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Fuzzy adaptive control design for a class of nonlinear systems with
scalers and saturators

FAN Yong-qing, WANG Yin-he, LUO Liang , ZHANG Yun
(Faculty of Automation, Guangdong University of Technology, Guangzhou Guangdong 510006, China)

Abstract: A class of nonlinear systems with uncertain homogeneous functions is discussed. At first, the inputs and out-

puts of the T-S fuzzy logic system are constructed to form the extended fuzzy logic system(EFLS) based on the definitions

of scalers and saturators; and then a design method of fuzzy adaptive control with adjustable scaler parameters is proposed

by using the extended fuzzy logic systems. Because the method does not depend on the number of the rule base, the design

method not only reduces the number of on-line parameters but also guarantees the uniformly ultimately bound(UUB) of the

system. Finally, the simulation shows the validity of the proposed method.
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2 (Preliminary knowl-

edge and problem description)
T-S F , q

, l

l : If x1is Al
1 and x2 is A2

1 and · · · and xn is Al
n

Then yl = al
0 + al

1(x1 − rl
1) +

a2
1(x2−r2

1)+ · · · +al
n(xn−rl

n). (1)

1 R
n

R
n f : z �→ λz

(scaler), f(z) = λz, : z ∈ R
n, λ

.

2 R
n

R
n sat : z �→ sat(z)

( ) , : z = (z1, · · · , zn)T ∈ R
n,

sat(z) = (sat(z1), · · · , sat(zn))T,

sat(zi) =

⎧⎪⎪⎨⎪⎪⎩
− βi, zi < −βi

zi, zi < |zi| � βi,

βi, zi > βi,

i = 1, · · · , n.

βi . β = min
1�i�n

βi. β ( )

sat(z) .

T-S

1 T-S .

1

Fig. 1 The structure of a fuzzy logic system with

scalers and saturator

1 :
1
ρ

;

ρp, p ;

β.

3 1 F

p (expanded fuzzy logic system),

EFLS(F, p).

,

1 EFLS(F, p)

ȳ = ρpF [sat(
z

ρ
)] = ρp

q∑
l=1

yl
n∏

i=1

Al
i[sat(

zi

ρ
)]

q∑
l=1

n∏
i=1

Al
i[sat(

zi

ρ
)]

, (2)

yl = al
0 + al

1(x1 − rl
1) + al

2(x2 − rl
2) + · · · +

al
n(xn − rl

n).

1 1) 1 :

, ,

.

2) ρ

, ρ

, ,

.

3 (System description

and basic assumptions)
:

x(n) = g(z, t) + h[u + Δh(z, t)], (3)

: y = x; u ;

z = (x, ẋ, · · · , x(n−1))T ∈ Ṽ ⊆ R
n ;

g(z, t) ; h ; Δh =
Δh(z, t) .

, T-S

(3) ,

. (3) :

ż = Az + B[g(z, t) + h(u + Δh(z, t))], (4)

: A =
[
O In−1

0 OT

]
, B = [OT 1]T, O

0 n− 1 , In−1 n− 1 .

(4) (A,B) , 1 × n

K A+BK Hurwitz ,

Q, Lyapunov P :

(A + BK)TP + P (A + BK) = −Q. (5)

1 i) Ṽ , g(z, t) =
k∑

i=1

gpi
(z) + s(z, t); gpi

(z) pi

, α gpi
(αz) =

αpigpi
(z); s(z, t) |s(z, t)| �

φ(z, t), φ(z, t) ; ii) Ṽ ,

hmin, hmax 0 < hmin � h �
hmax; ϕ(z, t) |Δh| �
ϕ(z, t) < η, η .
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2
kP

i=1
gpi(z) + s(z, t)

g(z, t) z = 0 ,
kP

i=1
gpi(z)

, s(z, t) .

2 i) (4), β

{y|‖y‖ � β} ⊆ Ṽ . ii) 1

, Ṽ k Fj

Nj

sup
y∈Ṽ

|Δj(z) − Fj(z)| � Nj, j = 0, 1, 2, · · · , k,

:

Δ0(z) = −hmax

h
Kz,

Δi(z) =
hmax

h
gpi

(z), i = 1, 2, · · · , k,

K A + BK Hurwitz .

3 2 , Δi(z) pi

, Δ0(z) 1 . ,
[22]:

nP

k=1

∂Δj(z)

∂zk
zk = pjΔj(z), j = 0, 1, 2, · · · , k. (6)

(6) (1) T-S

( ).

1 R
n pj

ψj(z), j 2 Fj

Nj ψj(z), Ṽ = {z| ‖z‖ �
|ρ|β, z ∈ R

n} , 1 EFLS(F, pj)

sup
‖z‖�|ρ|β

|ψj(z) − ρpjFj(
z

ρ
)| � |ρ|pjNj. (7)

ψj(z) − ρpj (
z

ρ
) = 0,

z ∈ {z|‖z‖ � |ρ|β, z ∈ R
n} , :

|ψj(z) − ρpjFj(
z

ρ
)| �

|ψj(z) − ρpj

ψj(
z

ρ
)| + |ρ|pj |ψj(

z

ρ
) − Fj(

z

ρ
)| =

|ρ|pj |ψj(
z

ρ
) − Fj(

z

ρ
)| � |ρ|pjNj. (8)

(8) 1 . .

, Nj . N̂j =
N̂j(t) Nj , Ñj = N̂j − Nj ;

, N = (N0, N1, · · · , Nk)T,

Ñ = N̂ − N , N̂ = (N̂0, N̂1,

· · · , N̂k)T.

, ( ) :

ż = Az + B[g + h(u + Δh)], (9)

ρ̇ = θ(z, ρ, N̂), (10)

˙̂
N = χ(z, ρ, N̂), (11)

u = u(z, ρ). (12)

Z = (zT, ρ, N̂T)T, θ(∗)(

), χ(∗)( )

u = u(z, ρ) .

: (12)

(10) (11), Z =
(zT, ρ, N̂T)T .

4 (Main results)
(3), 1

u =

⎧⎪⎨⎪⎩
0, ‖z‖ > |ρ|β,

− 1
hmax

k∑
j=0

ρpjFj(
z

ρ
), ‖z‖ � |ρ|β (13)

ρρ̇ =

⎧⎪⎪⎨⎪⎪⎩
1

2β2
{l + 2

√
n − 1‖z‖2 + π1}, ‖z‖ > |ρ|β,

− λmin(Q)
2λmax(P )

ρ − π2, ‖z‖ � |ρ|β,

(14)

:

π1 = 2‖z‖[
k∑

i=1

N̂i+
k∑

i=1

|Fi(z)|+φ(z, t)+hmax · η],

π2 = 2λβρ‖PB‖(
k∑

j=0

|ρ|pjN̂j)ŝgn ρ +

2λρβŝgn ρ‖PB‖[φ(z, t) + hmaxη].

Fj

˙̂
Nj =

⎧⎪⎨⎪⎩
2ε‖z‖ŝgn j, ‖z‖ > |ρ|β,

− λmin(Q)
λmax(P )

N̂j + π3, ‖z‖ � |ρ|β,
(15)

: π3 = 2δβρ‖PB‖ · |ρ|pj ŝgn ρ,

ŝgn ρ =

{
1, ρ > 0,

−1, ρ < 0,

l, ε, δ .

1 1 2 , (3)

(13) (14) (15)

(9)∼(12) Z = (zT, ρ, N̂T)T

.

,

Z = (zT, ρ, N̂T)T .

1 ‖z‖ > |ρ|β. , u = 0.

Fj pj Δj(z),

s = s(z, ρ, Ñ) = ‖z‖2 − ρ2β2 + 0.5ε−1ÑT ˙̃N,

s>0. s V =
1
2
s2, ‖A‖=√

n − 1, ‖B‖ = 1, (13) (14),



1108 28

V (9)∼(12)

V̇ = sṡ �

s{2√n−1‖z‖2+2‖z‖
k∑

i=1

N̂i+2‖z‖[
k∑

i=1

|Fi(z)|+
φ(z, t)] + 2‖z‖hmaxη − 2ρρ̇β2 +

ε−1
k∑

i=1

Ñi(
˙̂

Ni − 2‖z‖ε) + ε−1Ñ0
˙̂

N0} = −ls. (16)

(16) (9)∼(12) Z =
(zT, ρ, N̂T)T s = 0[23].

2 ‖z‖ � |ρ|β. 1

EFLS(Fj, pj).

V (t) = zTPz +
1
2λ

ρ2 +
1
2δ

k∑
j=0

Ñ 2
j ,

1 2 , V (t) (9)∼(12)

V̇ (t) �

−λmin(Q)‖z‖2 − λmin(Q)
2λmax(P )

λ−1ρ2 +

λ−1ρ[
λmin(Q)
2λmax(P )

+2βλŝgn ρ‖PB‖
k∑

j=0

|ρ|pjN̂j +ρ̇]−

δ−1λmin(Q)
λmax(P )

k∑
j=0

ÑjN̂j +
k∑

j=0

Ñj[δ−1 λmin(Q)
λmax(P )

N̂j−

2βρŝgn ρ‖PB‖|ρ|pj + δ−1 ˙̂
Nj] +

2βρŝgn ρ‖PB‖[φ(z, t) + hmaxη]. (17)

ÑjN̂j =
1
2
(N̂ 2

j + Ñ 2
j − N 2

j ),

(14) (15),

V̇ (t)�−λmin(Q)
λmax(P )

V (t)+
λmin(Q)

2δλmax(P )

k∑
j=0

N 2
j . (18)

(18) :

V (t) � μ +
1
2δ

k∑
j=0

N 2
j , (19)

μ = e−
λmin(Q)
λmax(P ) V (0). (19) ,

μ > 0, z = 0, ρ = 0, Ñj = 0

Ω = {(zTρÑ)|V (t) � μ +
1
2δ

k∑
j=0

N 2
j },

t � t− λmin(Q)
λmax(P )

ln
μ

V (0)
, V (t) ∈

Ω,

‖z‖ �
√

(μ + 0.5δ−1
k∑

j=0

N 2
j )/λmin(P ),

|ρ| �
√

2λ(μ + 0.5δ−1
k∑

j=0

N 2
j ),

k∑
j=0

Ñ 2
j � 2δ(μ + 0.5δ−1

k∑
j=0

N 2
j ).

, (9)∼(12)

Z = (zT, ρ, N̂T)T . .

(3)

:

1 (3), 1 ,

, , .

2 βj

β {z|‖z‖ � β} ⊆ Ṽ .

3 Ṽ

k T-S Fj k

Δj(z), sup
z∈Ṽ

|Δj(z) − Fj(z)| � Nj .

4 (13)

(14) (15).

5 (Simulation example)
:

ẍ = g2(z) + g−1(z) + s(z, t) + u + Δh, (20)

:

g2(z) = −7(x2 + xẋ), g−1(z) =
5x2 + 0.2ẋ2

x3 + ẋ3
,

s(z, t) = 10 sin t, Δh = 0.6 cos t.

h = 1 , h hmin � h � hmax,

hmin = 0.5, hmax = 10 ; g2(z) g−1(z)
2 −1 ; z =

0 (20) .

3 1 T-S F0,F1, F2

: Δ0(z) = −hmax

h
Kz, K =

(−200,−100); Δ1(z) = g2(z); Δ2(z) = g−1(z).

[24] F0

Δ0(z), F0(z) = Δ0(z) = −hmax

hmin

Kz.

[25] , T-S

,

,

—– .

, (6) T-S

(1) .

( r1 = x, r2 = ẋ):

Ṽ M (r1, r2)T

{rl = (rl
1, r

l
2)

T|l = 1, 2, · · · ,M},

(rl
1, r

l
2)

T ml

{(rlm
1 , rlm

2 )T|m = 1, 2, · · · ,ml},

l, ml

(rl
1, r

l
2)

T . s = 1, 2, (6)
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(rl
1, r

l
2)

T :

rlm
1

∂s(z)
∂r1

|lr1
+ rlm

2

∂s(z)
∂r2

|lr2
= psΔs(rlm

1 , rlm
2 ). (21)

(21), [26]

(rl
1, r

l
2)

T

G = (CTC)−1CTD, (22)

:

C = [rlm
1 rlm

2 ], D = psΔs(rlm
1 , rlm

2 ),

G = [
∂s(z)
∂r1

|r1l · · · ∂s(z)
∂r2

|r2l ]T,

Δ1(z)
Δ2(z); Ṽ1 = I1×I2 =[−6, 6]×[−6, 6],

(1) T-S F1 (l =
1, · · · , 5)

If x is Al
1 and ẋ is Al

2,

Then Δ1 = al
0 + al

1(x − rl
1) + al

2(ẋ − rl
2). (23)

c = 100, I1 I2

:

μAl
1
(ζ1) = e−c(ζ1−rl

1), μAl
2
(ζ2) = e−c(ζ2−rl

2),

: rl
1 = 5,−4,−4, 2, 0; rl

2 = 5, 5,−3,−1, 0.

Ṽ2 = Ĩ1 × Ĩ2 = [−6, 6] × [−6, 6],
(1) T-S F2

If x is Bl
1 and ẋ is Bl

2,

Then Δ2 = bl
0 + bl

1(x − r̄l
1) + bl

2(ẋ − r̄l
2), (24)

Ĩ1 Ĩ2 :

μBl
1
(ξ1) = e−(ξ1−r̄l

1), μBl
2
(ξ2) = e−(ξ2−r̄l

2),

: r̄l
1 = 5,−4,−2, 1, 0.001; r̄l

2 = 4, 3,−3,−2,

0.0001. β = 6, λ = 0.1,

φ = 10, l = 15, ε = 0.0005, δ = 0.02, η = 0.6,

x(0) = −2, ẋ(0) = 1.5, ρ(0) = 1,

N̂0(0) = 0.2, N̂1(0) = 0.4, N̂2(0) = 1,

2, 3 ,4 .

2

Fig. 2 The state response of the system

3

Fig. 3 The time response of scaler parameter

4

Fig. 4 The time response of estimate values of approximate

accuracies

,

T-S

(20). z = 0 (20)

, 0,

(13) (14)(15) (20)

.

6 (Conclusion)
T-S

,

,

.

,

.

T-S , T-S

.

,

.
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