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optimization for bank-to-turn missile
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Abstract: To deal with the coupling between channels in the guidance system for a bank-to-turn(BTT) missile, we

propose a new three-dimensional(3D) nonlinear guidance law with parameter optimization. The azimuth model of the line

of sight(LOS) is developed by the twist-description approach, and the LOS angular velocity model is built with the vector

description method. Thus, a 3D nonlinear model of missile guidance is established. The guidance law is divided into the

guidance control part and the coupling compensation part. By optimizing the performance index, we determine the guidance

control signal. The guidance model is then transformed into a linear form without the loss of guidance information; and a

three-dimensional guidance laws are deduced for the quadratic performance index with terminal constraints or non-terminal

constrains, respectively. This guidance law not only solves the coupling problem between tunnels but also provides the

optimal control with physically realizable parameters. Simulation validates the effectiveness of the proposed method.
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2 (Description for non-

linear guidance problem)
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2.1 (Twist description for

LOS azimuth)
1 : T

O, r , r, T

M . M ′ M xoz . ec, et,

ed, er, ett , ec

−−−→
OM ′ , et y ,

er r , O-eceted , O-

ederett . qd

, ; qt

Ox , . ξ1, ξ2 ξ3

r yoz, zox xoy3

; σ1, σ2 σ3 yoz, zox xoy3

y, z, x3 ; r1, r2

r3 r yoz, zox xoy3

.

1

Fig. 1 Euler angles and vectors determined by LOS

[12],

. 1 , r =
[x y z]T, σ:

σ
Δ=

⎡
⎢⎣σ1

σ2

σ3

⎤
⎥⎦ =

⎡
⎢⎣atan2(z, y)

atan2(x, z)
atan2(y, x)

⎤
⎥⎦ , (1)

: σ , atan2

.

(1)

σ̇ =

⎡
⎢⎣1/(y2 + z2) 0 0

0 1/(z2 + x2) 0
0 0 1/(x2 + y2)

⎤
⎥⎦

⎡
⎢⎣ 0 −z y

z 0 −x

−y x 0

⎤
⎥⎦

⎡
⎢⎣ ẋ

ẏ

ż

⎤
⎥⎦ Δ= P−1

r r × ṙ, (2)

Pr = diag{y2 + z2, z2 + x2, x2 + y2}. (3)

er r ,

ėr = ω × er. (4)

ω⊥ er ,

ω⊥ = er × ėr =
1
r2

(r × ṙ) =
1
r2

Prσ̇
Δ= Qξσ̇, (5)

σ̇ = Q−1
ξ , ω⊥, (6)

Qξ = diag{cos2 ξ1, cos2 ξ2, cos2 ξ3}, (7)

Qξ r

. (6)
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2.2 (Vector description

for LOS angular velocity)
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Fig. 2 Vector description for LOS angular velocity
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ω = q̇ded + q̇tet. (8)

(8) :

, ω‖
,

ω⊥. ,

. (8)

ω⊥ = q̇ded + q̇t cos qdett. (9)

v ed rq̇tt,

r2q̇t,

rq̇tt = r2q̇t, (10)

q̇tt = q̇t cos qd, (11)

ω⊥ = q̇ded + q̇ttett, (12)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ėd = ωed × ed = q̇tet × ed = q̇tec =

q̇t cos qder − q̇t sin qdett,

ėtt = ωett × ett = (q̇tet − q̇ded) × ett =

q̇t sin qded.

(13)

(13) 2 . (12)

ω̇⊥ = q̈ded + q̈ttett + q̇dq̇t cos qder −
q̇dq̇t sin qdett + q̇ttq̇t sin qded. (14)

(14) , q̈ded q̈ttett

,

q̇dq̇t cos qder − q̇dq̇t sin qdett + q̇ttq̇t sin qded

.

BTT , (14)
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2
Tg
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1
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(15)
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[14], (15) θ̇d

θ̇t, , u = θ̇ded + θ̇tett. (14)

(15),

ω̇⊥ =
2
Tg

ω⊥ +
1
Tg

u + q̇dq̇t cos qder −
q̇dq̇t sin qdett + q̇ttq̇t sin qded. (16)

(16) .

, (6)(16)

, ⎧⎪⎪⎪⎨
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σ̇ = Q−1
ξ ω⊥,

ω̇⊥ =
2
Tg

ω⊥ +
1
Tg

u + q̇dq̇t cos qder−

q̇dq̇t sin qdett + q̇ttq̇t sin qded.

(17)

3 (3D guidance law design)
BTT ,

, (16) ,

,

. ,

u : u0(

) Ω,

u = u0 + Ω, (18)

Ω = −Tg (q̇dq̇t cos qder − q̇dq̇t sin qdett+

q̇ttq̇t sin qded) . (19)

(19) ,

, , u

, . ,

u0 ,

J =
1
2

� tf

0
uT

0 u0dt. (20)

(17),

: ⎧⎪⎨
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σ̇ = Q−1
ξ ω⊥,

ω̇⊥ =
2
Tg

ω⊥ +
1
Tg

u0,
(21)

, ,
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3.1 (No ending constraint)
, :

, : ω⊥ → 0.

, σtf .

x = ω⊥, {
ẋ = Ax + Bu0,

x(tf) = 0,
(22)

: A =
2
Tg

I3, B =
1
Tg

I3.

(20) ,

, ,

u∗
0 = −BTPx, (23)

P Riccati
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Ṗ−1 − AP−1 − P−1AT + BBT = 0,

P−1(tf) = 0.
(24)

(24) P = 3TgI3,

u∗
0 = −3ω⊥, (25)

u∗ = −3ω⊥ + Ω. (26)

(26) .

3.2 (With ending constraints)
, ω⊥ → 0 ,

σ → σD(σD ). x1 = σ − σD,

x2 = ω⊥. (22) ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x =

[
x1

x2

]
,

A =

⎡
⎣03×3 Q−1

ξ

03×3

2
Tg

I3

⎤
⎦ ,

B =
[
03×3

1
Tg

I3

]T

,

(27)

u∗
0 = −BTPx, (28)

P Riccati{
Ṗ−1 − AP−1 − P−1AT + BBT = 0,

P−1(tf) = 0.
(29)

[16],

P =

⎡
⎣ 4

Tg

Q̃2
ξ 2Q̃ξ

2Q̃ξ 4TgI3

⎤
⎦ . (30)

(30) , Q̃ξ Qξ

.

u∗
0 = −4ω⊥ − 2

Tg

Q̃ξΔσ. (31)

u∗ = −4ω⊥ − 2
Tg

Q̃ξΔσ + Ω. (32)

4 (Simulation results)
,

BTT , :

−6◦ ∼ +12◦,

−45◦ ∼ +45◦.

(26); , (32).

, Q̃ξ = (Qξ(0) + Qξ(tf))/2.

4.1 1: (Simulation 1: no

ending constraint)
(0.5◦, 0.5◦,

22000 m), (0◦, 0◦, 0 m), (0,

−1050,−358) m/s, 3∼5 .

3

Fig. 3 3D trajectory without ending constraint in this method

4

Fig. 4 Time-history of attack angle command in this method

5

Fig. 4 Time-history of roll angle command in this method

91.30 s , 0.67 m, 3
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( 3,

). , 90.90 s ,

5.64 m. 6∼8 .
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6

Fig. 6 3D trajectory without ending constraints in traditional

method

7

Fig. 7 Time-history of attack angle command in traditional

method

8

Fig. 8 Time-history of roll angle command in traditional

method

6 : ,

, ,

(hit-to-kill) . 7

8 : ,

, .

4.2 2: (Simulation 2: with

ending constraints)

[17],
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, −85◦, −40◦,

9∼13 .

96.70 s, 1.21 m,

−84.63◦, −40.26◦.
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.

9

Fig. 9 3D trajectory with ending constraints in this method

10

Fig. 10 Time-history of attack angle command in this method

11

Fig. 11 Time-history of roll angle command in this method

12

Fig. 12 Time-history of yaw angle in this method



1074 28

13

Fig. 13 Time-history of velocity obliquity in this method

5 (Conclusion)
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