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Closed-loop control for resonant accelerometer based on
electrostatic stiffness

LIU Heng1,2, HE Xiao-ping2, ZHANG Feng-tian2, SU Wei2, ZHANG Fu-tang2

(1. College of Communication Engineering, Chongqing University, Chongqing 400030, China;
2. Institute of Electronic Engineering, China Academy of Engineering Physics, Mianyang Sichuan 621900, China)

Abstract: We investigate the requirements of closed-loop control for a resonant micro-accelerometer, for which we
develop a closed-loop of gain-control for stabilizing the amplitude and a phase-locked loop for tracking the frequency.
Because of the obstacle of high order of nonlinearity of the system, we had to employ the average method for analyzing the
system stability and determining the equilibrium point. The analysis reaches a critical condition for the integral controller
in the stable tracking of the closed-loop frequency. As for the amplitude-stabilization loop with auto-gain, the analysis
shows that an oscillation with constant amplitude can not be achieved without a PI controller. When the PI controller is
introduced, the oscillation amplitude and the performance index are independent from the frequency, and the same value
of amplitude can be realized by a smaller value of the reference voltage. Simulation results confirm the above conclusions.
When combined with the theoretical analysis, they are instrumental to the design and testing of driving circuits.
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(Closed-loop control principle for resonant
accelerometer)
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Fig. 1 Double close-loops control for resonant accelerometer

2

Fig. 2 Frequency tracking control system for resonant accelerometer

2.1 (Frequency
tracking technology based on phase-locked
principle)
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.

,
,

Fd = k2VCVd cos(ωt + φ) = F cos θ. (1)

, F .
,

θ̇ = ω0 + kvcoZ. (2)

(2) , θ

θ =
� t

0
(ω + kvcoZ)dτ. (3)

,

Z = kII

� t

0
ydτ. (4)

(4)

Ż = kIIy. (5)

,
,

ẏ = ζ(k1x cos θ − y). (6)

,⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ẍ +
ωn

Q
ẋ + ωn

2x = F
cos θ

m
= Icos θ,

θ̇ = ω0 + kvcoZ,

Ż = kIIy,

ẏ = ζ(k1x cos θ − y).

(7)

x(t) = a(t)cos(θ(t) + φ(t)), (8)

a(t) φ(t) ,
, [8].

ẋ(t) =

−a(t)θ̇sin(θ + φ) + ȧ(t)cos(θ + φ) −
a(t)φ̇sin(θ + φ). (9)

[8],

ȧ(t)cos(θ + φ) − a(t)φ̇sin(θ + φ) = 0, (10)

ẍ(t)=−ȧ(t)θ̇sin(θ + φ) − a(t)θ̇(θ̇ + φ̇)cos(θ + φ).

(11)

x(t), ẋ(t), ẍ(t) (7), (10)

ȧ(t) =

− 1
ω0 + kvcoZ

{Isin(θ + φ)cos θ +

a(t)[(ω0 + kvcoZ)2 − ω0
2] ·

sin(θ + φ)cos(θ + φ) + a(t) ·
[kvcokIIy +

ω0

Q
(ω0 + kvcoZ)]sin2(θ + φ)},

(12)

φ̇(t) =

− 1
ω0 + kvcoZ

{ I

a(t)
cos(θ + φ)cos θ +

[kvcokIIy +
ω0

Q
(ω0 + kvcoZ)] ·

sin(θ + φ)cos(θ + φ) +

[(ω0 + kvcoZ)2 − ω0
2]cos2(θ + φ)}, (13)

Ż = kIIy, (14)

ẏ = ζ(k1a(t)cos(θ + φ) cos θ − y). (15)

(12)∼(15) ,

ȧ(t) =

− 1
ω0 + kvcoZ

{I

2
sin φ̄ +

1
2
ā(t)[kvcokIIy +

ω0

Q
(ω0 + kvcoZ)]}, (16)

φ̇(t) = − 1
ω0 + kvcoZ

{ I

2ā(t)
cos φ̄ +

1
2
[(ω0 + kvcoZ)2 − ω0

2]}, (17)

Ż = kIIy, (18)

ẏ = ζ(
1
2
k1ā(t) cos φ̄ − y). (19)

, 0,

φ̄0 = −π

2
, z̄0 =

ωn − ω0

kvco
, ȳ0 = 0.

,
, Jacobian ,

⎛
⎜⎜⎜⎝

ȧ(t)

φ̇(t)

Ż(t)

ẏ(t)

⎞
⎟⎟⎟⎠=

⎛
⎜⎜⎜⎜⎜⎝

−ωn

2Q
0

Ikvco

2ω2
n

−IkvcoQkII

2ω3
n

0 −ωn

2Q
−kvco 0

0 0 0 kII

0
IζQk1

2ω2
n

0 −ζ

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

a(t)

φ(t)

Z(t)

y(t)

⎞
⎟⎟⎟⎠.

(20)

,

(
ωn

2Q
+ λ)

2
λ(λ + ζ) +

(
ωn

2Q
+ λ)

QIk1ζ

2ω2
n

kIIkvco = 0. (21)

, 0[9],
λ ,
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kII � (2Qζ + ωn)ωn
3

2Q3Ik1kvco
. (22)

,
(22). ,

.
, ,

,
.

2.2 (Amplitude auto gain con-
trol)

,
. ,

,
.

, PI⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

m(ẍ +
ωn

Q
ẋ + ωn

2x) =

−KVC sin(ωnt+φ(t)),

Ȧ =
1
τ
(|k1x| − A),

VC = VR − A,

(23)

(23) K = k1k2. (8)(9) (11)
(23),

R =
ωn

Q
, T =

k(VR − A)
mωn

.

(10),

ȧ(t) = −R(a(t) − T )sin2(ωnt + φ(t)), (24)

φ̇(t) =
−R(a(t)−T )

a(t)
sin(ωnt+φ(t)) ×

cos(ωnt+φ(t)), (25)

Ȧ =
1
τ
(|k1a(t)cos(ωnt + φ(t))| − A). (26)

(24)∼(26),

ȧ(t) = −1
2
(
ωn

Q
a(t) − k(VR − A)

mωn
), (27)

φ̇(t) = 0, (28)

Ȧ =
1
τ
(
2
π

k1a(t) − A). (29)

(24)∼(26) ,
,⎧⎪⎪⎨

⎪⎪⎩
ā0 =

πKQVR

πmωn
2 + 2k1KQ

,

Ā0 =
2k1KQVR

πmωn
2 + 2k1KQ

.

(30)

(27)(29) ,

(ā0, Ā0)⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ȧ(t) =

ωn

2Q
(

πKQVR

πmωn
2 + 2k1KQ

− a(t)) − KA(t)
2mωn

,

Ȧ(t) =
1
τ
(
2
π

k1a(t) − A(t)).

(31)

,⎧⎪⎨
⎪⎩

sa(s) = −1
2

ωn

Q
a(s) − 1

2
K

mωn
A(s),

sA(s) =
1
τ
(
2
π

k1a(s) − A(s)).
(32)

(32)

τs2 + (1 +
1
2

τωn

Q
)s +

1
2

ωn

Q
+

Kk1τ

πmωn
= 0.

(33)

,
.

Δ = (1 +
1
2

τωn

Q
)2 − 4(

1
2

ωn

Q
+

Kk1τ

πmωn
), (34)

Δ

. (29) ,
,

, ,
, ,

.

, PI

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

m(ẍ+
ωn

Q
ẋ+ωn

2x)=−KVC sin(ωnt+φ(t)),

Ȧ =
1
τ
(|k1x| − A),

VC = kP(VR − A) + kI(V̇ R − Ȧ).
(35)

R =
ωn

Q
, T́ =

kVC

mωn
.

ȧ(t) = −(Ra(t) − T́ )sin2(ωnt + φ(t)), (36)

φ̇(t) =
(T́ − Ra(t))

a(t)
sin(ωnt + φ(t)) ×

cos(ωnt + φ(t)), (37)

Ȧ =
1
τ
(|k1a(t)cos(ωnt + φ(t))| − A), (38)

VC = kP(VR − A) − kIȦ. (39)

(36)∼(39),
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ā0 =
πVR

2k1
,

V̄C =
mω2

n

KQ
,

Ā0 = VR.

(40)

(36)∼(39) ,

τπ

2k1
s3 + (

π

2k1
+

τπωn

4k1Q
)s2 +

(
πωn

4k1Q
+

kPK

2mπωn
)s +

kkI

2mωn
= 0, (41)

,

Δ = (1+
τωn

2Q
)(

πωn

4k1Q
+

kPK

2mωn
)− τKk1

2mωn
�0.

(42)

(40) , a(t)
,

, ,
.

3 (Simulation verification)

, f

f =
1
2π

√
km − ke(g)

m
. (43)

(43) : km , ke(g)
,

g . ,

, 3 . : 1, 5
, 2, 4, 6, 8 , 3, 7 ,

[5].

3 (SEM)
Fig. 3 Accelerometer fabricated with sulk-silicon dissolved

process (SEM)

1, : ks

, d0 , ms

, Vs . [10].

1
Table 1 Structure and circuit Parameters for

accelerometer

km 200 N/m τ 2000
ks 24 N/m ωn 10000 Hz
m 200 μg ω0 8000 Hz
ms 50.7 μg kvco 10000 rad/V

Vs 5 V Q 100
S 0.452 μm2 d0 2.5 μm

k1 1000000 N/V2 k2 10 N/V2

ς 628

Simulink 4(a),
ke(g) [10], 6 s ,

0 98 m2/s, 4(b).
, 10 V,
(22), kII 23.37. 5

, kII 5 ,
, ( 5(a); kII

85 , ,
( 5(b)).

, VR

0.6 V, , PI
, , , 6(a).

(30), A ,
7(a) , A ,

. , (23)
, 8(a) .

, 9(a) ,
, , (30)

. PI ,
kP 1, (42) kI 2048,

10, .

PI , ,
, 6(b),

. (40), A

, 7(b) ,
A 0.6 V, ,

. 8(b) VC

, (40) VC

. , 9(b)
, ,

; , 9(a) , PI
.

.
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4(a)

Fig.4(a) Model for simulation

4(b)

Fig. 4(b) Applied acceleroation

5(a) (kI = 5)

Fig. 5(a) Frequency tracking f(kI = 5)

5(b) (kI = 85)

Fig. 5(b) Frequency tracking f(kI = 85)

6(a) ( PI )

Fig. 6(a) f(t)(without PI controller)
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6(b) ( PI )

Fig. 6(b) f(t)(PI controller)

7(a) A( PI )

Fig. 7(a) A(without PI controller)

7(b) A( PI )

Fig. 7(b) A(with PI controller)

8(a) VC( PI )

Fig. 8(a) VC(without PI controller)

8(b) VC( PI )

Fig. 8(b) VC(with PI controller)

9(a) a(t)( PI )

Fig. 9(a) a(t)(without PI controller)

9(b) a(t)( PI )

Fig. 9(b) a(t)(with PI controller)

4 (Conclusions)
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