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Robust sliding-mode control for

a class of uncertain switched systems with time-delay
XIAO Hui-min!, ZHAO Lin?, WANG Chun-hua?

(1. Institute of Information and Systems Engineering, Henan University of Finance and Economics, Zhengzhou Henan 450003, China;
2. School of Mathematical Sciences, Ocean University of China, Qingdao Shandong 266100, China)

Abstract: The sliding-mode control problem is studied for a class of time-delayed switched systems with mismatched
uncertainties and nonlinear disturbances. The delay-dependent sliding surface is designed for each subsystem by using
the dwell-time approach. The sufficient condition is deduced under which the switched system composed by sliding-mode
dynamic equations is robustly asymptotically stable. Furthermore, a sliding-mode controller is designed which ensure
the reachability of the sliding surface; thus the sliding-mode dynamics is resulted. A numerical example illustrates the

effectiveness of the proposed design method.
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ASCEER—RFEIN A ELEEA M e EREEL 0w X, A R IR EE FEASE AR T
PRI Bl ) s s U] 4 2R 88, T 9T S AR g 1 1) R[] B (fT (s)ds)T (I w(s)ds) <

S5 T RGN B, T AR A A D A et
v P SR RN ANLMIs UV HEEAN 7 R G 1R i
AH DG B TR & H 5 B N TR, 3 A 1P 5 B I 1)
ZAE R AT R E BEAN T 28 G0 1 AT T A RSP T 46k
?éﬁfﬁaﬁﬁﬁﬂr% BT AR E [1); ARG Wk T

B A, AR T RA RS BE 8 2118 1 A
EL, PR EARAS. B a, A LS4 Ul B TR H
ERAT . BT AR SO D) R IS 5L
ST TR, DRI B T I s A e A5 1T DL ey R
B,
2 RGHIR K FE 5] (System description

and main lemmas)

SN I — 2R E A R VT RO AN € R R AT E
L e B B I A U R G

(t) = (A +AA(t))2(t)+ (Ado+AAgs (1))

{ z(t — h) + B, [uy(t) + fo(,1)], (D

z(t) = ¢(t), t € [=h,0],
Hrr: x(t) € R"%%%E‘Hﬁ?&ﬂi, uy(t) € R™i&
RS E; o(t) @ [to, +o0) — b = {1,--- ,N}
HUNAT TR — o B IS EI’JEIJIIﬂH_fl;l"JI EﬂO’(tk)
= lim o(t),k = 0,1,2,- -, &Kty o(ty) WY

t~>t

7U&1‘Efﬁ’]ﬁ]?ﬁ%)¥ﬁﬂﬂﬁ,ﬂu&ﬁﬁﬂ‘l‘ﬂlﬂ‘]ﬁé%ﬂﬁi
W H AR Ky T e 41 1 T X
{(t0> O’(to)), ) (tk, G(tk))v e
X RGE(DIERANRES F I SE B I 8] 5 NI ) S
TO :inf{tk-i-l _tk}y k:051727”' ) (2)
T A VI RG I BERA R B AA,(2), AAas (8)H
AR AN i 1, 2 0 R B
AA,(t) = D, F,(t)E,, AAgy(t) = DyoFar(t)Eao,
Hrp: Dy, Dag, By, B, A BAT I 24 450U 5 BUE
Bi; F,(t), Fa, (t) 2 2 A Lebesgue n] I 1FI A S0 FE b
BOAWRE, () F,(t) < I Fy, () Fao(t) < 1.
XTI R G0 (D) 1 e SR
Big1 REOLELTER, HYi e ¢ =
{1,---, N}, rank(B;) = m.
Bi&2 Viey={1- N} filz,t)2&
SEI0, BLATAE TN IF B 3 (o ) 4| fi (z, )] <
¢( ),i €.
FEEATUE B =2 )2 i, Zen I N R 5] B

IR 100 AxHMTREIE M MEM € R, bx
wr > 0, MEEE W : [0,7] — R, {F15 T

\ klim t), = oo}

)
r[TwT(s)M 3)
3 FEZ R (Main results)
P SCHRL 2] 50138 A7 AE AR 7 e (1) AL 46
Us
Ui
KUy, Ui 1 B 77 S5 il 45 31):

EZ
0

(t) = Toa(¢), WIRGEH At R B TE DAL
(Ai + AA(8)2(1) + (Aai + AAui(1))

T, = , fE13 TB; =

Bis

B - Uzl U12

/?\

2(t)

z(t —h) + [ui(t)+ fi(T " 2, 1)),

0
B'L'Z
[_ha 0]7

A1) = d(t), t €
4)
Hr: A, = TAT Y, Ay = TAAGT, AA(t) =
TAAMT Y, Adg(t) = TAAG@G)T, ot) =
Tio(t), WAL A B SE Hh
2(t) = (A + AAui(8) 2 () +
(Agitr + AAgir (1)) z1(t — h)+
(A2 + AAua(t)) 2o (t)+
(Agite + AAgiia () za(t —
(Air + Ay ()21 (8)+
( (t))z1(
(A ))z2(t)
())2a(

;*‘

);
Z(t) =
Agin1 + AAgini (t)z1(t — h)+ (5)
i22 + AAzZZ( )z (t)+
(Adiza + AAgina(t))22(t — h)+
Bialu(t) + fi(T; 2, 1)),
z1(t) = ¢u(t), t € [h,0],
2(t) = ¢a(t), t € [~h, 0]

bl

)
K

2 €R™™ 2, e R™, By, = S;M7,
Ay = USA Uy, A = USA U,
Aginn = U AqiUsa, Agina = U AqiUsn,
AA;(t) = UsDFy(t)EUss,
Aﬁiu(t) = UZ-TzD,;F,;(t)EiU,;l,
AAgini(t) = UsDyi Fai(t) EqiUso,
AAgiia(t) = UpDaiFai(t) EqUs,
b1(t) € R™™™, py(t) € R™.
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Hih: € € R™O-m) o0 (8) = —Com (RN

KO DT, 1330 T RE M A
JikEN:
(21(t) = (A1 + Adin (t) — AizCi—
AAi12(6)C)z1 (t) + (Aqin+
AAgin (t) — AginaCi— (7

AAgina(t)Ci)zi(t — h),

21(t) = ¢y(t), t € [~h,0],i=1,2,--- ,N.
WARKMNEEAH NN — méE T+ RAEN VI RE.

EE 1 4Eh > 0,y > 1, WRIELEIEEXS
FRFFEX,, Wi, JEFEY; (0 € ) FIEHR #e; (5 = 1,2,
3,4,1 € )R N bR FEA
Y11 Y2 Yis 0 0 76
* Yoo Yoz Yoa O 0

* % 733 0 oy O
* % % 7y 0 0
*
*

)

* % % 955 O

* * * * Y66

T AR AN 28 G0 100 e B 5 R BT A 1 R D) 46 R 46(7)
o B B T 3385 A2
1. «

WAL R VIS 5 A 2 S e i 1), B 7 &
G5 R BT AT 3k
S; =Y. X 'z (t) + 20(t) =0, (10)
o
Y11 = UpAiUn X+ XU Al Ui+ U AL Ui X +
XUSAL Uiy —Us AU Y, =Y, UL AT U, +
Wi,
Y2 = XU A Uin + XU AUy — Y ' UL AT Uss,
Y13 = UZEAdTiUnYia
Yoo = —h 7N (y — 1) Xi, Y23 = UpAgUn Vi,
Va3 = —Wi, y2u = [UEDi U;ngi]y

Ya4 = diag{—agif, —641'[},
V35 = [531XiU£E£ - 531‘}/;TU1-T1E(1T¢
enXUpEy —enY U Eg),

V55 = diag{—es; I, —es; 1, —e4l,
Y16 = [Uz’ng EhXZU;l;E;T
EgngE,’LT

—eqil},
—511'Y1-TU5EZT U?;Ddi
—e5Y; Up B vhUinAq,Up X,
Yoo = diag{—e; 1, e 1, —e1;d, —e1;d, —€9;1,

—egil, —ea3il, yh X},
A= max{)\max( D} X =

i 1WiXi_1)_1Agi11Adi11}’

T}gf{)\min (Xi_l)}v
A3 = Iiréldrjl{)\min(
Ay = I?G%X{Amax(Xi_IWiXi_l)}7
As = min{ Awin (X7 WX},

1Ad211>}

A7 = mm{)\mm (A;trqu 1Adzll)}

A = max{/\max(AdTZ11

A= mgbx{)\max( 20} 0<a<,
1 A A1 A Xg
=— , Ao
p= 5 min N h 2A3}, B= max{)\2 )\5 /\7}

WE X REAN € AR FELyapunoviZ BV : O,
— R”

Vi=Vi + Vo + V5, (11)
BENGEY
Vu(zlt) (th)P D(Zu)
‘/éz(zlt ’YJ f 21 AdZuP Adzllzl( )dUdS;

Vile) = [ 2N (s)Tai(s)ds,
H P, Ti(i € ) iEEMFRENE 57D : C) —
R 52 X
D(z) = %1 (t) + f;h Agnz(s)ds.  (12)
AV 5 3, A5
Vi(z1e) < eallzuell?, (13)
oy S TE A, th3 | BR 1A 3019 5
(Lt_h f_ldmzl(s)ds)T(Lt_h Aginnz1(s)ds) <
B e (s) Al Asan (s)ds <
P 7 A% Avin) [ 21 ()T (s)ds <
cVsi(21t), (14)
Soepey T4, AT
Vii(z10) = Vai(z1) + Vai(zae) >
; ¢ ID () |1* +
|, Auuzi(s)ds|?) >
S minO, ¢ )(1D() -
Lt_h Az (s)ds||?) =
crf|z (t >H2 (15)
Hrbe HIEH L & 32 (¢ f Aginiz1(s)ds, #¥

min(Ay,
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N SISl
(Vii(z1) = 2D (21) P, D(200) =
221 (t)P,(Ain1 — An2Ci+Aqinn) 21 () +
221 Pi(—Aqi12C3) 21 (t — h)+
221 () Pi(Ajy — Ain2Cit+ Aginn )21 (B)+
27] Pi(—Aqi12Ci) 21 (t — h)+
22?( P (AAin — )
Pi(AAgin1 — AAgi2Ci)z (t — h)+
Pi(AAjy — AA;C)z (t)+
( Pi(AAgi1 — AAgi12C) 21 (t — h),
V2i(21t) =
Yhz{ (t) Agiyy PiAai 21 (t)—

P)/j Zl
vhzy () Aginy PrAaina 21 (t)—

t -_— —_
J‘ih ZlT(u)AgﬂlPiAdillzl (u)du—

h_l(’Y - 1)51T(t)Pz'51(t)>
V3i(z1t) = Z;r(t)TiZl(t) - Z?(t

AA;1Ci)z (8)+

w) Agiyy PiAgi z1 (u)du <

— W) Tz (t — h).

(16)
H AT OG T R RA 2 1 R & T 45
) 21 (t) Z1 (t)
<] am | o am |-
Zl(t - h) Zl(t — h)

t _ _
\th ZlT(S)AEﬂlPiAdillzl(8)d8, (17)

o
) 011 612 013
;=] % 0y O3],
x % O3
011 = PIUS AUy — USAUACs + U AgiUso) +
[UEAUs2 — USAUAC; + US AqUss] P, +

e BUSD; DI U, P; +
11(Uin — UnCy) " E Ey(Upn — Un C;) +
et BUSDg; DU Py +
£3i(Usa — Uilci)TEiTEi(UiQ —UnC;) +
Vh(Uij;AdiUi2)TPi(U};AdiUm) + 1T,
Osp = —h"'(y = 1)P, + 5, U, D; D/ Upn P; +
ey PU3Da; DU P,
=T+ e2;(Uia — Uilci)TEiTEi(UzQ
e1:(Uiz — UnCy) " Eg Eq;(Usz — Un Cy),
012 = [UiTgAiUﬂ - UgAiUﬂCi + UigAdiUiQ]TPi,

933 =

—UnC;) +

013 = Pi(—=UjsAqiUinC;), 0o5 = Pi(—UbAqiUinCy).
X, =P '\ W, = X, T,X,,Y;, = C; X;, W2, <

0% 192, < 0. K2, < 0, P, > 0,1 € o, 135
Vi(z1e) < —esl|z (1)), (18)

Hodres I IEH L ARBEVIIAS 5o (¢) 0 BUESE, ik
77'3%)\#( g U BRI DI R), Blo(77F) = 4,
o(r7) =g, #—Pnf

Vii(z10+) = D" (21,) PD(21,) <

A A
JDT(ZIT)-P]'D(ZIT) = 71‘/1j(217—)) (19)
Ao Ao
A
Vailzir) < T Vas(210), (20)
5
A6
Vai(#z1,+) < )\*‘/'23'(2177)- 21
7
HH G E X 13
‘/i(le+) g ﬁ‘/}(zl‘r*)' (22)

BLAE P vk 2015 2 45 I HAL IR 25 e B e BAR 25 6 11
I, A0 BV (0 ) ROV (2,4 ), 5

z1(t) ) z1(t)
Z1(t) (2; Z1(t) <
2 (t —h) z1(t — h)

=AMz + 12 O + |22 = D)) <

A N A
“la® +AOP < 5 Vi), @)
1

t _ _
—j ZlT 8 AdeuP'AdjnZl(S)dS <

th

Vaj (214), (24)

Adjllp Ad]uzl( )dudsé

hy
t _ _
- 21 () Ad11 PiAgjnzi(s)ds <

t—h

t
e | (T AL Aagn) 2 ()T (s)ds <

— o3 Vi (21y). (25)
BAERH A7) F023)~(25), Kt € (v, 7), F
V() < lmmAh AA}V(z10), (26)
UES]
————dV;(21) < —pdt. 27)

V(th)
Xl‘it(27)iU)\(v TG, W13V, (21, ) < V(210+) ¥
), Exgia), H

Vi(z17+) < BV (2104 )e 7070, (28)
FIR©), K HT -0 > Ty > ;m g, 0 (28) 2%
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WVi(z10+) < V(214 )e T R R — bk, AL
i R G U(FE(0, oo) Lo it A5 BRI TR U1 4, FHN (¢)
S 4E[0, ) L1 0 e J B, A lim (1) =
oo. [B¥o(t) = iflo(0) = do, WA

crllz (8] < Viz) < N OV, (210) — 0. (29)
Mt — oofff, M|z, ()] — 0, 24t — oo, XEMHETH
BT RE I LA 2 B BT I A 1), UFEE.

E1 WREE@WAL, WA hEA T REH T
FERPTAR BRI I3 R B8 (T), A0 5 B B 1)l 2 RO AT = D) 4k
1555 MRS e e I, RIS SCER20]4H b, AR 301
VD) TE e S . 5340, AR SCITE D)4 RGE IR
T SHUR TN, DS v s 3 AR A5 1T LA 4 vy i Pk
[i) B ) 2R 6 1) R 25 B K4 i Ly apunoviz B8 1 1] BEAIK AR 5
P 0213845 2 $0y 7T 25 Lyapunov BR 5 #4938 389 b 58 KR A
.

PRALE, B T v T R 1 2% LA DR 2R 40 2R M Bl A
AXIHERBLE). RE)ENBSRIEFKMH

. N
V=3 87S, <0, (30)
=1

A S 5T R I H PR AL
SZ‘ = C_’,LZ(t) = Y;Xi_lzl(t) + Zg(t).
EE 2 HEUIIRARFG), MR € o, B X
RS 2% A
ul(t) == —(Blg)fl[a/_l,z(t) + CiA_diZ(t - h)] -
(Bi2) I CiDil|| Bz (t) || +
|CiDaill| Eaiz(t = R)|| + || Biallo(T; ' 2) +
plsgn S;, (31)
o b 5L, W RGO HIZRGDIEH T AT
BRI I BLE 5.
WE 4S(t) = OB RS CHE TS BB X A
Bz g)). 24.5,(t) # O, & X1 T Lyapunov efi

1 N
5 Z Sz‘TSiv
1—1

V:2

HRw 231, 15
N

S 875 < - S,
PR 3P T 0 A58 8058 4% Al A, AE AR I DRI 5 1) D)
BAIE R, REDEEN HE T RIS X I
BHZg). R,
4 i & (Simulation example)

FREYIR AL, Hrhi = 1,2,

A, = 1.0 2.0 Ay = 1.0 2.0 7
0.0 1.2 0.1 1.1

1.0 0.5 1.2 0.6
An = [1.0 20|’ Aaz = [1.1 2.0] ’
B, _ 0.0 B, — 0.0 7
1.0 1.0
D — D, 0.5 0.0 ,
0.0 0.5
B =B, = 0.01 0.0 7
0.0 0.01

Fi(t) =sint, f; = f, =0.
WAIIRAS 2(0) = [11]7, HHp = 10; BT
iy = 5.5,
€11 = €21 = €31 = &q1 =
€12 = Eap = €33 = €42 = L.
M SR L MER FEANSE (), W] AR RID) e R ST
b
S1(t) =[7.2251 1.0]z(t) =0,
Sa(t) = [7.7666 1.0]2(t) = 0.
Fh s B2 SR 4 MR B WSS T R 4R R
ﬁﬁtanh(%)&ﬁmﬁwﬁﬁﬂ%@ﬁsgnm
up =7.22512 (t) + 15.650225(t) +
8.225121(t — h) + 5.612625(t — h) +
[3.647(]0.012, (t) + 0.0122(t)|| +
3.647)|0.012,(t — h) + 0.0125(t — h)|| +
10] tanh(7.225121 (t) + 2a(t)),
Uy =7.866621 (t) + 16.633225(t) +
10.41992,(t — h) + 6.6625(t — h) +
[3.9154(0.0124 (¢) + 0.0122(t)|| +
3.9154||0.012,(t — h) + 0.0125(t — h)|| +
10] tanh(7.7666z1 (t) + 2z2(t)).
MATLAB{F 45 R U E 1~3 775,

2 .

0k
>é: H
=
2t u
—X,
...... x2
-4 L
0 2 4

t/s
B 1 B3 2R GE(D)AR A Y

Fig. 1 The state response of switched system
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