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Nonlinear decoupling control of multi-DOF servo systems
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Abstract: The nonlinear coupling among axes of multi-DOF servo system is an important issue which deteriorates the

system control performance. To improve the system control performance, decoupling control of multi-DOF servo system

is investigated. Firstly, a general coupling mathematical model of multi-DOF servo system is established, and then its

inverse system is obtained by using Singh algorithm; finally, according to the desired nominal linear transfer function, a

decoupling control law is developed. The proposed method avoids the differential geometry theory, and mainly involves

matrix computation, so it is easy to be understood. The proposed method has been applied to the decoupling control of a

three-axis simulator.
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1 (Introduction)
(multi-DOF)

,
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5 6

.

, (

) . ,

(

).

, [1, 2],

,

, .

2 (Cou-

pling mathematic model of multi-DOF servo

system)
,

. ,

n( n ). θi,

θ̇i(1� i � n) i , θ̇i =
dθi

dt
,

x1 = θ1, x2 = θ̇1, · · · , x2n−1 = θn, x2n = θ̇n,

[3∼5]

s0 :

⎧⎨
⎩ ẋ = f(x) +

n∑
i=1

gi(x)ui,

x(t0) = x0, y = Mx.
(1)

:

x =

⎡
⎢⎢⎢⎢⎢⎢⎣

x1

x2

...

x2n−1

x2n

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

θ1

θ̇1

...

θn

θ̇n

⎤
⎥⎥⎥⎥⎥⎥⎦

, f(x) =

⎡
⎢⎢⎢⎢⎢⎢⎣

x2

f1(x)
...

x2n

fn(x)

⎤
⎥⎥⎥⎥⎥⎥⎦

,

gi(x) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
a1i(x)

...

0
ani(x)

⎤
⎥⎥⎥⎥⎥⎥⎦

, x0 =

⎡
⎢⎢⎢⎢⎢⎢⎣

θ1(t0)
θ̇1(t0)

...

θn(t0)
θ̇n(t0)

⎤
⎥⎥⎥⎥⎥⎥⎦

,

: 2010−03−19; : 2010−09−20.
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M =

⎡
⎢⎢⎢⎢⎣

1 0 0 0 · · · 0
0 0 1 0 · · · 0
...

...
...

...
...

...

0 · · · 0 0 1 0

⎤
⎥⎥⎥⎥⎦

n×2n

,

f1(x), · · · , fn(x) , fi(x)
i

, i , fi(x)
, ,

. a11(x) 1 , a12(x)
2 1 , ann(x), a1n(x) .

(1) , aij(x)(i �= j) , j i

. y = [y1 · · · yn]T = [θ1 · · · θn]T,

(1) , .

3 (Decoupling control law

design)
3.1 (Calculate inverse system)

[2, 5, 6], Falb-Wolovich .

Singh [7∼9].

Singh
[9∼11]. (1)

y′ =
dy

dt
= Mẋ = ĉ1(x) + D̂1(x)u =⎡

⎢⎣
x2

...

x2n

⎤
⎥⎦ +

⎡
⎢⎣

0 0 0
...

...
...

0 0 0

⎤
⎥⎦

⎡
⎢⎣

u1

...

un

⎤
⎥⎦ , (2)

(2) , y′ y t . z1 =
y′ = [θ̇1 · · · θ̇n]T, ĉ1(x) = [θ̇1 · · · θ̇n]T,

(2) D̂1(x) , D̂1(x) ,

D1(x) = R0(x)D̂1(x), R0(x) D̂1(x)
rank(D̂1(x)) = 0
[9, 10], rank(∗) . (2) R0(x)

,

D1(x) = D̂1(x), c1(x) = ĉ1(x).

s1

s1 :

⎧⎨
⎩ ẋ = f(x) +

n∑
i=1

gi(x)ui,

z1 = c1(x) + D1(x)u.
(3)

D1(x) , (3) u,

s2. z1:

z1 =

[
z̄1

ẑ1

]
=

[
c̄1(x)
ĉ1(x)

]
+

[
D11(x)

0

]
u, (4)

: z̄1 = c̄1(x) + D11(x)u, rank (D1(x)) =
rank (D11(x)), rank (D11(x)) = 0, z̄1 , ẑ1

= z1 = y′ = ĉ1(x), ẑ1 t

ẑ1
′ = [y1

′′ · · · yn
′′]T = ĉ2(x) + D̂2(x)u =⎡

⎢⎣
f1(x)

...

fn(x)

⎤
⎥⎦ +

⎡
⎢⎣

a11 · · · a1n

...
. . .

...

an1 · · · ann

⎤
⎥⎦

⎡
⎢⎣

u1

...

un

⎤
⎥⎦ . (5)

(5) : ĉ2(x) = [f1(x) · · · fn(x)]T, D̂2(x) =
(aij)(1 � i � n, 1 � j � n).

, ,

i , i

i ,

|aii| � |aij| (1 � i � n, 1 � j � n, i �= j), (6)

, D̂2(x)
, D̂2(x)

.

z2 = [z̄1 ẑ1
′]T = [θ1

′′ · · · θn
′′]T,

D2(x) = D̂2(x), c2(x) = ĉ2(x),

s2:

s2 :

⎧⎨
⎩ ẋ = f(x) +

n∑
i=1

gi(x)ui,

z2 = c2(x) + D2(x)u.
(7)

D2(x) , (7) u:

u = D−1
2 (x)[z2 − c2(x)]. (8)

, D2(x)
. D2(x) , z2,

z2 ( ) ,

Di(x) u.

,

(

, ). (8) , z2

( ),

, (

) ( )

,

, .

, x0 (8) ,

360 , x0

, .

3.2 (Linearization)
.

ϕ = [ϕ1 · · · ϕn]T = [y1
′′ · · · yn

′′]T, (9)



1178 28

(9) (8) z2, (1)

s−1
0 :

s−1
0 :

⎧⎨
⎩ ẋ = f(x) +

n∑
i=1

gi(x)ui,

u = D−1
2 (x)[ϕ − c2(x)].

(10)

s−1
0 ( ) ,

, 1 . 1 r = [r1 · · ·
rn]T ,

ϕ,

.

Gd(s),

Gd(s) =
Y (s)
R(s)

=

⎡
⎢⎢⎢⎢⎣

K1

(J1s + b1) s
· · · 0

...
. . .

...

0 · · · Kn

(Jns + bn) s

⎤
⎥⎥⎥⎥⎦ , (11)

: R(s) Y (s) 1 r y

, K1, · · · , Kn ,

J1, · · · , Jn

, b1, · · · , bn .

(9) (11) ,

ϕi =
Kiri − biyi

′

Ji

(1 � i � n) (12)

, Gd(s).

(12) (10),

u = D−1
2 (x)

⎡
⎢⎢⎢⎢⎣

⎡
⎢⎢⎢⎢⎣

K1r1

J1
...

Knrn

Jn

⎤
⎥⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎢⎣

b1y1
′

J1
...

bnyn
′

Jn

⎤
⎥⎥⎥⎥⎦ − c2(x)

⎤
⎥⎥⎥⎥⎦ ,

(13)

: D2(x), c2(x), Ki, Ji, bi , yi
′ =

θ̇i ,

, ri , (13)

. (13)

, yi i ,

.

1

Fig. 1 Diagram of decoupling of multi-DOF servo system

4 (Simulation)
3 (n = 3)

. [2], [2]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎣

ẋ1

ẋ2

ẋ3

ẋ4

ẋ5

ẋ6

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

x2

f1(x)
x4

f2(x)
x6

f3(x)

⎤
⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0
0.19 0 0
0 0 0
0 0.4 0
0 0 0

0.039 sin x3 0 0.32

⎤
⎥⎥⎥⎥⎥⎥⎦
⎡
⎣u1

u2

u3

⎤
⎦,

y = [y1 y2 y3]T = [x1 x3 x5]T.

(14)

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f1(x) = x6x3 cos x3 − 0.695x2
4 sin(2x1),

f2(x) = 0.39x4x2 sin(2x1) − 0.45x2
6 sin(2x3),

f3(x) = 0.41x6x4 sin(2x3) − 0.17x2x4×
cos2 x1 cos x3.

(14)(1) (11), 3

Gd(s) =
Y (s)
R(s)

=

⎡
⎢⎢⎢⎣

1.19
s2

0.4
s2

0.32
s2

⎤
⎥⎥⎥⎦ . (15)

,

K1

J1

= 1.19 (kg · m2)−1,
K2

J2

= 0.4 (kg · m2)−1,

K3

J3

= 0.32 (kg · m2)−1, b1 = b2 = b3 = 0,

. 3.1 3.2

. (14)

y′ =

⎡
⎢⎣x2

x4

x6

⎤
⎥⎦ +

⎡
⎢⎣0 0 0

0 0 0
0 0 0

⎤
⎥⎦

⎡
⎢⎣u1

u2

u3

⎤
⎥⎦ . (16)

(16) u, y′ ,

y′′=

⎡
⎢⎣f1(x)

f2(x)
f3(x)

⎤
⎥⎦+

⎡
⎢⎣ 1.19 0 0

0 0.4 0
0.039 sin x3 0 0.32

⎤
⎥⎦

⎡
⎢⎣u1

u2

u3

⎤
⎥⎦=

ĉ2(x) + D̂2(x)u.

(17)

(17) u,

c2(x) = ĉ2(x), D2(x) = D̂2(x).

K1

J1

= 1.19 (kg · m2)−1,
K2

J2

= 0.4 (kg · m2)−1,

K3

J3

= 0.32 (kg · m2)−1, b1 = b2 = b3 = 0,
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(13),⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u1 =r1 − 0.84x6x3 cos x3 + 0.58x2
4 sin(2x3),

u2 =r2 − 0.98x4x2 sin(2x1) + 11.25x2
6 sin(2x3),

u3 =−0.12r1 sin x3 + r3 + 0.051x6x3 sin(2x3)−
0.071x2

4sin x3sin(2x1)−1.28x6x4sin(2x3)+

0.53x4x2 cos2 x1 cos x3.

(18)

, (18) (17),

( ,

), (15).

MATLAB/Simulink . 3
[3],

. PID 50, 0, 10,

40, 0, 5, 40, 0, 10.

, PID

, .

, ,

1 rad 1 Hz,

sin(2πt). 2 ,

. 2 T

. sin(2πt), r = [r1

r2 r3]T = [sin(2πt) sin(2πt) sin(2πt)]T,

x0 , u = [u1 u2 u3]T, 3 .

3 , u , .

(a)

(b)

2 3

Fig. 2 Coupling disturbing torque comparison of

with/without decoupling of three-axis simulator

3 3

Fig. 3 Decoupling control law of three-axis simulator

, 3

, .

. ,

, ,

. ,

,

( 4 ), . 4 ,

, ,

.

(a) sin(2πt)

(b)

4

Fig. 4 Coupling disturbing torque and decoupling

compensation torque of the yaw

, PID

, 3

, 5 (

sin(2πt)), 5

, ).
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(a) ( sin(2πt))

(b)

5 ( )

Fig. 5 Control performance comparison of with/without

decoupling of the yaw(sinusoidal tracking and

step response)

, 3

. (18) , x1, x3,

x5 , x2, x4, x6

, ,

(18)

u. ,

.

5 (Conclusion)

. ,

,

.

, ,

,

, .

, , 3

( ) .

,

, .
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