′
j ,

xij = 0;

(i, j)
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UB,

xij = 0;

(i, j)
, xij =

0.

3) .

1 2 ,

:

, (5)

; , .

3.2 (Constraint

propagation based valid inequation)
Alvarez-Valdés Tamarit

(i, j) ∈ H . (i, i) ∈
H∗, :

2 ∀(i, j)∈H∗, Ωij ={k|(i, k)∈H∗,
(k, j) ∈ H∗, k �= j}, Ωp

ij ⊆ Ωij Ωp
ij 2

,

tj − ti � max{ ∑
l∈Ωp

ij

pl, max
k∈K

(
∑

l∈Ωij

plrlk

Rk

)}. (11)

.

1) tj − ti �
∑

l∈Ωp
ij

pl. Ωp
ij 2

, , Ωp
ij∑

l∈Ωp
ij

pl. Ωp
ij ⊆ Ωij , ,

Ωij

∑
l∈Ωp

ij

pl. tj − ti �∑
l∈Ωp

ij

pl.

2) tj − ti � max
k∈K

(
∑

l∈Ωij

plrlk

Rk

). Ωij

k
∑

l∈Ωij

plrlk. k

Rk, , Ωij∑
l∈Ωij

plrlk

Rk

.

tj − ti � max
k∈K

(
∑

l∈Ωij

plrlk

Rk

). .

1) 2)

tj − ti � max{ ∑
l∈Ωp

ij

pl, max
k∈K

(
∑

l∈Ωij

plrlk

Rk

)}.

Ωij Ωp
ij , 2∑

l∈Ωp
ij

pl , Ωij

(maximum clique problem, MCP) .

MCP NP-hard ,

RCPSP Ωij , ,

. Gij = (Ωij, Hij) G =

(V, H) , G′
ij = (Ωij, E) Gij

, E = {(k, l)|k, l ∈ Ωij, (k, l) ∈ H∗ (l, k) ∈
H∗ {l, k} ∈ {Ωp|p = 1, · · · , P}}.

:

yk =

{
1, k ∈ Ωp

ij,

0, ,

[35] MCP Ωp
ij ,

:

max
∑

k∈Ωij

pkyk, (12)

MCP: s.t. yk + yl � 1,∀(k, l) ∈ Ē, (13)

yk ∈ {0, 1},∀k ∈ Ωij. (14)

: pk k , Ē E . MCP

, (12)
∑

l∈Ωp
ij

pl MCP

.

3.3 (General flow of the algorithm)
3.1 3.2

, RCPSP ,

3 .

3: .

1) 1 ,

/ .

2) 1) /

P.

3) 2 P ,

.

4) 3) ,

For i = 1 to J

For j = 1 to J

If (i, j) ∈ H∗

Then P .

5) P.

6) .

4) ,

1 2

, .

4 .

4 (Experimental results)
4.1 (Experiment design)

RCPSP ,

PSPLIB[36] J30 .

(network complex-

ity, NC) (resource factor, RF)
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(resource strength, RS)

. NC

; RF ,

RF = 1 ; RS

, RS .

32 , 4

(K = 4), 1 . NC, RF

RS 48 , 10

, , 3 × 4 × 4 × 10 = 480 .

1

Table 1 Parameter settings of the benchmark

problems

NC RF RS

{1.5, 1.8, 2.1} {0.25, 0.5, 0.75, 1.0} {0.2, 0.5, 0.7, 1.0}

[37]

, P
UB .

CPP, 1

AT-Cuts, 2 New-Cuts.

P : I) AT-Cuts;

II) CPP AT-Cuts; III) CPP

New-Cuts; IV) CPP AT-

Cuts New-Cuts. 4

CPLEX 11.2 ,

1800 s.

4.2 (Computational results and

analysis)
2 . 2

Δopt(%)

; avg CPU

CPU (s). 2 : 1) CPP

; 2) III

; 3) IV

III , II .

3) .

,

.

2

Table 2 The summary of experimental results

AT-Cuts CPP+AT-Cuts CPP+New-Cuts CPP+AT-Cuts+New-Cuts

Δopt/% avg CPU/s Δopt/% avg CPU/s Δopt/% avg CPU/s Δopt/% avg CPU/s

0.135 141.63 0.119 128.60 0.071 108.43 0.113 121.99

NC, RF RS

, NC,

RF RS , 3

. 3 : NC, RF RS

, 4

,

NC , RF

, RS .

3 NC, RF RS

Table 3 The influence of NC, RF and RS on the performance of algorithms

AT-Cuts CPP+AT-Cuts CPP+New-Cuts CPP+AT-Cuts+New-Cuts

Δopt/% avg CPU/s Δopt/% avg CPU/s Δopt/% avg CPU/s Δopt/% avg CPU/s

1.5 0.255 268.77 0.221 213.71 0.145 208.02 0.218 209.83

NC 1.8 0.151 139.24 0.135 160.46 0.069 113.49 0.121 138.83

2.1 0.000 16.88 0.000 11.62 0.000 3.78 0.000 17.32

0.25 0.000 0.07 0.000 0.070 0.000 0.07 0.000 0.08

0.50 0.000 22.59 0.000 17.76 0.000 25.45 0.000 15.17
RF

0.75 0.195 213.56 0.207 195.58 0.058 147.13 0.135 176.35

1.00 0.345 330.30 0.268 300.99 0.227 261.05 0.317 296.36

0.2 0.454 441.69 0.384 393.26 0.241 353.15 0.394 391.45

0.5 0.086 111.53 0.091 106.56 0.045 75.82 0.058 91.39
RS

0.7 0.000 13.29 0.000 14.58 0.000 4.73 0.000 5.12

1.0 0.000 0.01 0.000 0.07 0.000 0.01 0.000 0.01
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3 , 4

NC = 2.1, RF = {0.25, 0.5} RS

= {0.7, 1.0} 1800 s

. 480

. , 4

480 30

(

1800 s ),

.

4 .

4 Para Inst , Para =

9, Inst = 4 J309 4.SM; Δopt(%)

; CPU CPU

(s); Nodes CPLEX

; opt

; average

; sum

30

CPLEX ; nodes/cpu

CPLEX

.

4

Table 4 The comparison of algorithms performance for solving hard problems

CPP+AT-Cuts CPP+New-Cuts CPP+AT-Cuts+New-Cuts

Para Inst Δopt/% CPU/s Nodes/ Δopt/% CPU/s Nodes/ Δopt/% CPU/s Nodes/

9 4 1.408 1800 3842 1.408 1800 7266 1.408 1800 3087

9 6 5.084 1800 4842 0.000 1485 8225 0.000 1122 3281

9 7 3.174 1800 3607 3.174 1800 11610 3.174 1800 4408

9 10 1.136 1800 3751 0.000 621 5459 1.136 1800 3071

10 3 1.612 1800 31749 0.000 824 19154 1.612 1800 33177

10 10 2.439 1800 10563 0.000 411 2481 0.000 616 3521

13 1 5.172 1800 2981 3.448 1800 6161 5.172 1800 3492

13 3 1.316 1800 2859 2.631 1800 10235 3.947 1800 2786

13 4 2.777 1800 6266 1.388 1800 20660 1.388 1800 5323

13 5 1.492 1800 2517 1.492 1800 7157 2.985 1800 3805

13 6 1.562 1800 2688 1.562 1800 4172 3.125 1800 5436

13 7 1.298 1800 3728 1.298 1800 16521 1.298 1800 3580

13 8 0.000 1198 2828 0.000 855 27855 2.830 1800 4193

13 9 1.408 1800 9708 1.408 1800 16636 1.408 1800 9011

13 10 1.562 1800 2652 1.562 1800 7597 1.562 1800 2964

14 3 1.724 1800 30924 1.724 1800 44036 1.724 1800 25893

14 5 0.000 749 5974 0.000 791 10155 0.000 524 4263

14 9 2.173 1800 6269 2.173 1800 8170 2.173 1800 4897

25 1 2.150 1800 8061 1.075 1800 77765 2.150 1800 12343

25 3 2.631 1800 4958 1.315 1800 18010 2.631 1800 5190

25 4 1.234 1800 10453 0.000 1168 176180 1.234 1800 8913

25 7 1.052 1800 16807 0.000 124 25461 0.000 968 8901

25 8 2.898 1800 5437 0.000 1163 22275 2.898 1800 4996

29 1 1.176 1800 6191 3.529 1800 41154 2.352 1800 5976

29 2 2.222 1800 5371 1.111 1800 20527 2.222 1800 5277

29 5 2.040 1800 7248 0.000 1635 55496 1.020 1800 6600

29 8 1.250 1800 5140 2.500 1800 10371 1.250 968 7558

29 9 2.061 1800 7692 0.000 1337 51641 2.061 1800 7022

30 2 2.941 1800 40796 1.470 1800 36089 1.470 1800 46243

45 9 0.000 1233 21161 0.000 113 23954 0.000 1070 17730

opt 3 12 5

average 1.900 1.142 1.808

sum 51780 277063 42927 792473 48468 262937

nodes/cpu 5.351 18.461 5.425
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4

. 4 : 1) III

30

, 1800 s 12 ,

1.142%; II IV

3 1.900%, 5

1.808%. 2) 3 CPLEX

,

III

, 18.461 ,

. 3) (12)

(10) (10) (12)

,

(10) , 4

J3013 3.SM, J3029 1.SM J3029 8.SM.

5 (Conclusions)
CP RCPSP IP

.

: 1)

;

2)

RCPSP ,

; 3)

.
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