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Model-structure analysis of dynamic neural networks with
particle-swarm optimization
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Abstract: Due to the random uncertainty in the particle-swarm optimization algorithm(PSO), the analysis of stability

is difficult to be performed. Most of the researchers on PSO solve this problem based on the practical model obtained by

experience. Being different, we employ the robust uncertainty theory to decompose the original algorithm into the time-

invariant part and the uncertain time-variant part for reducing the original fixed constraints on parameters, and perform the

asymptotic stability analysis by using the PSO algorithm with dynamic inertia weight. By using the Lyapunov method, we

obtain the sufficient conditions of stability for the dynamic neural networks based on PSO and the upper and lower bounds

of the parameters to be adjusted, providing the theoretical basis for parameter selection. Finally, simulation examples

validate the stability conditions and the effectiveness of the proposed dynamic neural networks based on PSO algorithm.
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, w(k)
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2 PSO (Analysis of PSO conver-

gence)
,

[1]:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

vid(k + 1) =

w(k)vid(k) + c1rand1[pid(k) − xid(k)]+

c2rand2[pgd(k) − xid(k)],

xid(k + 1) = xid(k) + vid(k + 1),

(1)

: xid(k) vid(k) i d

, vid(k) ∈ [vmin, vmax] ,

; w(k)
, ; pid(k)

i , pgd(k)
, c1 = c2 = 2 .

,

:[
x(k + 1)
v(k + 1)

]
=

[
1 w(k)
0 w(k)

][
x(k)
v(k)

]
+

[
1
1

]
u(k), (2)

y(k) = [1 0]

[
x(k)
v(k)

]
, (3)

u(k) = −ϕ(k)(y(k) − p), (4)

u(k) ,

ϕ(k) = c1rand1 + c2rand2, , p

x∗ = p, v∗ = 0,

p =
c1rand1pid(k) + c2rand2pgd(k)

ϕ(k)
, (5)

,

pid(k) = pgd(k) = p. , p

. 1

.

1

Fig. 1 The system state description for particles trajectory

, .

, :

ζ(k) =

[
x(k) − p

v(k)

]
.

,

, x(k) = p, v(k) = 0,

, . ,

:

ζ(k + 1) = A(k)ζ(k) + Bu(k), (6)

y(k) = Cζ(k), (7)

u(k) = −ϕ(k)y(k), (8)

: A(k) =

[
1 w(k)
0 w(k)

]
,

B =

[
1
1

]
, C = [1 0]. ,

:

ζ(k + 1) = (A(k) − ϕ(k)BC)ζ(k). (9)

w(k), ϕ(k) ,

[A(k) − ϕ(k)BC]ζ(k) :

A0 ΔA0(k), (10):

A(k) − ϕ(k)BC =
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1 − ϕ(k) w(k)
−ϕ(k) w(k)

]
= A0 + ΔA0(k), (10)

:

A0 =

[
1 0
0 0

]
, ΔA0(k) =

[
−ϕ(k) w(k)
−ϕ(k) w(k)

]
.

(11)

ΔA0(k)
. w(k) �= 0, (A(k) − ϕ(k)BC)

, ζ∗ = 0, ζ∗ = (A(k) −
ϕ(k)BC)ζ∗ . ,

.

,

, (9)

:

ζ(k + 1) = (A0 + ΔA0(k))ζ(k). (12)

.

1 S = ST ∈ R
(n+m)×(n+m)

:

S =

[
A BT

B C

]
,

A ∈ R
n×n, B ∈ R

m×n, C ∈ R
m×m, S > 0

[17]

C > 0, A − BTC−1B > 0. (13)

2 D, E, F (x, t)
, FT(x, t)F (x, t) � I ,

ε0 > 0, [17]:

DF (x, t)E + ETFTDT � εDDT + ε−1ETE.

(14)

1 (12)

, P ,

ε0, α > 0, ,

:

S =[
ĀT

0 P +PĀ0+2αP +ε0Ḡ
T
0 Ḡ0 PD̄0

D̄T
0 P −ε0I

]
< 0, (15)

:

Ā0 = [A0 + (c + r)I]−1[A0 + (c − r)I],

ΔĀ0(t) = 2r[A0 + (c + r)I]−1ΔA0(k)[A0 +

(c + r)I + ΔA0(k)]−1.

(12) ,

(16) :

w = f(s) = (s + c − r)/(s + c + r). (16)

s D(c, r) w

, ,

(12) , (17)

:

˙̄ζ(t) = (Ā0 + ΔĀ0(t))ζ̄(t), (17)

:

Ā0 = [A0 + (c + r)I]−1[A0 + (c − r)I],

ΔĀ0(t) = 2r[A0 + (c + r)I]−1ΔA0(k)[A0 +

(c + r)I + ΔA0(k)]−1.

(17)

z(t) = eαtζ̄(t) > 0,

ż(t) = αeαtζ̄(t) + eαt ˙̄ζ(t) =

αz(t) + eαt(Ā0 + ΔĀ0(t))ζ̄(t). (18)

:

V (z(t)) = zT(t)Pz(t). (19)

,

V̇ (z(t)) = żT(t)Pz(t) + zT(t)P ż(t) =

[(Ā0 + ΔĀ0(t) + αI)z(t)]TPz(t) +

zT(t)P [(Ā0 + ΔĀ0(t) + αI)z(t)] =

2αzT(t)Pz(t) + zT(t)(ΔĀT
0 (t)P +

PΔĀ0(t))z(t) + zT(t)(ĀT
0 P + PĀ0)z(t). (20)

, ϕ(t) ∈ rand(0, 1),

w(t) ∈ [0, 1], ,

ΔĀ0(t) ΔĀ0(t) = D̄0F̄0(t)Ḡ0,

D̄0, Ḡ0 , F̄0(t)
, Lebesgue , (21)

:

F̄T
0 (t)F̄0(t) � I. (21)

, 1 2 :

V̇ (z(t)) =

2αzT(t)Pz(t) + zT(t)(ḠT
0 F̄T

0 (t)D̄T
0 P+

PD̄0F̄0(t)Ḡ0)z(t) + zT(t)(ĀT
0 P + PĀ0)z(t) �

zT(t)(ĀT
0 P + PĀ0 + 2αP+

ε−1
0 PD̄0D̄

T
0 P + ε0Ḡ

T
0 Ḡ0)z(t) =

zT(t)Sz(t) < 0,

S =

[
ĀT

0 P +PĀ0+2αP +ε0Ḡ
T
0 Ḡ0 PD̄0

D̄T
0 P −ε0I

]
< 0.

1 . .
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, PSO

. ,

lim
k→∞

x(k) = pid(k) = pgd(k) = p,

,

x0 ∈ R
D ∈

[xmin, xmax], p.

3 (Dynamic feedforward

neural networks)
,

(dynamic feedforward neu-

ral networks, DFNN), ,

2 .

2

Fig. 2 Basic structure of dynamic feedforward neural

networks

,

τ , (22) :

netj(k) =
N∑

i=1

ωjioi(k − τji) + bj, (22)

: bj , ωji, τji i

j .

PSO

, PSO+DFNN.

4 PSO
(Convergence analysis of PSO+DFNN)

, 2

, , PSO

, , PSO+DFNN

.

2 1, |w(k)| < 1,

w(k) �= 0. PSO

−2

√
1
3

< w(k)A(k) + ϕ(k)B(k) < 2

√
1
3
. (23)

, A(k) = v(k)/e(k) B(k) =
d(k)/e(k), : v(k) , e(k)

, d(k) = x(k) − p .

:

V (k) =
1
2
e2(k). (24)

y(k) yd(k) ,

e(k) =

√
1/N

N∑
k=1

(yd(k) − y(k))2 =
√

J.

ΔV (k) = V (k + 1) − V (k) =
1
2
[e2(k + 1) − e2(k)]. (25)

,

e(k + 1) = e(k) + Δe(k). (26)

1 (27) :

Δe(k) =
∂e(k)
∂ω

Δω +
∂e(k)

∂b
Δb +

∂e(k)
∂τ

Δτ,

(27)

ω, b, τ 3

. ,

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δω = −∂J

∂ω
= w(k)vω(k) + ϕ(k)dω(k),

Δb = −∂J

∂b
= w(k)vb(k) + ϕ(k)db(k),

Δτ = −∂J

∂τ
= w(k)vτ (k) + ϕ(k)dτ (k)),

(28)

w(k), ϕ(k)
; v∗, d∗ ω, b, τ .

, :

ΔV (k) =
1
2
(e2(k + 1) − e2(k)) =

1
2
((e(k) + Δe(k))2 − e2(k)) =

1
2
Δe2(k) + e(k)Δe(k) =

1
2
(
∂e(k)
∂ω

Δω)2 +
1
2
(
∂e(k)

∂b
Δb)2+

1
2
(
∂e(k)
∂τ

Δτ)2 +
∂2e(k)
∂ω∂b

ΔωΔb+

∂2e(k)
∂ω∂τ

ΔωΔτ +
∂2e(k)
∂b∂τ

ΔbΔτ+

e(k)(
∂e(k)
∂ω

Δω +
∂e(k)

∂b
Δb +

∂e(k)
∂τ

Δτ),

(28) :
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ΔV (k) =

2e2(k)[(
∂e(k)
∂ω

)2((
∂e(k)
∂ω

)2 + 2(
∂e(k)

∂b
)2 − 1) +

(
∂e(k)

∂b
)2((

∂e(k)
∂b

)2 + 2(
∂e(k)
∂τ

)2 − 1) +

(
∂e(k)
∂τ

)2((
∂e(k)
∂τ

)2 + 2(
∂e(k)
∂ω

)2 − 1)]. (29)

(29), (
∂e(k)
∂ω

)2,

(
∂e(k)

∂b
)2 (

∂e(k)
∂τ

)23 .

,

ΔV (k) =

2e2(k)[(
∂e(k)
∂ω

)2 + (
∂e(k)

∂b
)2 + (

∂e(k)
∂τ

)2] ·

[(
∂e(k)
∂ω

)2 + (
∂e(k)

∂b
)2 + (

∂e(k)
∂τ

)2 − 1], (30)

, ,

(
∂e(k)
∂ω

)2 + (
∂e(k)

∂b
)2 + (

∂e(k)
∂τ

)2 < 1, (31)

ΔV (k) < 0, ,

. , ,

,

(32): ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0 � (
∂e(k)
∂ω

)2 <
1
3
,

0 � (
∂e(k)

∂b
)2 <

1
3
,

0 � (
∂e(k)
∂τ

)2 <
1
3
.

(32)

(28) (32), :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 � (w(k)vω(k) + ϕ(k)dω(k))2 <
1
3
e2(k),

0 � (w(k)vb(k) + ϕ(k)db(k))2 <
1
3
e2(k),

0 � (w(k)vτ (k) + ϕ(k)dτ (k))2 <
1
3
e2(k).

(33)

J = e2(k), A(k) = v(k)/e(k),

B(k) = d(k)/e(k),

:

−2

√
1
3

< w(k)A(k) + ϕ(k)B(k) < 2

√
1
3
.

2 . .

, 2

, 1.

1
, :

vmin(k) = −2

√
1
3
e(k), vmax(k) = 2

√
1
3
e(k), (34)

.

2

, :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

− 2

√
1
3

< w(k)A(k) + ϕ(k)B(k) < 2

√
1
3
,

− 2

√
1
3

<
w(k)v(k)+ϕ(k)(x(k)−p)

e(k)
<2

√
1
3
,

− 2

√
1
3
e(k) < v(k + 1) < 2

√
1
3
e(k).

(35)

v(t) ∈ [vmin, vmax], 1 . .

, ,

PSO+DFNN . ,

, e(k) ,

, .

5 (Simulations)

.

, w(k) = cos(kπ/100),

,

PSO , φ(k) =
rand(0, 1), c1 = c2 = 2.

, (10) A0 =

[
1 0
0 0

]
,

D(0, 1) w- , Ā0 =[
0 0
0 −1

]
, D̄0 =

[
1 0
0 1

]
, Ḡ0 =

[
0.2 0
0 0.2

]
, α =

0.33, P =

[
0.0047 0

0 0.0363

]
,

ĀT
0 P +PĀ0+2αP +ε−1

0 PD̄0D̄
T
0 P +ε0Ḡ

T
0 Ḡ0 =[

−0.0009 0
0 −0.2486

]
< 0.

1, .

x(0) = −10, v(0) = 2,

3 4

.

3 4 ,

. , ,

PSO+DFNN ,

.

:
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y(k) =
y(k − 1)

1 + y(k − 1)2
+ u(k − 10)3. (36)

3

Fig. 3 Schematic diagram of particle trajectories

4

Fig. 4 Phase planet of particle trajectories

(36) , 10

. PID ,

2000 ,

10000 , 2−20−1, 20,

D = 141. ,

1, ,

± 2
√

1
3
e(k),

MATLAB :

Start
Initialize the population

Evaluate the error: e(1), k = 1
Update Pi and Pg

While (k > Itermax)

Do
Update v(k)

If v(k+1)>+2
√

1
3
e(k), v(k+1)=+2

√
1
3
e(k)

If v(k+1)<−2
√

1
3
e(k), v(k+1)=−2

√
1
3
e(k)

Update x(k)
Evaluate the error: e(k + 1)

Update Pi and Pg

Update inertia weight w(k) = cos(kπ/100)
End do

End
5 ,

, .

, PSO+DFNN ,

.

PSO+DFNN

, BPNN, PSO+BPNN, Genic

Algorithm(GA)+BPNN, Elman ,

MATLAB 3 BP

, Variable Learning Rate, Quasi-

Newton, Levenberg-Marquardt.

2−20−1, , GA

50, 0.95, 1 .

5 PSO+DFNN

Fig. 5 System identification result of PSO+DFNN

1

Table 1 Learning results of neural networks

/min

BPNN 0.79191 0.018030 14.55

PSO+BPNN[16] 0.065247 0.004765 4.13

GA+BPNN[18] 0.069623 0.003773 31.22

VLR+BPNN 0.00162 0.006620 5.6

QN+BPNN 0.00501 0.000964 9.1

LM+BPNN 0.00443 0.000902 13.25

Elman 0.00221 0.000150 850.1

PSO+DFNN 0.00241 0.000240 4.97

(35) e(k) ,

,

,

. , PSO+DFNN

. 1

, .

GA+BPNN BP ,

.
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PSO+DFNN Elman

1/171. ,

, .

,

. ,

, , ,

,

. , ,

, .

6 (Conclusion and prospect)
,

,

,

,

,

, .

, ,

,

,

, ,

,

,

, PSO+DFNN

. ,

1 ,

,

,

.
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