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Global robust finite time stabilization of a class of
nonlinear uncertain systems
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(College of Mechatronics Engineering and Automation, National University of Defense Technology, Changsha Hunan 410073, China)
Abstract: A continuous global robust finite time feedback stabilization control law is proposed for a class of uncertain
nonlinear systems. Firstly, a state feedback control law is designed for the nominal system. By using Lyapunov direct
method and LaSalle invariance principle, we prove that the resulting closed-loop nominal system is globally asymptotically
stable with the negative homogeneity in degrees. Secondly, introducing an auxiliary variable, we design a compensated
control law for compensating the uncertainties of the system by using the finite-time convergent second-order sliding mode
Super-twisting algorithm. The range of the parameters in the compensation control law is determined by using the finite-
time Lyapunov function. Finally, a continuous feedback control law is developed for the closed-loop system to converge to

its equilibrium point in a finite period of time. Simulation results show the effectiveness of the proposed control law.

Key words: nonlinear system; finite time control; second order sliding mode; feedback stabilization

1 5|3 (Introduction)

TEY R Z B R Gk, M RE—
DLFR O S8R, G PR R G A vl BEAE A7 R 11 I
) P SC SR 21 P . R G BRI AR S s R 4 il
JE LyapunovAg e Pk HA B s ) e S8 °F g . AR
PP A1 B R U, A R IS T 5 S50 ) 4 i B T e DG 1
P 515, A PR RS S R G i B s A
B BRI, T2 A B A [ i e 1l s P e v LRk

W, SCHRI2D0 B> et R G th T RS Zh &
H S BT BRI 1) BE 428 A R eV ik, SCRRI315
XK mbr AR R G vt 1A BRI T2 A, 3C
BRI4IBFHT T — RARZPE R SE, 1% AR 48 LA O
SPERNE RGN, BB BB R IAHENE, 7%
A BETVT A BT X R FR R GEREAT 1. SCRRIS 1R T
A P R OB AT A BT B AR, BETE T — R X

ek H H: 2010—05—05; A& ek H #3: 2010—09—04.

AR TEHERE SIWLAE N B BRAS S 5t FRLINT [a] PR g
I, (R BB R Z BN IO, M RGAAAE
Peahil, FGEIE A R AT B B T, A
A BRER R ZE IAFAE. SCHBRI61EE T R GE 55 ICIE, BT
MnE R R G, Fe T — PR s M & SR A R
Tt BRI ) s g S 925, SCHR[ 7146 SCHRT6] 1 L At
g5 A BB ], RN E n R R, W
THT — TP #1007 PRI ) B 2 A, (R s il At
A VIR TR AL, 755 5 R RS EHR.
Levant/t HAH L8 3 2 T AP i 1 (higher order
sliding mode, HOSM) (1) S AR w5 B 3 458 5t JIik — v
HEEHR, RN T — B B iAot s Her
— L T AR B L B D M N P 3 S A ) s 1
T~

RSO F—RA e AR M R dh T HOES:
{1 B AT BRI ) B R RS Bt il e ok 7 ik,



916 Bowm oS5 N 28 %
B 5, B AARFR R G T Lyapunovis € P B8 Fl K |z|sgnz = x,
BRI, Vet T S IR A R A s e, A ©)

A PRFR R G0 e Wi feoe HEA M055F IR E;
UGB AR 5, R B A g ) v A PR g 8
[*)Super-twisting 5.7, B vl T #ME4E I U0 R HA
1ffi 5 PEREAT HME, HF45 H T AME I I 1 2 50U E
V. 55, SO BT P R 1A BRI TR S5 e
SE P A

2 [l SR (Problem statement)

AT G N —K ARtk R 48, vl th 41
Ty 7 FE R
{-?1_1'5”’ (1)

Horb @y, @ nDWI PR &, w R EHIRIN, o)
NG REL, FRoR RGN E RS LT, X &
ge(HEan M

®Rig1 [p(t)] <6, SMIEFHEL

BRi&2 mbESH B8Rm = 10, X)H
SRS

P H AR e Bk i, 43 REE(DREEAT IR
IS 1) A A S0 38 i
3 BT ARAR R G0 I A BRI TR B 1 o A

¥ 11 (Finite time stabilization control law de-

sign based on nominal system)

FERE THRPR 2R Ge i v A7 BRI T B0 28 ol 1 2 T,
Jedi H— BEA O E N5 | B

X1 HEhn AR RS
i = f(z), z €R", @)
o f(x) = (fi(x), fol), -, ful@)". FAFAE(r,

), i >0, 0 =1, n, MLEE>0, z€R"
AL
ik @y, K™ a,) = B (), 3)
MARLMERGZ QKR T KA (21, -+, 20) = (1140 -,
7 ) [R5 R gt
SIF 1 HRZEQ) SRt HAEA MM
FEUREE, MR SE(2) 4 4 R BRI T A e it

RGO

1"1 = (Ifgl,
4
{j:'Q = Unom- ( )
sgn N AT RREL, & SCUTE:
1, s>0,
sgns =40, s=0, (5)
-1, s < 0.

VEE Bsgn x PR HEH & R HPER:

@|x|"‘+1 = (a+ 1)|x|*sgn z.

FEThRFR R GV AT BRI TR B 3 A e
REFIAH.

B 1 A TFR@IIR RS, W
4

unom =

—k1S (71, p1, 1) — k2S(72, p2, 72), (7)
A ki, ky >0, I%léﬁS(%,pl,xl)fEﬁ(ﬁﬂT

|z;|Visgnx;, || <1,
S(Vi, pirx;) = 8
(s {|xl-|msgnxi, ol >1,
¢O<72<171—H%,p1>11—

1,2, J st E'Z%éﬁ(4)*/\éﬁ'ﬁrﬁﬂﬂmﬁgmﬁ’]$
1y R

W RN R G4, 1520 1) R
A4

T ©)
Ty = —kls(’yl,p1,$1) — k‘zS(%’Pz’xz)-
2% 18 4% 1% Lyapunov PR %l

Vi(zy, x0) = 7’ zo|""
1 1,42 +1
Jkykvi(-ﬁbl'g)ﬂiﬂziﬁ/] X_fvl
av .
V(ml,xQ) = a—x:c =
(k1S (71, P15 21)

le(*yl,pl,z)dz. (10)

O LR T 15

|22| " sgn @) -

ry'
_—k15(’71,P1,$1) - kzs(’hapm $2)_
(k1S (71, pr, 1) 23] -

) o
__k18(71ap17$1) — k25 (72, pa, I2)_
—koS (72, pa, x2)xh' < 0. (11)

(1, 22) Vi (21, 22) = O}y ks, = 0, i
xo = 0 AL LA R iz, = 2o =0, TMiLyapunov
BR BV 0 AL A () TG SRS A, HiLaSalle AN A8 1 Ji #)
—I%D RGRET, v RETT W SRR £8(0,0), X
LR RAE R G PPIRAS KA AT B I Ta) Py e S X Jak
O ={(z1,ma)||21| <1, |2 <1}, H(21,22) € O,
VOV EEY

x"l = Tg, (12)
xgz—k1|$1\'“sgna:1—k2]x2|7‘28gnx2.
SUH
= (f1($1>$2)af2($271’3))T7



BT AR — AN E AL R R Ge 1 4 SR A PR AN I L 917
Horr: ARG RE I Rl ER R, A
fi(xy, zo) = 237, §=1Fo+ Taux =
fo(my, ko) = —kq|z1 | sgn g — ky|xo|"sgn xy. U+ @(t) — Upom =

WA WA : (21, 20) > (ky, k™77 25), W)
fr(kmy, kT2 2,) =
fo TR g = M T g =
KT £ (20, ), (13)
fz(lmhkm%) =
—ky kx| sgn kxy —
l{:g\kﬁwgrmsgn (k‘mxg) =

1
km+l‘;’%’ﬁf2(t’]}17$2). (14)

—1
MO <~y <1, m>1, Fibl—2 " <0, Hischt
1+m—y

W PR KA (21, 22) > (Ko, k777 2,) A
iz — 2L a2
L+m—

Jry 7 BRI T i S5 38 i UEEE.

E 1 4m o= 1, (x1,22) € OWF, 5T BRI SCHR[6]
(1 52 B8 1P XU 73 4k PE R R A T A& — BUm; Mk =
ky = 1, (z1,22) € O, m = 10, @& BRI SCHR[16] 1 HE
WL — 20, 1 RGERPIRES (21, 22) 128 55T AU, HH o
S H e ST EN: A SCBETH IR HI i L STk (6, 161 Beit i1
Pl B AT SR R S

L PR AN E RG(DRHEHIET), BT A
SEPEE, R FPRSABRELE B S, AT
a7 maiis ¥R UESY SURIEIE ST HIEES
4 B ¥ PR B B 4% 8 8 3% 7 (Robust finite

time stabilization control law design )

A SCAR H A A PRI ) B 48 T e PR o
KPR Sy

1) B BRI TR S v pom PRUE PR PR R G IR
IR ) FFE 21 L

2) LT i B I ¥ Super-twisting 57.92:, W
THAMEFE T U osme XS 52 B R G RSN HEAT 056, OR
UEANIE 2R GEAEAT PRI R BELE 31 I A

h T AEA BRI R N BE A E R, BIN
WhAr &, vk R ¥

{u = tUnom + Usosmer

Laux = —Unom-

15)

U waw B ) AR B K H R BT R
A sy T A AR g R BT 2 428 1 T s
Unom FIE K UNT)FT7R. 58 SCHEBAS W

8 = Tg + Taux, (16)

Unom T Usosme + 90(0 — Unom =

©(t) 4 Usosme- (17)
3P AME SR B Ugosme R T H AR 2 H T4
O(E)AFAERT, TR 5 s AT B A TR) Py e 8l 2100, A H
B v AR I ) Super-twisting 5%, Ugogme FT BT
A RIEA:

Usosme = —|5|%sgns—afot sgn sd, (18)
KN, N IEFEL, WA Usosme AEIEEET].
T2 FHERZQ), LN

U = Unom T Usosmes (19)

P Unoms Usosme 7 M HR(T)FI(16) 52 L. 45

A > 2,
A%+ 6%(4X\ = 8) (20)
A(4X—8)

WU ZR e (1) AR AS AT LAAEAT BRI 18] A BROE 31 i

ik R AARAKXAT) Y, nIF A R s3]
SREEWR:

1 t
5+ ’s\isgns—i—aﬁ) sgn sdT = . (21)
KHPIRZ A
t
y=p-—a fo sgn sdr, (22)

XEOAE LN

{%:—)\]s]ésgnf+y, 23)
Y= —asgns+ ¢.
18 IR R ELV (s, y) A £ 1L Lyapunov pR 2L
V(s,y) =n"Pn, (24)
A
P=3 4a_+f2 ;A] 0" = [|s|bsgn s, ).

V(s,y) RESIEE R, HAtmIIEH. B THE
{s=0}k, V (s, y) &b AL nT S, AL RGBSk
SUFURI, RERA R AL BERA {s]s =0} L,
o] DUR e S sk B v, &

1.1
Bl W
2" 2
—a 0
B=1[0 17, =s|>¢.

A= , C =11 0],




918 BoWH s N A

dls| .
%Uﬁﬁg = $sgns, {H
1 -
ﬁ:|ﬁﬂ%+3@- (25)
52

TV (s, y) W R Q1K S
V(s,y) =n0"Pn+n"Pp=

1 -

’ ’l (WTAT + @BT)PU +

S|z
1 . N

@"7 P(An+ By) <

1 ~

o (n"ATPn+ oBTPn+ntPAn +
8 2

n"PBg +8°|s| — §°) =

1 -

o (n"ATPn+ ¢B"Pn+n"PAn +
S|z

nTPBgZ) + (5277TCTC77 — &2) =

1

W (n" AT Pn+n"PAn+6°n"C"Cn +
S|z

¢BTPy+n"PBp — ) <

1

o (n"ATPn+n"PAn+6°n"CTCn+

S|2

n"PBB" Pn) =

! nT(ATP+PA+6*CTC+PBBTP)n.(26)

|s]2

/7‘,\
Q=—(A"P+PA+4§°C"C+ PBB"P),
H

1
<_ ;UTQ% (27)
]2
¥ A, B, C, PIRATS
3 2 2
)\a—i—)\——dz—)\— AN
Q= 2 4.2 2| (5
AN Ay
2 2 2
Ea
A> 2
)\3 2 _
B €2 8)’ (29)
A4\ — 8)

WMQNK XA, HQ > 0. BIAV(s,y) =
" Pt IRIERE R AT
Amin(P)[[1l2 < 07 Pn < Amax(P)[nl]3- (30)

P Ain (P) R pax (P) 73 51 2 7 58 BE P 8 /)
FgE RABFAEAL, || - || 7% BR G 28 TR 12— 4L,
[nll3 = |s| + y?, BE—2BAT AL

1 V2
s> < lnll> < —— (31)

min

28 4
QA
. 1 1
V< ——1"Qn < —— (@) 117 <
|s|? |s|?
- ’|’77|!2 )\min(Q) HTIHZ < _)\min(Q) H77||2 (32)
S
[IEEENIOEE]
%8
- < [nlly - (33)
)\élax P)
i 20(32)(33) 1l 15
V<—Q.P)VE, (34)
X 4(Q,P) = im“@) H b i B USI AT 45 24
bt > T = V%(So,yo)wvzo’ﬁﬁu%

, P

Z(23)I1) 4???‘&@1‘;@@7@ Ké IS TR] T A AL S5 3 DI i, I
fs=5=0, WZEANZBH SIS, I tgosme 155
R A usd e, B e T A K(17)
270, W LARAFucd . = —o(t). FHu = tpom +
uld AN, BT LA 2 o T8 Bl R A I ) A5 Ak
VIR B A FF RO bR AR &R S ()2 — B0y, 1o LA
Unom e WHE E B 1VHI1), PRI R GE(D AR A AT LA
T BELINT ] P B 21 D A UEEE,

5 {iE&HH(Simulation example)

ZBARG(D)Hm = 3L, 1
T = a3},

{:'Bg = u + sin x; + 5 cos(10t). (35)
WA E Wl =sin z1+5 cos(10t), WIGHE x,(0) =
5, 22(0) = —10. 73 IR 3Fp g A7 05 3L

BRI 1 AFERENAE TR R A
&11‘5(]}?%”&, u = —k15(71,p1,901) - k?QS(’YQ, P2,
To). MIBHO0 < v =2/3 <1, v =1/5, p1 =
p2 =2, k1 =5, ky = 4, AW, 2178,

BEHIE 2 RGN AE MR i T,
u = —kiS(71,p1,21) — k2S(72, o, x2). ZHy1, e,
P15 Pas K ko B ERUAE 5 42 A 1 b RO AR [R]. M2
T gosme 5 T AT WU, Ugosme = —18sgn s,
TR s R (16) 58 . (7 BLAE R 3, 4R,

BHIE 3 FIERAEM A E v,
P o BT 5 45 2 AR R, M2 S i tgosme
KHARICTJ7E, B = 60, %X 20)HN = 30,
o =130, )

Usosme = —30|s|2sgn s — 130 fot sgn sdr,

WA B s 2 (16) 7 . A7 B 45 A ElS, 6 7.



%7 A — RANH E LM R G 4 R 5 AT BN ) 919

5 5 5 ! 5

X15 Xy

t/s
1 RAS IR 2 Gl )

Fig. 1 Response curves of states(control law 1)
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Fig. 3 Response curves of states (control law 2)
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Fig. 5 Response curves of states(control law 3)
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