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Abstract: This paper studies the optimal control method using the control parameterization for a class of optimal control

problems involving linear systems subject to continuous state inequality constraints where both the state and the control

are allowed to have different time delays. The control of the dynamic system is approximated by a piecewise constant

function whose magnitudes are taken as decision vectors. Then, formulae are derived for computing the gradients of the

cost and constraint functions. On this basis, a computational method for finding the optimal control is obtained by using

the sequential quadratic programming(SQP) algorithm. This computational method is applied to the purification process of

zinc hydrometallurgy. The numerical simulation shows that the amount of zinc powder added can be decreased significantly

so that the wastage of resources is avoided.

Key words: time delayed system; multiple state and control delays; control parameterization; sequential quadratic

programming algorithm
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2 (Problem description)
[0, T ] ,

:

dx(t)
dt

= Ax(t) + Bu(t) +
m1∑
k=1

Akx(t − αk) +
m2∑
k=1

Bku(t − βk) =

f [t, x(t), x(t − α1), . . . ,x(t − αm1),

u(t), u(t − β1), . . . ,u(t − βm2)], (1a)

: x = [x1 · · · xn]T ∈ R
n, u = [u1 · · · ur]T ∈

R
r , f = [f1 · · ·

fn]T ∈ R
n, αk , 0 < αk < T , k =

1, 2, · · ·, m1, βk , 0 < βk < T ,

k = 1, 2, · · ·, m2, 0 < α1 � · · · � αm1 < T , 0 <

β1 � · · · � βm2 < T , α1, · · ·, αm1 , β1, · · ·, βm2

, hi(i = 1, 2, · · ·, l) ,

1 � l � m1 + m2, h1 , hl ,

l = m1+m2 , α1, · · ·, αm1 , β1, · · ·, βm2

. A, B, A1, · · ·, Am1 , B1, · · ·, Bm2

.

(1a)

x(t)=ϕ(t), u(t)=γ(t), t∈ [−hl, 0); x(0)=x0,

(1b)

: ϕ(t) = [ϕ1(t) · · · ϕn(t)]T γ(t) = [γ1(t)
· · · γr(t)]T [−hl, 0) , R

n

R
r , x0

R
n

.

U1 = {υ = [υ1 · · · υr]T ∈ R
r :

(Ei)Tυ � bi, i = 1, · · ·, q}, (2a)

U2 = {υ = [υ1 · · · υr]T ∈ R
r :

ci � υi � di, i = 1, · · · , r}, (2b)

: Ei r , bi, ci di .

U = U1 ∩ U2, , U R
r

. u = [u1 · · · ur]T [−hl, T ]
, t ∈ [−hl, 0) , u(t) = γ(t);

t ∈ [0, T ] , u(t) ∈ U , u . U
. u ∈ U ,

x(·|u) , (1b)

, [0, T ] (1a). ,

(1) u ∈ U .

, :

1 (P1) (1), u ∈
U ,

g0(u)= Φ0(x(T |u))+
� T

0
L0[t, x(t|u), x(t − α1|u),

· · ·, x(t − αm1 |u), u(t), u(t − β1), · · ·,
u(t − βm2)]dt (3)

,

gi(u)= Φi(x(T |u))+
� T

0
Li[t, x(t|u), x(t − α1|u),

· · ·, x(t − αm1 |u), u(t), u(t − β1), · · ·,
u(t − βm2)]dt � 0, i = 1, · · ·, N, (4)

Φi Li, i = 0, 1, · · · , N .

F U (4) .

F , F
. , :

A1) ϕ : [−hl, 0) → R
n; γ : [−hl, 0) → R

r; Φi :
R

n → R, i = 0, 1, · · ·, N ; Li : [0, T ] × R
n+m1n ×
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R
r+m2r → R, i = 0, 1, · · ·, N ;

A2) i = 0, 1, · · ·, N ,

V ⊂ R
r, K

|Li(t, x, y1, · · ·, ym1 , u, v1, · · ·, vm2)| �
K(1 + |x| + |y1| + · · · + |ym1 |)

(t, x, y1, · · ·, ym1 , u, v1, · · ·, vm2) ∈ [0, T ]
× R

n+m1n × V × V m2 ;

A3) i=0, 1, · · ·, N , (x, y1, · · ·, ym1 , u, v1,

· · ·, vm2) ∈ R
n+m1n × R

r+m2r, Li(t, x, y1, · · ·, ym1 ,

u, v1, · · ·, vm2) [0, T ] ,

t ∈ [0, T ], x, y1, · · ·, ym1 , u, v1, · · ·,
vm2 ;

A4) i = 0, 1, · · ·, N , Φi x .

ϕ γ [−hl, 0) .

, ,

:

hi(t, x(t|u)) � 0, ∀t ∈ [0, T ], i = 1, · · ·, N, (5)

hi(i = 1, · · ·, N) [0, T ] × R
n

.

,

:

2 (P2) (1),

u ∈ U , (3) ,

(5).

, (P2)

, ,
[5]. i =

1, · · ·, N ,

gi,ε(u) = δ +
� T

0
Li,ε(t, x(t|u))dt � 0, (6)

:

Li,ε(t, x(t|u)) =

⎧⎪⎪⎨
⎪⎪⎩

hi, hi < −ε,

−(hi − ε)2

4ε
, −ε � hi � ε,

0, hi > ε.

ε > 0 , δ > 0
(5) .

,

.

3 (P2(ε, δ)) (1),

u ∈ U , (3) ,

(6).

, ε δ, (P2(ε, δ))

(P1) . ε > 0, δ ,

(P2(ε, δ))

(5), [5] 8 .

3 (Algorithm of mul-

tiple time-delayed systems)

.

,

,

, .

.

(P2(ε, δ)),

gi(u)(i = 0, 1, · · ·, N) u ,

,

,

, ,

NLPQLP [13],

.

3.1 (Gradient formula)
i = 0, 1, · · ·, N , (7a),

d(λi(t))T

dt
= −∂H (x, t)

∂x
, (7a)

:

(λi(T ))T =
∂Φi(x(T |u))

∂x
, (7b)

λi(t) = 0, t > T, (7c)

(7a)

H (x, t) = Hi(t, x(t), y1(t), z1(t), · · ·, ym1(t),

zm1(t), u(t), v1(t), w1(t), · · ·, vm2(t),

wm2(t), λ
i(t)),

:

y1(t) = x(t − α1|u), · · ·, ym1(t) = x(t − αm1 |u),

z1(t) = x(t + α1|u), · · ·, zm1(t) = x(t + αm1 |u),

v1(t) = u(t − β1), · · ·, vm2(t) = u(t − βm2),

w1(t) = u(t + β1), · · ·, wm2(t) = u(t + βm2),

λi
α1

(t) = λi(t + α1), · · ·, λi
αm1

(t) = λi(t + αm1),

λi
β1

(t) = λi(t + β1), · · ·, λi
βm2

(t) = λi(t + βm2).

Hi

Hi(t, x, y1, · · ·, ym1 , z1, · · ·, zm1 , u, v1, · · ·, vm2 ,

w1, · · ·, wm2 , λ
i, λi

α1
, · · ·, λi

αm1
, λi

β1
, · · ·, λi

βm2
) =

Li(t, x, y1, · · ·, ym1 , u, v1, · · ·, vm2) +
m1∑
k=1

Li(t + αk, x(t + αk), y1(t + αk), · · ·,
ym1(t + αk), u(t + αk), v1(t + αk), · · ·,
vm2(t + αk))e(T − t − αk) +
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m2∑
k=1

Li(t + βk, x(t + βk), y1(t + βk), · · ·,
ym1(t + βk), u(t + βk), v1(t + βk), · · ·,
vm2(t + βk))e(T − t − βk) + (λi)T ·
f(t, x, y1, · · ·, ym1 , u, v1, · · ·, vm2) +
m1∑
k=1

(λi
αk

)Tf(t + αk, x(t + αk), y1(t + αk), · · ·,
ym1(t + αk), u(t + αk), v1(t + αk), · · ·,
vm2(t + αk))e(T − t − αk) +
m2∑
k=1

(λi
βk

)Tf(t + βk, x(t + βk), y1(t + βk), · · ·,
ym1(t + βk), u(t + βk), v1(t + βk), · · ·,
vm2(t + βk))e(T − t − βk), (8)

e(·) , [T −αi, T ](i =
1, · · ·, m1) , z1(t) = 0, · · ·, zm1(t) = 0 ;

, [T − βi, T ](i = 1, · · ·, m2) ,

w1(t) = 0, · · · , wm2(t) = 0 .

(1), [0, T ]
[0, hl], [khl, (k+1)hl], k = 1, · · ·, η−1, [ηhl, T ],

η = INT(
T

hl

), ,

, l ,

[0, hl] [0, h1], [hj, hj+1], j = 1, · · ·, l − 1,

. .

(7), [0, T ]
[T−hl, T ], [T−(k+1)hl, T−khl], k = 1, · · ·, η−1,

[0, T − ηhl], η = INT(
T

hl

), ,

, l

, [T − hl, T ] [T − h1, T ],
[T −hj, T −hj−1], j = 2, 3, · · ·, l, .

.

1 u U , Δu

[−hl, T ] ,

t ∈ [0, T ], Δu(t) ∈ R
r, t ∈ [−hl, 0),

Δu(t) = 0, gi

Δgi(u) = lim
ε→0

{gi(u + εΔu) − gi(u)
ε

} =

dgi(u + εΔu)
dε

|ε=0 =
∂gi(u)

∂u
Δu =

� T

0

∂H̄i(t)
∂u

Δu(t)dt, (9)

H̄i(t) = Hi(t, x, y1, · · ·, ym1 , z1, · · ·, zm1 , u,

v1, · · ·, vm2 , w1, · · ·, wm2 , λ
i, λi

α1
, · · ·,

λi
αm1

, λi
β1

, · · ·, λi
βm2

).

[5].

3.2 (Approximate problem)
[5] ,

[0, T ] p [τj−1, τj), j = 1, · · ·, p,

:

up(t) =

⎧⎨
⎩

γ(t), t ∈ [−βm2 , 0),
p∑

j=1

σp,jχ[τj−1,τj)(t), t ∈ [0, T ], (10)

τj(j = 0, 1, · · ·, p − 1) ,

. χI I , :

χI(t) =

{
1, t ∈ I,

0, .
(11)

Up

, σp = [(σp,1)T · · · (σp,p)T]T σp,j =
[σp,j

1 · · · σp,j
r ]T, j = 1, · · ·, p σp,j ∈ U . Ω

R
rp , σp ∈ Ω. , up

σp . up ∈ Up,

σp ∈ Ω (11). ,

σp ∈ Ω,

up ∈ Up.

, (P2(ε, δ))

(P2(ε, δ)(p)) :

(P2(ε, δ)(p)) σp ∈ Ω,

g̃0(σp) = Φ0(x(T )) +
� T

0
L̃0(t, x(t), x(t − α1), · · ·,

x(t − αm1), u
p(t), up(t − β1), · · ·,

up(t − βm2))dt (12)

, (6), L̃0

L0 .

(P2(ε, δ)(p)), 1,

:

2 i = 0, 1, · · ·, N , j = 1, · · ·, p,

g̃i(σp) σp,j

∂g̃i(σp)
∂σp,j

=
�

I

∂H̄i(t)
∂u

dt. (13)

, (P2(ε, δ)(p))

.

4 (Numerical simulation)
[12] ,

,

.

,

,

,

,
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. ,

,

200m3/h,

, ,

1 h 2 h.

, ,

, 1 h.

. , ,

, , ,

, ,

, .

− −
[12]:

V
dx1(t)

dt
= Qx10 − Qx1(t − 2) + αx2(t − 2) −

k1U1(t − 1)x1(t − 1), (14a)

V
dx2(t)

dt
= Qx20 − Qx2(t − 2) + βx1(t − 2) −

k2U2(t − 1)x2(t − 1), (14b)

: x1(t) x2(t)
; x10 x20

, x10 = 0.01 g/L, x20 = 0.1 g/L; Q

V , Q = 200 m3/h,

V = 400 m3; x1(t − 2) x2(t − 2) 2

, x1(t − 1)
x2(t − 1) 1

; U1(t) U2(t)
;

, k1 = 5.46 × 10−4,

k2 = 3.66 × 10−4, α = 9.54, β = 1.415 × 103,

[14,15] ,

U = 1740m2/kg × G kg. ,

,

, ,

.

:

J2 = (x1(8) − x̄1(8))2 + (x2(8) − x̄2(8))2 +� 8

0
((U1(t))2 + (U2(t))2)dt, (15)

σi
1 σi

2, i = 1, · · ·, 8,

:

gj,e(x) = e − (xj(t) − x̄j(t))2 � 0,

t ∈ [0, 8], j = 1, 2, (16)

x̄j(t)(j = 1, 2)
; e > 0 ,

, e = 10−7.

[5] ,

:

gj,ε(x) = δ+
� 8

0
Lj,ε(t, xj(t))dt � 0, j =1, 2, (17)

:

Lj,ε(t, xj(t)) =⎧⎪⎪⎨
⎪⎪⎩

e − (xj(t) − x̄j(t))2, gj,e < −ε,

−(e − (xj(t) − x̄j(t))2 − ε)2

4ε
, −ε � gj,e � ε,

0, gj,e > ε,

(18)

ε > 0, δ > 0, ε δ ,

ε0 = 10−4, δ0 = 10−2.

1 2, J2

g1,ε g2,ε σi
1

σi
2(i = 1, · · ·, 8) .

,

.

U1 8

:

σ1
1 = 1.86 × 104, σ2

1 = 1.53 × 105,

σ3
1 = 1.03 × 105, σ4

1 = 4.96 × 104,

σ5
1 = 6.96 × 104, σ6

1 = 7.15 × 104,

σ7
1 = 9.05 × 104, σ8

1 = 1.08 × 105.

U2 8 :

σ1
2 = 5.78 × 105, σ2

2 = 3.61 × 105,

σ3
2 = 2.71 × 105, σ4

2 = 4.37 × 105,

σ5
2 = 5.16 × 105, σ6

2 = 4.49 × 105,

σ7
2 = 4.56 × 105, σ8

2 = 4.92 × 105.

,

, 1 .

1

Fig. 1 Total zinc powder weight
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1 ,

, 130 kg,

.

, ,

, 2

3 . , 10−3 ,

, .

2

Fig. 2 Cobalt ion concentration

3

Fig. 3 Cadmium ion concentration

5 (Conclusion)

,

, ,

. SQP .

,

,

.
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