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Abstract: The stochastic stability and H-infinity control problem for networked control systems(NCSs) with data packet

dropouts and partly unknown transition probabilities are addressed. Considering the random data packet dropouts occurring

in the sensor-to-controller and controller-to-actuator, we model the closed-loop NCS as a discrete-time Markov jump linear

system with four modes and partly unknown transition probabilities. Sufficient conditions for the existence of a controller

which guarantees the stochastic stability of NCS and satisfies the H-infinity performance requirements are established based

on stochastic Lyapunov functions and linear matrix inequality approach. A simulation example illustrates the validity and

feasibility of the results.
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2 (Problem formulation)
NCS

, NCS

1 , :

1) ,

;

2) ,

, ;

3) ;

4)

, x̃(k)
u(k) .

1 NCS

Fig. 1 The structure of the NCS with data packet dropouts

:{
x(k + 1) = Ax(k) + Bu(k) + Bωω(k),

z(k) = Cx(k) + Du(k) + Dωω(k),
(1)

: x(k) ∈ R
n , u(k) ∈ R

m

, ω(k) ∈ R
q , z(k) ∈

R
p , A, B, Bω, C, D Dω

.

,

ũ(k) = Kx̃(k), (2)

K .

1 , S1, S2

, α, β(α = 0, 1, β = 0,

1) S1, S2 . S1(S2) α = 0(β
= 0) , ,

x̃(k) = x(k)(u(k) = ũ(k)),

S1(S2) α = 1(β = 1) ,
,

x̃(k) = x̃(k − 1)(u(k) = u(k − 1)).

x̃(k), u(k){
x̃(k) = (1 − α)x(k) + αx̃(k − 1),

u(k) = (1 − β)ũ(k) + βu(k − 1).
(3)

ξ(k) = [xT(k) x̃T(k−1) uT(k−1)]T,

(1)∼(3)

{
ξ(k + 1) = Φiξ(k) + B̃ωω(k),

z(k) = Ψiξ(k) + Dωω(k),
(4)

:

Φi =

⎡
⎢⎣A+(1−α)(1−β)BK α(1−β)BK βB

(1−α)I αI 0
(1−α)(1−β)K α(1−β)K βI

⎤
⎥⎦ ,

Ψi = [C + (1−α)(1−β)DK α(1−β)DK βD],

i ∈ {1, 2, 3, 4}, α, β ∈ {0, 1}, B̃ω =[BT
ω 0 0]T.

(4)

4 :

1) α = β = 0 ,

, (4)

{
ξ(k + 1) = Φ1ξ(k) + B̃ωω(k),

z(k) = Ψ1ξ(k) + Dωω(k),
(5)

:

Φ1 =

⎡
⎢⎣A+BK 0 0

I 0 0
K 0 0

⎤
⎥⎦ , Ψ1 = [C+DK 0 0].



8 : H∞ 1107

2) α = 0, β = 1 ,

,

, (4){
ξ(k + 1) = Φ2ξ(k) + B̃ωω(k),

z(k) = Ψ2ξ(k) + Dωω(k),
(6)

:

Φ2 =

⎡
⎢⎣A 0 B

I 0 0
0 0 I

⎤
⎥⎦ , Ψ2 = [C 0 D].

3) α = 1, β = 0 ,

,

, (4){
ξ(k + 1) = Φ3ξ(k) + B̃ωω(k),

z(k) = Ψ3ξ(k) + Dωω(k),
(7)

:

Φ3 =

⎡
⎢⎣A BK 0

0 I 0
0 K 0

⎤
⎥⎦ , Ψ3 = [C DK 0].

4) α = 1, β = 1 ,

,

(4) {
ξ(k + 1) = Φ4ξ(k) + B̃ωω(k),

z(k) = Ψ4ξ(k) + Dωω(k),
(8)

:

Φ4 =

⎡
⎢⎣A 0 B

0 I 0
0 0 I

⎤
⎥⎦ , Ψ4 = [C 0 D].

,

, (4) 4 (5)∼(8)

. ,

.

NCS(4) 4

{
ξ(k + 1) = Φθ(k)ξ(k) + B̃ωω(k),

z(k) = Ψθ(k)ξ(k) + Dωω(k),
(9)

{θ(k), k ∈ Z} ,

	 = {1, 2, 3, 4} . Markov

θ(k) = 1, θ(k) = 2, θ(k) = 3 θ(k) = 4
(9) 4 (5)∼(8).

Markov θ(k)

πij = P{θ(k + 1) = j|θ(k) = i}, (10)

: πij � 0, ∀i, j ∈ 	,
4∑

j=1

πij = 1,

:

π =

⎡
⎢⎢⎢⎣

π11 π12 π13 π14

π21 π22 π23 π24

π31 π32 π33 π34

π41 π42 π43 π44

⎤
⎥⎥⎥⎦ .

1 (9)

. ,

,

. (9)

.

(9) π

, π

. , 4

(9), π :

π =

⎡
⎢⎢⎢⎣

π11 ? π13 ?
? ? ? π24

π31 ? π33 ?
? ? π43 π44

⎤
⎥⎥⎥⎦ ,

? ,

, ∀i ∈ 	, Markov θ(k) 	

	i
K 	i

UK , 	 =
	i
K + 	i

UK, {
	i
K = {j : πij },

	i
UK = {j : πij }.

(11)

, 	i
K �= ∅,

	i
K = {Ki

1, · · · ,Ki
m}, ∀1 � m � 4, (12)

Ki
m ∈ N

+ π i

m , πi
K =

∑
j∈�i

K

πij .

1[18] C
∞∑

k=0

E{‖x(k)‖2|ξ0, θ0} � CΓ (ξ0, θ0)

, Γ (ξ0, θ0) � 0 Γ (0, · · · , 0) = 0
, (9)

.

2[19] γ > 0, : a)

(9) ; b) ,

‖ z(k) ‖2� γ ‖ ω(k) ‖2, (9)

H∞ γ.

γ > 0, H∞

J∞ = γ−1‖z(k)‖2
2 − γ‖ω(k)‖2

2 =
∞∑

k=0

E[γ−1z(k)Tz(k) − γω(k)Tω(k)|ξ0, θ0], (13)
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: ξ0 , θ0 θ(k)
.

(2),

(9) ,

H∞ γ.

3 NCS H∞ (H∞ performance anal-

ysis for NCS)

, (9)

H∞ .

1 γ > 0 K,

Pi > 0, ∀i ∈ 	,

:⎡
⎢⎢⎢⎢⎣
−(P i

K)−1 Φi B̃ω 0
∗ − πi

KPi 0 ΨT
i

∗ ∗ − 1
2
γI DT

ω

∗ ∗ ∗ − γI

⎤
⎥⎥⎥⎥⎦ < 0, (14)

⎡
⎢⎢⎣
−P−1

j Φi B̃ω

∗ − Pi 0

∗ ∗ − 1
2
γI

⎤
⎥⎥⎦ < 0, ∀j ∈ 	i

UK, (15)

: P i
K =

∑
j∈�i

K

πijPj , Φi, Ψi(i ∈ 	) B̃ω (4)

.

, ‖z(k)‖2 � γ‖ω(k)‖2.

Lyapunov :

V (k) = x(k)TPθ(k)x(k). (16)

θ(k) = i, ω(k) = 0 , (9)

E[ΔV (k)] =

E[V (k + 1), θ(k + 1)] − V (k, θ(k)) =

E{ξT(k+1)Pθ(k+1)ξ(k+1)}−ξT(k)Pθ(k)ξ(k)=

ξT(k)(ΦT
i

∑
j∈�

πijPjΦi − Pi)ξ(k) = ξT(k)Ωiξ(k).

(17)∑
j∈�

πij = 1, (11)

Ωi = ΦT
i (

∑
j∈�

πijPj)Φi − (
∑
j∈�

πij)Pi =

ΦT
i (

∑
j∈�i

K

πijPj)Φi − (
∑

j∈�i
K

πij)Pi +

ΦT
i (

∑
j∈�i

UK

πijPj)Φi − (
∑

j∈�i
UK

πij)Pi =

ΦT
i P i

KΦi − πi
KPi +

∑
j∈�i

UK

πij(ΦT
i PjΦi − Pi).

Schur

Ωi =

[
−(P i

K)−1 Φi

∗ −πi
KPi

]
+

∑
j∈�i

UK

πij

[
−P−1

j Φi

∗ −Pi

]
.

1 (14)(15) Ωi < 0 .

E[ΔV ]�−λmin(−Ωi)ξ(k)Tξ(k)�−βx(k)Tx(k),

(18)

: β = inf{λmin(−Ωi)}, λmin(−Ωi) −Ωi

. (18) , T � 1,

E[V (k+1)]−E[V (0)]�−β
T∑

k=0

E[x(k)Tx(k)]. (19)

,

T∑
k=0

E[x(k)Tx(k)] � 1
β

E[V (ξ0, θ0)].

k → ∞,
∞∑

k=0

E[x(k)Tx(k)] � 1
β

E[V (ξ0, θ0)] < ∞. (20)

1,

(9) .

ζ(k) = [ξ(k)T ω(k)T]T,

ω(k) ∈ L2[0,∞)

E[ΔV (k, θ(k))]+γ−1z(k)Tz(k)−γω(k)Tω(k)=

(Φiξ(k)+B̃ωω(k))T
∑
j∈�

πijPj(Φiξ(k)+B̃ωω(k)) −

ξ(k)TPiξ(k) − γω(k)Tω(k) + (Ψiξ(k) +

Dωω(k))Tγ−1(Ψiξ(k) + Dωω(k)) =

ζ(k)T(

[
ΦT

i

B̃T
ω

] ∑
j∈�

πijPj[Φi B̃ω] +

⎡
⎣−

∑
j∈�

πijPi 0

0 −γI

⎤
⎦ +

[
ΨT

i

DT
ω

]
γ−1[Ψi Dω])ηk =

ζT
k Πiζk,

Πi =

[
ΦT

i

B̃T
ω

] ∑
j∈�i

K

πijPj[Φi B̃ω] +

⎡
⎢⎣
−∑

j∈�i
K

πijPi 0

0 −1
2
γI

⎤
⎥⎦+

[
ΨT

i

DT
ω

]
γ−1[Ψi Dω]+

∑
j∈�i

UK

πij(

[
ΦT

i

B̃T
ω

]
Pj[Φi B̃ω]+

⎡
⎣−Pi 0

0 −1
2
γI

⎤
⎦).

πij � 0, ∀j ∈ 	, Schur ,

1 (14)(15) , Πi < 0 .

, N > 0,

JN = γ−1‖z(k)‖2
2 − γ‖ω(k)‖2

2 =
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N−1∑
k=0

E[γ−1z(k)Tz(k) − γω(k)Tω(k)]. (21)

V0(ζ(·), θ0) = 0,

E[V (x(N), θ(N))]=

E[
N−1∑
k=0

(V (x(k + 1), θ(k + 1))−V (x(k), θ(k)))]>0.

(22)

JN = E[
N−1∑
k=0

(V (k + 1, θ(k + 1)) −

V (k, θ(k)) + γ−1z(k)Tz(k) −
γω(k)Tω(k))] − E[V (N, θ(N))] �

E[
N−1∑
k=0

(V (k + 1, θ(k + 1)) − V (k, θ(k)) +

γ−1z(k)Tz(k) − γω(k)Tω(k))] =
N−1∑
k=0

[ζ(k)TΠiζ(k)]. (23)

Πi < 0, , lim
N→∞

N−1∑
k=0

[ζ(k)TΠiζ(k)] < 0,

ω(k) ∈ L2[0,∞), z(k) ∈ L2[0,∞),

‖z(k)‖2 < γ‖ω(k)‖2.

.

2 �i
UK = ∅, ∀i ∈ �, (9)

,

ΦT
i

4P

j=1
πijPjΦi − Pi < 0,

[6]

. �i
K = ∅, ∀i ∈ �, (9) ,

ΦT
i PjΦi − Pi < 0.

4 H∞ (H∞ state-

feedback controller design)
1 K ,

(9)

H∞ ,

, 1 ,

.

K ,

Φi, Ψi(i ∈ 	)

Φi = Φ0i + MiKNi, Ψi = Ψ0i + DKEi,

:

Φ01 =

⎡
⎢⎣A 0 0

I 0 0
0 0 0

⎤
⎥⎦ , Ψ01 = [C 0 0],

Φ02 =

⎡
⎢⎣A 0 B

I 0 0
0 0 I

⎤
⎥⎦ , Ψ02 = [C 0 D],

Φ03 =

⎡
⎢⎣A 0 0

0 I 0
0 0 0

⎤
⎥⎦ , Ψ03 = [C 0 0],

Φ04 =

⎡
⎢⎣A 0 B

0 I 0
0 0 I

⎤
⎥⎦ , Ψ04 = [C 0 D],

M1= M2 =[BT 0 IT]T, N1 =[I 0 0],

N2 =[0 I 0], E1 =[I 0 0], E3 =[0 I 0],

M3 =M4 =

⎡
⎢⎣0

0
0

⎤
⎥⎦ , N3 =N4 =[0 0 0],

E2 = E4 = [0 0 0].

1 (14)⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−P−1
Ki

1
0 · · · 0 √

πiKi
1
(Φ0i+MiKNi)

∗ −P−1
Ki

2
· · · ...

√
πiKi

2
(Φ0i+MiKNi)

∗ ∗ . . . 0
...

∗ ∗ ∗ −P−1
Ki

m

√
πiKi

m
(Φ0i+MiKNi)

∗ ∗ ∗ ∗ −πi
KPi

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

√
πiKi

1
B̃ω 0

√
πiKi

1
B̃ω 0

...
...√

πiKi
m
B̃ω 0

0 (Ψ0i + DKEi)T

−1
2
γI DT

ω

∗ −γI

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0. (24)

3 (15)(24) P−1
j , P−1

Ki
1

,

P−1
Ki

2
P−1
Ki

m
, (15)(24)

, , Xi (15)(24) P−1
i ,

i ∈ �. K, [20]

, H∞ (2)

.

2 γ > 0, (9) H∞
(13), Xi > 0, Pi > 0, ∀i ∈ 	,

.

min
γ,Xi,Pi

tr(
4∑

i=1

PiXi)

s.t. i)
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⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−XKi
1

0 · · · 0 √
πiKi

1
(Φ0i+MiKNi)

∗ −XKi
2
· · · ...

√
πiKi

2
(Φ0i+MiKNi)

∗ ∗ . . . 0
...

∗ ∗ ∗ −XKi
m

√
πiKi

m
(Φ0i+MiKNi)

∗ ∗ ∗ ∗ −πi
KPi

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

√
πiKi

1
B̃ω 0

√
πiKi

1
B̃ω 0

...
...√

πiKi
m
B̃ω 0

0 (Ψ0i + DKEi)T

−1
2
γI DT

ω

∗ −γI

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0,

ii)

⎡
⎢⎢⎣
−Xj Φ0i+MiKNi B̃ω

∗ −Pi 0

∗ ∗ −1
2
γI

⎤
⎥⎥⎦< 0, ∀j ∈ 	i

UK,

iii)

[
Pi I

I Xi

]
> 0, i ∈ 	, (25)

Ki
1, · · · ,Ki

m (12) . (X̃i, P̃i,

K̃), (2)

(9) ,

H∞ γ, (9) γ H∞
K 1 .

1
Step 1 feasp (25) i),

ii), iii) (P 0
i , X0

i , K0), k = 0.

Step 2 mincx (Pi, Xi,

K) LMI :

min Tr
4∑

i=1

(P k
i Xi + PiX

k
i ),

s.t. (21).

Step 3 P k+1
i = Pi, Xk+1

i = Xi, Kk+1 = K.

Step 4 (25) LMIs i) ii),

. , k = k + 1, Step 2.

5 (Numerical example)
[6] , :

A=

[
1 0.2

0.5 − 0.5

]
, B=

[
0.1 1.5
0.2 0.1

]
, Bω =

[
0.2
0.2

]
,

C =

[
0.5 1
0.2 0.1

]
, D =

[
1 − 1

0.2 0.1

]
, Dω =

[
0.1
0.2

]
.

(9)

:

Φ01 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0.2 0 0 0 0
0.5 − 0.5 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

Φ02 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0.2 0 0 0.1 1.5
0.5 − 0.5 0 0 0.2 0.1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

Φ03 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0.2 0 0 0 0
0.5 − 0.5 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

Φ04 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0.2 0 0 0.1 1.5
0.5 − 0.5 0 0 0.2 0.1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

Ψ1 =

[
0.5 1 0 0 0 0
0.2 0.1 0 0 0 0

]
,

Ψ2 =

[
0.5 1 0 0 1 − 1
0.2 0.1 0 0 0.2 0.1

]
,

Ψ3 =

[
0.5 1 0 0 0 0
0.2 0.1 0 0 0 0

]
,

Ψ4 =

[
0.5 1 0 0 1 − 1
0.2 0.1 0 0 0.2 0.1

]
,

M1 =M2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0.1 1.5
0.2 0.1
0 0
0 0
1 0
0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, M3 =M4 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0
0 0
0 0
0 0
0 0
0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

N1 =

[
1 0 0 0 0 0
0 1 0 0 0 0

]
, N2 =

[
0 0 1 0 0 0
0 0 0 1 0 0

]
,

N3 =N4 =

[
0 0 0 0 0 0
0 0 0 0 0 0

]
, E1 =

[
1 0 0 0 0 0
0 1 0 0 0 0

]
,



8 : H∞ 1111

E3 =

[
0 0 1 0 0 0
0 0 0 1 0 0

]
, E2 =E4 =

[
0 0 0 0 0 0
0 0 0 0 0 0

]
.

θ(k) ∈ {1, 2, 3, 4},

π =

⎡
⎢⎢⎢⎣

0.3 ? 0.1 ?
? ? 0.3 0.2
? 0.1 ? 0.3

0.2 ? ? ?

⎤
⎥⎥⎥⎦ .

2 π

θ(k) ∈ {1, 2, 3, 4} .

2 θ(k)

Fig. 2 Values of θ(k)

A 1.0639 − 0.5639,

, .

x(0) = [0.4 − 0.3]T, θ(0) = 1.

2, MATLAB LMI γmin

= 0.317, 1 (25) ,

K =

[
−0.4252 −0.1802
−0.3463 0.1451

]
.

3 ,

.

3 K

Fig. 3 State trajectories under K

(linear-quadratic-

Gaussian, LQG) .

MATLAB dlqr LQG

Kdlqr =

[
0.1347 −0.1207
0.4946 0.1284

]
.

LQG (A + BKdlqr)
1.8483,−0.6043, ,

Kdlqr .

4 Kdlqr

Fig. 4 State trajectories under Kdlqr

3, 4 , (9)

, LQG

.

6 (Conclusions)

H∞ . S-C C-A

. Lyapunov

, H∞
.

.
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