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On state estimability of linear stochastic system under
communication access constraints
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Abstract: The problem of estimability is discussed for linear multivariable discrete-time stochastic systems with com-

munication access constraints. To deal with the communication constraints caused by the limited access, a binary-value

function is used to describe the access status of the output signals. Based on the measure of mutual information, the problem

of state estimability is discussed and a condition for estimability under access constraints is derived. Analytical analysis

and simulation results show that there exist proper communication strategies which preserve the estimability of the system

under communication access constraints. Furthermore, an equivalent relation between the estimability of stochastic system

and the observability of corresponding deterministic system is proved under communication access constraints.
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2 (Problem description)
:{

x(k + 1) = Ax(k) + Bw(k),
y(k) = Cx(k) + v(k).

(1)

: A,B, C , x(k) ∈
R

n, y(k) ∈ R
m, k = 0, 1, 2 · · · , E{x(0)} = 0,

E{x(0)xT(0)} = Π(0), w(k) v(k)
, x(0) .

,

,

Wm(1 � Wm < m) , m

Wm ,

.

, .

[4] ,

.

: i = 1, 2, · · · ,m, σi(k)
k i , ỹ

, k

i ỹi(k) = σi(k)yi(k), yi(k),

σi(k) = 1, yi(k) ,

.

m k

m → Wm :

σ(k) = [σ1(k) · · · σm(k)],

m → Wm : σi(k)
{0, 1} , ‖σ(k)‖2

2 = Wm, ∀k.

Mσ(k) = diag{σ(k)}, ỹ(k) = Mσ(k)y(k),

, {
x(k + 1) = Ax(k) + Bw(k),
ỹ(k) = Mσ(k)Cx(k) + Mσ(k)v(k).

(2)

,

.

3 (Estimability

under access constrains)
,

[12] (MMEE) :

.

[11] (LMSE)

. [13]

, ,

( )

. ,

, Jaynes [13] ,

,

. (2) , MMEE

. [12]

, ,

.

3.1 MMEE (Estimability un-

der minimax error entropy)
[11] , [12]

MMEE .

:{
x(k + 1) = f(k,x(k),w(k)),
y(k) = h(k,x(k),v(k)),

(3)

: x(k) ∈ R
n, y(k) ∈ R

m, k = 1, 2, · · · ; w(k)
v(k) . x̂(k)

Y (k) = {y(k),y(k − 1),y(k − 2), · · · }
x(k) (MMEE)

, x̃(k) ,

x̃(k) = x(k) − x̂(k) :

Γ (k)=E
{
x(k)xT(k)

}
, Ξ(k)=E

{
x̃(k)x̃T(k)

}
.

(3) MMEE :

1[12] (3) ,

I(x(k); x̂(k)) > 0, ∀k � n, (4)

I(· ; ·) .

1 1) [14] , (4)

H(x(k)) > H(x̃(k)), ∀k � n, (5)

.

2) (1) , x(k) MMEE

Kalman , LMSE .

1[11,12] (1) MMEE/LMSE

, ∀k � n,

Λ(k, 0) = {Φk,jL(j), j � k} (6)

, rank(Λ(k, 0)) = n, ∀k � n. : L(j) =
Γ (j)CT; Φk,j = A(k − 1)A(k − 2) · · ·A(j)

.

3.2 (Estimability under

access constrains)
2 , (2)

. 3.1 , ,

:

rank(Φk,jL(j), j � k) = n, ∀k � n, (7)

, C1(j)=Mσ(j)C,

L1(j)=ΓjC
T
1 (j)=ΓjC

TMσ
T(j)=L(j)Mσ

T(j).

, (6)
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Λ̃(k, 0) = {Φk,jL(j)MT
σ (j), j � k}. (8)

, j, σ(j) Wm 1

m−Wm 0 . , j, Φk,j ·
L(j)MT

σ (j) Φk,jL(j) Wm .

1 1

, A , 1 �
Wm < m, m → Wm σ(·),

kf � �n/Wm� (n + 1), (2) [0, kf ]
.

, k = n ,

(7) ,

Λ(k, 0) = Λ(n, 0) =

[AnL(0) An−1L(1) · · · AL(n − 1) L(n)],

rank(Λ(k, 0)) = rank(Λ(n, 0)) = n. (9)

k = n + i, i = 1, 2, · · · ,

Λ(k, 0) = Λ(n + i, 0) =

[An+iL(0) An+i−1L(1) · · · AiL(n)

Ai−1L(n + 1) · · · L(n + i)] =

[Ai[AnL(0) An−1L(1) · · · L(n)]

Ai−1L(n + 1) · · · L(n + i)] =

[AiΛ(n, 0) Ai−1L(n + 1) · · · L(n + i)].

(9) , rank(Λ(n, 0))=n, A ,

rank(AiΛ(n, 0)) = n, rankΛ(n + i, 0) = n,

A , k = n ,

k � n, .

, (7)

rank(Φk,jL(j), j � k) = n, ∃k � n. (10)

,

rank(Λ(n, 0)) = n, n + 1,

rank(Λ(n + 1 + n, n + 1)) = n,

rank(Λ(i(n + 1) + n, i(n + 1)) = n,

i = 0, 1, 2, · · · , �n/Wm� − 1.
(11)

Λ(i(n + 1) + n, 0) =

[Ai(n+1)Λ(n, 0) A(i−1)(n+1)Λ(n+1+n, n+1) · · ·
Λ(i(n + 1) + n, i(n + 1))],

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Λ1(n, 0) = Ai(n+1)Λ(n, 0),
Λ1(n + 1 + n, n + 1) =
A(i−1)(n+1)Λ(n + 1 + n, n + 1),

...

Λ1(i(n + 1) + n, i(n + 1)) =
Λ(i(n + 1) + n, i(n + 1)),

(12)

Λ(i(n + 1) + n, 0) =

[Λ1(n, 0) Λ1(n + 1 + n, n + 1) · · ·
Λ1(i(n + 1) + n, i(n + 1))].

A (11)(12), Λ1(n, 0), · · · , Λ1(i(n +
1) + n, i(n + 1)) .

, 3.1 , (8)

,

kf , rank(Λ̃(kf , 0)) = n, (2)

.

Λ̃1[n, 0] =

Akf−(n+1)[Φn,0L(0)MT
σ (0) Φn,1L(1)MT

σ (1)

· · · Φn,nL(n)MT
σ (n)].

,

Λ̃1[i(n + 1) + n, i(n + 1)] =

Akf−(i+1)(n+1){Φi(n+1)+n,i(n+1)L(i(n+

1))MT
σ (i(n+1)), Φi(n+1)+n,i(n+1)+1L(i(n + 1) +

1)MT
σ (i(n + 1) + 1), · · · , L(i(n + 1) +

n)MT
σ (i(n + 1) + n)}. (13)

, Mσ(k)
Φkf ,kL(k) Wm . Λ1(i(n+1)+n,

i(n+1)) n, r0
i , r

1
i , · · · , rn−1

i Λ1(i(n+1)+
n, i(n+1)) n , Ri =
(r0

i , r
1
i , · · · , rn−1

i ), :

1) R = R0;

2) R1 Wm R (rWm

0 , rWm+1
0 ,

· · · , rWm+Wm−1
0 ), rank(R) = n,

, rank(R1) = n;

3) Ri Wm R (riWm

0 ,

riWm+1
0 , · · · , riWm+Wm−1

0 ), rank(R) = n,

i = 2, 3, · · · , �n/Wm� − 1.

, R Ri Wm , rank(R) =
n. Ri Wm ,

n . (13) ,

Mσ(k) Φkf ,kL(k) Wm ,

Mσ(·) Λ1((i(n +1)+n, i(n+1))
Wm × (n + 1) .

σ(·), �n/Wm� (n + 1) n

, i = �n/Wm�− 1 ,

Λ̃(i(n + 1) + n, 0) =

[Λ̃1(n, 0) · · · Λ̃1(i(n + 1) + n, i(n + 1))]

, ,

. .
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4
(The relationship between estima-

bility and observability under access con-

strains)

, Kam [15]

.

{
x(k + 1) = Ax(k) + Bw(k),
y(k) = Cx(k) + v(k),

(14)

: x(k) ∈ R
n, y(k) ∈ R

m, k = 1, 2, · · · , A, B, C

, w(k), v(k)
, x(0) , E{w(k)} = 0,

E{v(k)} = 0. (14){
x(k + 1) = Ax(k),
y(k) = Cx(k).

(15)

(14)(15) x(0)
X0, x(0) ∈ X0,

x(0) = [x1(0) x2(0) · · · xn(0)]T.

, H(x(0)) = H(X0). (14)

(15) , xi(0) ∈ X0(i =
1, 2, · · · , n) Fi,

Fi . ,

xi(0) . , Jaynes

, xi(0)
xi(0) . ,

, xi(0)
,

Y = [y(0)T y(1)T · · · y(n − 1)T]T. (16)

2[15] Y

y(i)(i = 0, 1, 2, · · · , n − 1, n, · · · ) x(0)

H([y(0) y(1) · · · y(n−1) · · · ]T) = H(Y ). (17)

(15), m = 1 ,

Kam [15] .

3[15] X0

(15)(m = 1),

H(X0) = H(Y ), (18)

Y x(0) .

2 , (14)(15)

:{
x(k + 1) = Ax(k) + Bw(k),
ỹ(k) = Mσ(k)Cx(k) + Mσ(k)v(k),

(19)

{
x(k + 1) = Ax(k),
ỹ′(k) = Mσ(k)Cx(k).

(20)

: Ỹ ′ = [ỹ′(0)T ỹ′(1)T · · · ỹ′(kf − 1)T]T, kf �
�n/Wm�n.

Ỹ ′

ỹ′(i)(i = 0, 1, 2, · · · ) x(0)

H([ỹ′(0)T, ỹ′(1)T, · · · , ỹ′(kf−1)T, · · · ])=H(Ỹ ′).

[10] , ,

, ,

:

2 ,

, X0 (20)

,

H(X0) = H(Ỹ ′). (21)

(20), 2 ,

,

Ỹ ′ =

[Mσ(0)C Mσ(1)CA · · · Mσ(kf−1)CAkf−1]Tx(0).

Qc =

[Mσ(0)C Mσ(1)CA · · · Mσ(kf − 1)CAkf−1]T,

Ỹ ′ = Qcx(0).

. [10] , ,

σ(·), [0, kf ]
, kf � �n/Wm�n, rank(Qc) =

n.

Qc n ,

Q′
c = [r1 r2 · · · rn]T.

Ỹ1 = Q′
cx(0), Ỹ ′ Ỹ2, Ỹ ∗ =

[Ỹ1 Ỹ2]
T

.

H(Ỹ ∗) = H(Ỹ1) + H(Ỹ2/Ỹ1) � H(Ỹ1). (22)

Ỹ ′ Ỹ ∗ , H(Ỹ ′)=
H(Ỹ ∗), (22)

H(Ỹ ′) � H(Ỹ1). (23)

Ỹ1 = Q′
cx(0), rank(Q′

c) = n,

: z f(z),

H(z) � H(f(z)), f(·)
.

H(Ỹ1) = H(x(0)) = H(X0). (24)

(23)(24)

H(Ỹ ′) � H(X0). (25)
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Ỹ ′ = Qcx(0),

H(Ỹ ′) � H(x(0)) = H(X0). (26)

(25)(26) H(Ỹ ′) = H(X0).

. ,

H(Ỹ ′) = H(X0). (27)

:

rank(Qc) = r < n, (28)

Y n ,

r , n − r Q′
c,

Ỹ1 = Q′
cx(0), rank(Q′

c) = r < n,

H(Ỹ1) < H(x(0)) = H(X0). (29)

rank(Qc) = r < n, Qc

r , Ỹ ′ Ỹ1

, Ỹ ′ = f(Ỹ1),

H(Ỹ ′) � H(Ỹ1), (30)

(29)(30) H(Ỹ ′) < H(X0), (27) ,

(28) , rank(Qc) = n.

. .

2 [12]

, :

3 rank(A) = n, (19)

, (20) .

(19) x(k),

Ỹk = [ỹ(0)T ỹ(1)T · · · ỹ(k)T]T; (20)

x′(k),

Ỹ ′
k = [ỹ′(0)T ỹ′(1)T · · · ỹ′(k)T]T.

. , (20)

, 2

H(X0) = H(Ỹ ′
k ), ∀k � kf , kf � �n/Wm�n.

rank(A) = n, A ,

H(x′(k)) = H(X0) = H(Ỹ ′
k ). (31)

H(x(k)) � H(x′(k)), (32)

,

I(x(k); Ỹk) � I(X0; Ỹk) = I(Ỹ ′
k ; Ỹk) =

H(Ỹk) − H(Ỹk|Ỹ ′
k ). (33)

Ỹk Ỹ ′
k ,

H(Ỹk) > H(Ỹk|Ỹ ′
k ).

, H(X0) = H(Ỹ ′
k ) , I(x(k); Ỹk) > 0,

(20) .

. (19) , I(x(k); Ỹk)
> 0 ,

I(x′(k); Ỹ ′
k ) � I(x(k); Ỹk) > 0. (34)

(20), x′(k)
x̂′(k). ,

[16], mx̂′(k) = x′(k).

I(x′(k); Ỹ ′
k ) = I(x′(k); x̂′(0)) =

I(x′(k); x′(k)) = H(x′(k)).

rank(A) = n,

I(X0; Ỹ ′
k )=I(x′(k); Ỹ ′

k )=H(x′(k))=H(X0).

(35)

I(X0; Ỹ ′
k )=H(X0)−H(X0|Ỹ ′

k ),

H(X0|Ỹ ′
k )= H(Ỹ ′

k |X0)=0.

I(X0; Ỹ ′
k )=H(Ỹ ′

k )−H(Ỹ ′
k |X0)=H(Ỹ ′

k ). (36)

(35)(36) , I(x(k); Ỹk) > 0 , H(X0) =
H(Ỹ ′

k ). .

5 (Simulation)
1 [17]

.

,

, .

.

, , , 1 .

, ,

.

. ( ).

1

Fig. 1 The system of the headbox of paper machine

C1, C2, Cw H(k)
; G1, Gw

; u1 u2 ; Bw

.

, :
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x(k) = [G1(k) G2(k) C2(k)]T,

y(k) = [G1(k) H(k) C2(k)]T,

u(k) = [u1(k − 1) u2(k − 1)]T,

u1(k) = 1, u2(k) = 1. w(k)
v(k) x(0)

, :

Q(k) = diag{0.4, 0.4, 0.4},
R(k) = diag{0.3, 0.3, 0.3},
P (0) = diag{0.8, 0.8, 0.8},

[17]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(k+1)=

⎛
⎜⎝0.6970 0 0

1 0.8667 0
0.1575 −0.05033 0.9099

⎞
⎟⎠x(k)+

⎛
⎜⎝−0.03443

0
0

0
−0.6877

0

⎞
⎟⎠u(k) + w(k),

y(k)=

⎛
⎜⎝1 0 0

0 1.58 0
0 0 1

⎞
⎟⎠ x(k) + v(k).

(37)

1:

, Wm = 1. 1 3

{σ(1), σ(2), σ(3), · · ·}=

⎧⎪⎨
⎪⎩

⎡
⎢⎣1

0
0

⎤
⎥⎦,

⎡
⎢⎣0

1
0

⎤
⎥⎦,

⎡
⎢⎣0

0
1

⎤
⎥⎦, · · ·

⎫⎪⎬
⎪⎭.

2:

, Wm = 2. 1 3

{σ(1), σ(2), σ(3), · · ·}=

⎧⎪⎨
⎪⎩

⎡
⎢⎣1

1
0

⎤
⎥⎦,

⎡
⎢⎣1

0
1

⎤
⎥⎦,

⎡
⎢⎣0

1
1

⎤
⎥⎦, · · ·

⎫⎪⎬
⎪⎭.

2 , ,

(37) (2) , Kalman

. 2∼4 ,

1 2

, , ; 5

1

2 3

, ,

,

1 ,

2 .

2

Fig. 2 The actual value and estimated value of states without

access constraints

3 1

Fig. 3 The actual value and estimated value of states on

the access constraint 1

4 2

Fig. 4 The actual value and estimated value of states on

the access constraint 2
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5

Fig. 5 Error entropy

2∼ 4 ,

, ,

. 3 4 ,

1 2 ,

, Kalman

. 5 ,

1 , Wm = 1, �n/Wm� (n + 1) = 12, k �
5 , , kf = 5 < 12,

(5), 5

; 2 , Wm = 2,

�n/Wm� (n + 1) = 8, k � 4 ,

, kf = 4 < 8,

(5), 4 ;

, (5),

k � 3, ,

, .

, ,

,

.

2 [10]

, w(k)
v(k),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(k + 1)=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
5

0 0

0
11
4

0
1
5

1
1
5

1
3

3
4

0 −1 0
1
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x(k)+

⎡
⎢⎢⎢⎣

0 0
1 1
0 0
1 1

⎤
⎥⎥⎥⎦u(k) + w(k),

y(k) =

[
1 1 0 0
0 0 1 0

]
x(k) + v(k).

(38)

: 0.33, 1, 2.67, 0.33,

. w(k), v(k)
x(0) ,

Q(k) = diag{0.81, 0.81, 0.81} , R(k) =
diag{0.64, 0.64, 0.64}, P (0) = diag{0.8, 0.8, 0.8}.

u(k) = [1 1]T.

, Wm = 1.

2

{σ(0), σ(1), · · · } =

{[
0
1

]
,

[
1
0

]
, · · ·

}
,

6 ,

, ,

.

6

Fig. 6 Error entropy

Wm = 1 , �n/Wm� (n+1) = 20, 6

, k � 6 , , kf =
6 < 20, ,

.

1 2 ,

, ,

, .

6 (Conclusion)

,

.

, , ,

.

,

.
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