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Minimizing the earliness and tardiness penalty with batch processing
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Abstract: Common due window scheduling problem is concerned with batching to minimize the weighted earliness

and tardiness penalties, where the jobs share a common due window [e,d]. Here, the due window situation combines with

the conception of batch so that the jobs can be processed in batches. The bounded version of batch scheduling is considered

such that at mostb jobs can be processed in a batch withb < n, the number of jobs. Further, the location and size of due

window are given parameters. The problem is NP-Complete. Based on optimal properties, two special cases are discussed.
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1 ÚÚÚóóó (Introduction)½|¿��5�-�, Ǒ
;�Ûõ��	$=±9;�¯K�5�p¤^, üS¯KÒØ=�ÄòØ�5�¨v�7L�9�J�óGÑ�¤^. Ïd,Nõè�æ^ “O�” �*g±é)����U?,��JÚòØ�ó�Ñ�GÑ¨v¤^,daüS�¡ǑO�üS.b�ó���ÀÏ´���m:. XJó�3�ÀÏ��ó,K�òÙ;�3ó¥,lÒ�GÑ��+�'�¤^; e3Ù��ó,K¬�)òØ��$�¬��Ü�Å¬.O�üSÒ´���z¤kù
¤^�Ú. y¢)�¥��Ü©�ÀÏI��½�ú�NNþ,“�ÀÏI�” �VgKw�Ǒ�, §´������ÀÏ eÚ���ÀÏ d½Â��m«m, Ù¥I���ǑK = d − e. w,,ù��.�äk��5Ú2��y¢¿Â,�A�üS¡ǑI�üS,§�AÏ/ª´I���Ǒ"�O�üS.3L��C��p, 'uJÚòØ¨v®

²kéõ(J, ë�nã [1], �8¥3O�üS�?Ø¥; 'uI�üS�©ÙØõ��Ü©´'uú��ÀÏI�. ý�Ú\ “�ÀÏI�0Vg�´ [2], �ÄJÚòØ�m�¨v. ��ÀÏI�� ��½��¤^��ÿ, ��Ñ
õ�ª�m�{; �ÀÏI��½����ÀÏ�uo\ó�m�, ¯K´ NP-���¿�Ñ[õ�ª�m�{. [3, 4]Ǒ?Ø
Ó��¯K, �´�é�ÀÏI�� �½��´®��´�½Ø.LimanÚ Ramswamy [5]ïÄ��zD�J�m¨vÚòØó��ê�üS¯K,y²
��.Ú���.Ñ´ NP-���¿�Ñ[õ�ª�m�Ä�5y�{. ©z [6] ïÄ��z��¤^�I�üS¯K,Ù¥�ÀÏI��½,�éüÅ9õ�Åì�m?Ø. Ǒ [7] &?°¨vXê�6uó���¹,�¯K´ NP-���,¿�Ñ�õ�ª�{. [8] Ø=�ÄJ/òØ¨v, ��ÄN\¨v, 3(½
�`ú��ÀÏ�Ä:þ�Ñ
�A��`üS.ÂvFÏ: xxxx−xx−xx;Â?UvFÏ: xxxx−xx−xx.Ä7�8: I[g,�ÆÄ7 (60972052),ìÀ��Eu�Oy (2010GGX10129).



2 � � n Ø � A ^ 1 xxò,��¡, 1?nNÝǑ¤Ǒ9:¯K, ©Ǒüa.Ù�´ó�3Åìþ\ó�I�SC?Ö,ró�©¤õ�aq�ó�|, �ØÓ|�ó��ë\ó�,KI��½�SC?Ö; rdaüS¡Ǒ¤|©1üS.,�aǑ�²;üS��Ø�ÄSC�mÚSC¤^,�´�±3��ÅìþÓ�\óõ�ó�,=¤¢�Ó�\óüS; ùüaüS¯KÑ'�JuïÄ,�9��Ü©¯K´ NP-(J�.�©ïÄ�´�ö,¿�I�üS¯K(Üå5�Ä.Ó�\óüS¯KÌ�3uJp)��Ç,Ó�\óüS��Ñy3��N)�L§¥, �53Ù�)�+�,X�7!>Û���A^,Ïäk2��A^d�Úy¢¿Â.'�;.�´u)3�5�8¤>´�)�¥. Ǒ
�y¤¬Ü�,3>´���ÿ��ã,  r8¤>´�3��¥Á�§�UÄ3�½�§Ýe²É�½�m�ó�.��1´�Ó��\ó�Ó��ó�ó�8Ü,�ù�1¥�¤kó��¤�â¡d1�ó. ����1m©\ó,QvkÙ�ó�\\Ù¥,1¥?��ó�ǑØU��r. Ïd,1�\ó�m�uù�1¥���ó�\ó�m. ¤±, Ó�\óüS¯KÄkró�©¤õ�1,�2ü�ù
1�gS,��,�8I¼ê��½ö��.Ó�\óüS¯K�ïÄ(Jë�nã [9]. �¤kó�k�Ó�ÒX�m9 m �ØÓ�\ó�m�,é m�½��¹,HochbaumÚ Landy [10]JÑ
$1�mǑ O(m23m)��`�{±��zo�ó�m; � mØ�½�,���Ñ
 2-Cq�{.Brucker�< [11]��
 O(nb(b−1))�m�Ä�5y�{; �k m�ØÓ\ó�m�, §�Ä��{¤I�mǑ O(b2m22m). ?, y²
A�O�üS¯K´ NP-(J�;¿`²�1��ê�½�,?¿�K¼êÑkõ�ª�m�{. �5, [12]ék�Ó½?¿ÒX�m�o�ó�m¯K�Ñõ�ª�mCq�Y (PTAS).êï�� [13]ïÄJ/öÏ¨v�1NÝ¯K, Ø=�Ä
J/öÏ¨v, ��Ä
Åì�\ó¤^. 3�Ñ1NÝ`z� 4�5��Ä:þJÑ
ü�éuª�{. �©�ö3©z [14]¥ÄgrI�üS�Ó�\óüS(Üå5?Ø,�Ù¥1�Nþ´�.�. �©ïÄ�´k.Ó�\óüS¯K.

2 ¯̄̄KKK£££ããã999��� `̀̀555��� (Presentation and
properties)�3��1?nÅþ\ó n ��pÕá�Ø�¥ä�ó� {J1, J2, · · · , Jn},¤kó�Ó�ÒX.Åìzg�õ\ó b�ó�� b < n. ÎÒ pi, si, ci

©OPó� Ji �\ó�m, mó�mÚ�ó�m (i = 1, 2, · · · , n), aq/, é1 Bj , Ù\ó�m Pj = max{pi| Ji ∈ Bj}, mó�m Sj = si, �ó�m Cj = ci. b�ó�U SPTSIPeI�� p1 ≤ p2 ≤ · · · ≤ pn.¤kó��kú��ÀÏI� [e, d], Ù¥ d ≥

e, I���Ǒ K = d − e. �©b� K Ú eþ�½. Ø���5, b� K ≥ pn ±9 K <

pn + pn−b + pn−2b + · · · + pn−⌊n

b
⌋b, ÄK, ¤kó�ÑU3«m [e, d] S�ó. XJó� Ji 3�ÀÏI���¤, ¬;ÉJ¨v, J�m½ÂǑ Ei = max {0, e − ci}; e3Ù��ó,Ǒ�GÑòØ�d, òØ�mǑ Ti = max {0, ci − d}. ?,½ÂüS σ�¤^¼ê

Z(σ) =
n∑

i=1

(αEi + βTi),Ù¥ αÚ β ©O´JÚòØ¨vXê. ½ÂJ8Ü!O�8ÜÚòØ8Ü©OǑ
E(σ) = {Bj|Cj < e}, W (σ) = {Bj | e ≤ Cj ≤ d}Ú T (σ) = {Bj| Cj > d}.3ØÚå· ��¹e, ò§�©OPǑ E, WÚ T .Q,��1¥�ó�k�Ó��ó�m,Ǒ½Âù
ó�áu§�1¤3�8Ü.©z [2] ¥y²
� b = 1 �, d¯K´ NP-���. í2���1Nþ b k��, ��z n∑

i=1

(αEi +βTi)�I�üS¯KǑ´ NP-���.e¡JÑ�`üS�A^5�,kÏu&¢¯K��`). w,,3?Û���`üS¥, l1��1�\ó�����1��ó�mvk�s�m.555���1. 3�`üS¥,�3,
1,�Ù3 e½ö d�ó,Ø�1��1�mó�mǑ".yyy²²². |^�y{,b��3���`üS σ,§�1��1QØ3"�Ǒmó, üS¥Ǒvk3 e½ö d�ó�1.ǑÒ´,�31BiÚBj�� Si < e� Ci > e, Sj < d� Cj > d.���¹¹¹ 1. rüS¥�1S��m£Ä δ1 =

min{e−Si, d−Sj},��#üS σ
′

.XJ δ1 = e−Si,K Bi��1T�3 e�¤;e δ1 = d−Sj,KBj��13 d�¤.u´o¤^�CzǑ
△Z = Z(σ

′

) − Z(σ) = −α|E(σ)|δ1 + β|T (σ)|δ1,Ù¥ |E(σ)|Ú |T (σ)|©OP E(σ)9 T (σ)¥�ó��ê.���¹¹¹ 2.- δ2 = min{Ci−e,Cj−d, S1},Ù¥ S1L«1��1�mó�m. ò��üS��£Ä δ2,



1 xÏ ëö\�:��zJÚòØ¨v�1?n¯K 3¿P#�üSǑ σ
′′

. ?ØÓþ,�é δ2 �n�ØÓ��,1 Bi3 e�ó½ö Bj 3 d�ó,½ö1��1�mó�mǑ". l¤^CzǑ
△Z = Z(σ

′′

) − Z(σ) = α|E(σ)|δ2 − β|T (σ)|δ2.¤±,XJ α|E(σ)| > β|T (σ)|, �â�¹ 1,m£üS¬~�¨v, ¿��� Si = e½ö Sj = d.ÄK, r��üS��£Ä δ2 �� Ci = e ½ö Cj = d, Ø�1��1�mó�mǑ"; ù
þ� σ��`5gñ,=5�¥�(Ø¤á.lù�5��±wÑ, 3��üS¥�U�3ù��1: mó�m�u e(½ d) �ó�m�u e(½ d),�A/¡§�Ǒª� e(½ d)�1.555���2. 3�`üS¥,O�8Ü�¹\ó�m����
ó�.yyy²²². b�3���`üS σ ¥,O�1 B1 ¥�ó� Jk 9�O�1 B2 ¥�ó� Jj ÷v pk > pj ,Ù¥ 1 ≤ k, j ≤ n� k 6= j.Äkb� Jj ∈ E(σ). e |B1| < b(Ù¥ |B1|L«1 B1 ¥�ó��ê),r Jj �\1 B1 ���o¤^~�. ÄK,�� Jk Ú Jj ,r#�üSPǑ σ′.���¹¹¹ 1: B2 ¥,�ó��\ó�mØ�u pk.u´ B2 �\ó�mØC, B1 �\ó�m�UC�. XJ P1 C�,��£Ä B1 �¡�1���üS¥vk�s�m,k∆Z = Z(σ′) − Z(σ) ≤ 0.���¹¹¹ 2: B2 ¥�z�ó�þ' Jk �. Ø���5,b� Jj ´ B2 ¥��ö, Jk ´ B1 ¥���.aq/,rB1� B2�m�1m£�� ∆Z ≤ 0.u�ü�1¥�Ù§ó��,�o(Ø¤á,�oÑy�¹ 1.�E?1±þö�,�����ó�Ñ£\�ÀÏI�¥, ���üS¤^~�, � σ ��`5gñ. ¤±é?¿ó� Jk ∈ W (σ), Jj ∈ E(σ), 7,k pk ≤ pj. XJ Jj ∈ T (σ),�� Jk Ú Jj � �½¬UõüS5U.Ïd,W (σ) �¹\ó�m����
ó�.XJ��1T��¹ b�ó�,¡ÙǑ÷�; ÄKǑØ÷�. 3©z [14] ¥1Nþ����¹,�`üS´ SPT-1S�. �oé�©1Nþk���/,d(Ø´Ä¤áQ?555���3. �`üS σ = {B1, B2, · · · , Bm} ´ SPT-1S�, Ù¥ Bl = {Ji, · · · , Jj}, 1 ≤ l ≤ m,

1 ≤ i ≤ j ≤ n. ?, J1U\ó�m�O�^Sü�,òØ1K´�ü�^S.yyy²²². �â5� 2, ����
ó�3�ÀÏI

�¥\ó, Ǒ
�Ó^�o�m��, §��½÷v SPT-1S�\ó�m���1Ñ´÷�,��U���Ø÷. Ïd,·��I�ÄJ8ÜÚòØ8Ü¥�ó�.^�y{�y§�÷v SPT-1S.���¹¹¹ 1. b�J1Ø÷v SPT-1S, =�3 E(σ) ¥�ó� Js, Js+2 ∈ Bk 9 Js+1 ∈ Bt,Ù¥ 1 ≤ k, t ≤ m. XJ t < k � |Bk| < b,r Js+1 �\ Bk ò~�o¨v. XJ |Bk| = b,�� Js+1 � Js+2. aqu5� 2¥�?Ø, #üS�¨v¼ê�C�. e k < t, �� Js � Js+1�Ǒ¬ÑyÓ��(J. Ïd, é?��J1,

l(Bk) ≥ L(Bk+1), k = 1, 2, · · · ,m − 1,Ù¥ L(Bk)Ú l(Bk)©O´ Bk ¥ó����Ú��\ó�m.éòØ8Ü�ó�, Ón��, ��1¥?�ó��\ó�mØ�u���1�\ó�m.���¹¹¹ 2. � Js Ú Js+2 ´J1 Bk ¥�ü�ó�,Js+1 ´òØ1 Bt �¤
. XJ Pt > ps+1, �� Js+1Ú Js+2.K Pk Ø¬O� PtØC.XJ PkC�,r1 B ¡�ó�m£ò�o¨vC�. XJ Pt ≤ ps+1,�� Js+1 Ú Js,du Pt~�,ÏLaq?Ø,Ó�Ñygñ.o�,z�1þ´�¹eI���ó�, �J1U\ó�m�O�^Sü�, òØ1K´�ü�^S.�â±þ5�,��üS´ SPT-1S�,�`üSÒ�±�z�1¥���ó�(½,u´,r5¿å8¥3÷v SPT-1S�üSþ. éòØ8Ü¥�ó�ó, ´���z§��o�ó�m, (Ü [15]¥éo�ó�m�?Ø�Ñ±e5�.555���4. [15] òØ1S� B1, B2, · · · , Br ´�`S���=�
P1

|B1|
≤

P2

|B2|
≤ · · · ≤

Pr

|Br|
,555���5. J8Ü¥1S� (B

′

1, B
′

2, · · · , B
′

r)´�`�,��=�
P

′

1

|B
′

1|
≥

P
′

2

|B
′

2|
≥ · · · ≥

P
′

r

|B′

r|
.XJ,
ó��\ó�m��, UÙØÓ�©a, �k h a, �� p1 < p2 < · · · < ph;a t ∈ {1, 2, · · · , h}¥k nt �ó�,K n =

h∑
t=1

nt.XJ�1¥�¤kó�5guÓ�a,¡ǑÓa�;ÄKǑ�Óa�. e pt = Pi, ¡ t |�1 Bi. �â [15]¥�(J,



4 � � n Ø � A ^ 1 xxò555���6. 'ua t, t ∈ {1, 2, · · · , h}, �`üS¥k ⌊nt

b
⌋�Óa�÷1;ù
13J8Ü!O�8Ü9òØ8Ü¥´���.u´, ·��±Äkra¥�ù
ó�©��Óa�÷1¥, �e nt − b⌊nt

b
⌋ � t aó�,t ∈ {1, 2, · · · , h}.555���7. [15] 3?���`üS¥, ta�õ|����Óa�1.

3 AAAÏÏÏ���¹¹¹������))) (Special cases)

3.1 XXXJJJ E = ∅ (If E = ∅)3éõy¢�¹e, e���'��½ö α ≫ β,K3�`üS¥ E = ∅,Ïdk7�?Øù«�¹��`); 2ö, �±/��
'�¤Ù�ïÄ(J.�â5� 1,3���`üS¥,1��1�mó�mǑ",½ö,�1T�3 e½ d�ó. � E = ∅�,d(ØE,¤á. ,��¡,��31��1��¤�mØ�u e�^�e,AT�å��£Ä1S�±~�òØó��¨v. �â5� 2,O�8Ü�¹\ó�m����
ó�,'�N´(½. ,�2é e = 0Ú e > 0ü«�¹,��zòØó��o�ó�m. ,,� bØ´�½~ê�, ��zo�ó�m�¯KE,5�vk)û, [12]�Ñ
õ�ª�mCq�Y (PTAS).�+W �¹����
ó�,�¿Ø`²§�¹�õó�Ò�`; ǑÒ´`,��� W ���1õ�¹��ó� (Ø÷�),�¤kO�1E´ SPT-1S�,T ¥���ó��UU� W Ne; �ù¬O\òØ¤^, lI�nÜ�Ä. Ïd, O�ó���êd��1�ó��ê9 K ��¤(½.^ A©OL«8Ü E,W,T ,K A¥�1S��IPǑ BA
1 , BA

2 , · · · . u´é E = ∅��¹,��±e� PTAS.���{{{ 3-1ÚÚÚ½½½ 3-1.1 U\ó�m� SPT^SIPó��� p1 ≤ p2 ≤ · · · ≤ pn.- E = ∅, k = 1.ÚÚÚ½½½ 3-1.2 P r = min{j|
j∑

f=0

pk+fb ≥ K}.r J ¥��� k �ó��\ BW
1 . XJ e +

K ≤
r∑

f=0

pk+fb, � W = {BW
r−1, · · · , BW

1 } �Ù÷v SPT1S���1´÷�, - s = k + (r − 1)b9 S(BW
r−1) = 0. ÄK, - W = {BW

r , · · · , BW
1 }9 s = k + rb,Ù¥ BW

r Ǒª�1. 3�y CW
r ≥ e�Je���Ý/��£Äù
1.

ÚÚÚ½½½ 3-1.3 éÙ��{ó�, U©z [12]¥��ª�\òØ8Ü T = J −W ¥,����z§��o�ó�m Ck,sum � PTAS.ÚÚÚ½½½ 3-1.4 e k < b,- k := k + 1 ¿=�Ú½ 3-1.2.ÄK,=�Ú½ 3-1.5.ÚÚÚ½½½ 3-1.5 é k = 1, 2, · · · , b, �âÚ½ 3-1.2¥�ü«�¹O� Z = β(Ck,sum − (n− s)d),À�¨v�����Ǒ���Cq�Y.½½½nnn1. � E = ∅�,�{ 3-1�Ñ
õ�ª�mCq�Y (PTAS).

3.2 ¤¤¤kkk\\\óóó���mmm������ (With equal processing

time)3�!,b� p1 = p2 = · · · = pn = p,5� 1∼7E,¤á.555���8. 3���`üS¥, Ø
1��1½����1	,Ù§Ñ´÷�.Äu±þ�`üS�5�,�â5� 1�(Ø©n«�¹?Ø�`�{.§§§SSS I: ∃ B������ C(B) = eÚÚÚ ½½½ I.1 z b � ó � � Ǒ � 1 C\ BW
1 , · · · , BW

k ¥,Ù¥ k = ⌊K/p⌋� SW
1 = e.ÚÚÚ½½½ I.2 XJ e ≥ p,òv
õ�ó��\ B�� C(B) = e� |B| ≤ b,=�Ú½ I.3. XJ e < p,Ê�,ÏǑvk�ó�mǑ e�1�3.ÚÚÚ½½½ I.3 XJJ8Ü¥��{�m�u p,Ù§ó�ò¬�\òØ8Ü��¡1´÷�, =�Ú½ I.6.ÄK,�1Ú½ I.4.ÚÚÚ½½½ I.4 ^EB′ Ú TB′©OL«r B′�3yk1S��Ú���J�mÚòØ�m. XJJ8Ü¥��{�mv
�� αEB′ < βTB′ ,rv
õ�ó��\1 B′ �ǑJó��� |B′| ≤ b;ÄK,þ�ǑòØó�.ÚÚÚ½½½ I.5 éuÙ§ó�,�1Ú½ I.3∼I.4,=��{ó���ê�u b.ÚÚÚ½½½ I.6 N�üS±÷v©¥J��5�, O�o¨v Z1.§§§SSS II: ∃ B������ C(B) = dÚÚÚ ½½½ II.1 z b � ó � � Ǒ � 1 �\ BW

1 , · · · , BW
k ,Ù¥ k = ⌈K/p⌉, CW

k = d.ÚÚÚ½½½ II.2 aquÚ½ I.3∼I.4ü�Ù§ó�.2O�o¨v Z2.



1 xÏ ëö\�:��zJÚòØ¨v�1?n¯K 5§§§SSS III:111������111���mmmóóó���mmmǑǑǑ"""ÚÚÚ½½½ III.1 XJ e ≤ p, =�Ú½ III.3. ÄK,- l = 1, BE
1 = {p1, · · · , pl}�� SE

1 = 0. 2rÙ§ó��\÷1¥,����1�UØ÷; ü3 BE
1�¡.ÚÚÚ½½½ III.2 e l < b, - l := l + 1, �� BE

1 = {p1, · · · , pl}, =�Ú½ III.1. ÄK, O� l = 1, 2, · · · , b��o¨v,¿r��öP� Z3.ÚÚÚ½½½ III.3 z b��Ǒ�1üe�, ���üS��s�m�1��1�mó�mǑ". O�o¨v Z ′
3.���{{{ 3-2�1§S I-III �,��¿'� Z1, Z2, Z3 ½ Z ′

3.ÀJk��¨v�üS�Ǒ�`üS.l�{ 3-3�?§5w,§w,´�`�. ÏL{ü��mO�,§S IÚ§S II ©O^�O(n),§S III ¤^�mǑ O(max(bn, b log b)) = O(bn).Ïd½½½nnn2. �¤kó��\ó�m���, �{ 3-23 O(bn)�mS���`üS.

4 (((��� (Conclusion)ïÄkú��ÀÏI��Ó�\óüS¯K,�1Nþ´k��,z�1�õÓ�\ó b�ó�,8�´��zo�D�J/òØ¨v. ÏL©Û,���`üS�A^5�; �´d¯K´ NP-���.u´�©)û
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