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Collective behavior of
affine nonlinear multi-agent dynamic systems in directed network

JIN Ji-dong1,2, ZHENG Yu-fan1

(1. Department of Mathematics, Shanghai University, Shanghai 200444, China;
2. Department of Computer Science and Technology, Capital University of Economics and Business, Beijing 100070, China)

Abstract: The structure and collective behavior of affine nonlinear multi-agent dynamic system under directed network
are discussed. The system can be decomposed into some basic subsystems; some of them are independent from the others
and some are not. Each basic independent subsystem will reach its own consensus state. The state of each agent in the
nonindependent subsystems will go inside of a convex set, which is formed by the consensus states of basic independent
subsystems. The states of all agents in system reach consensus if and only if there is only one independent subsystem in
the system. This result also covers the results of previous works on linear multi-agent dynamic systems.
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2 (Cooperative system)
A , ai ∈ A(i = 1, · · · , n) ,

xi(t) ∈ R
m ai t . N(ai)

ai , ai . A

A G =< A, ε >:

ε = {(ai, aj) ∈ A × A| aj ∈ N(ai)} ,

ẋi = fi(xi, xj1 , · · · , xjk
), xj1 , · · · , xjk

∈ N(ai)

.

ai

, (1):

ẋi =fi(·)=
∑

aj∈N(ai)

fij(xi, xj), i=1, · · · , n. (1)
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Euclid R
m T x = C x − D ,

(2) R
m . : C m × m

, D ∈ R
m .

∀x, y ∈ R
m, ‖T x − T y‖ = ‖x − y‖. (2)

1 R
m T ,

dx̃i

dt
=

∑
aj∈N(ai)

fij(x̃i, x̃j),

dx̃i

dt
= T

dxi

dt
, fij(x̃i, x̃j) = fij(T xi,T xj),

(1) .

1
(1) ,

fij(xi, xj) = qij(‖xi − xj‖)�rij, (3)

: ‖ · ‖ Euclid , qij(·) , �rij = (xi −
xj)/‖xi − xj‖ xi − xj .

.
, fij N(ai) ,

N(ai) = {aj}, :

ẋi = fij(xi, xj). (4)

T x = x − D = x − xj,

T ẋi = lim
Δt→0

(xi(t+Δt)−xj)−(xi(t)−xj)
Δt

= ẋi,

fij(T xi, T xj)=fij(xi−xj, 0)=fij(xi−xj).

(4) ,

ẋi = S ẋi = fij(T xi,T xj) = fij(xi − xj).

T x = C x. C xi − xj

. T (xi−xj) , fij(T (xi−
xj)) . fij(xi − xj) xi − xj .

ẋi = fij(xi − xj) = qij(xi − xj)�rij,

qij(·) .
T , ||T ẋi|| = ||ẋi||,

qij(xi − xj) = qij(||xi − xj||).
.

fij (3), (1) . .
T x = C x + D (3) fij ,

fij(T (xi − xj)) = C fij(xi − xj),

(1) ,
dx̃i

dt
= T ẋi =

∑
ai∈N(ai)

C fij(xi − xj) =C ẋi.

, .

2

ẋi =
∑

aj∈N(ai)

fij(xi−xj)=

∑
aj∈N(ai)

−gij(||xi−xj||)�rij, i=1, · · · , n

(5)

,

gij(||xi − xj||)
{

= 0, xi = xj,

> 0, xi �= xj,
(6)

: gij(·)∈R aj ai , �rij =(xi−
xj)/‖xi − xj‖ xi − xj .

1 :

.

, i = 1, · · · , n, fi(·)
C1 ( ), (1)
, [10].

gij(y) y ∈ [0,∞) C1 . ,
(5) .

3 (Structure of system)
3 1) G =< A, ε >

{(ai, ap1), (ap1 , ap2),· · ·, (apk−1 , apk
), (apk

, aj)}⊂ε

aj ai , W (ai, aj).

2) ai, aj ∈ A, W (ai,

aj),W (aj, ai) ⊂ ε, G .

3) As ⊂ A, Gs =< As, ε∩ (As ×As) > G

. Gs , aj ∈ A − As,

< As ∪ {aj}, ε ∩ ((As ∪ {aj}) × (As ∪ {aj})) >

, Gs G ( ),
As A .

Ā = {A1, · · · , Ak} G .
Ā A .

4 As, Ar A .

1) ai ∈ Ar, aj ∈ As, W (ai, aj) ⊂ ε,
As Ar . Ar ,

. Ar Ar

, P (Ar).

2) ai ∈ Ar, ai

P (ai) = {aj ∈ A − Ar|W (ai, aj) ⊂ ε}.
3) ai ∈ Ar, S(ai) = (Ar − {ai}) ∪ P (ai) ai

. N(ai) ⊂ S(ai) ai .

1 1) ai ∈ Ar, P (ai) = P (Ar);

2) Ar , A

As, As ⊂ P (Ar) ⊂ S(Ar).

.
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5 1) As A ,
ẋi =

∑
aj∈N(ai)⊂As

fij(xi, xj), ai ∈ As

(1) .

2) Ar A ,

ẋi =
∑

aj∈Ar∩N(ai)

fij(xi, xj)+∑
aj∈P (Ar)∩N(ai)

fij(xi, xj), ai ∈ Ar

(1) .

,
.

4 (One-dimensional system)
xi ∈ R

1 (5)
x1(0), · · · , xn(0) .

x1(t), · · · , xn(t) t . n ,

Δ(t) = min{x1(t), · · · , xn(t)} > −∞,

Δ̄(t) = max{x1(t), · · · , xn(t)} < ∞,

Δ(t) = [Δ(t), Δ̄(t)]

x1(t), · · · , xn(t) .

A(t) = {ai ∈ A|xi(t) = Δ(t)},
Ā(t) = {ai ∈ A|xi(t) = Δ̄(t)}

t .
(5)
.

1 (5)
. 0 � t1 < t2 < ∞, Δ(t2) ⊆ Δ(t1).

ai∈A(t) aj �=ai, xi(t)− xj(t)�
0. (6), fij(xi − xj) � 0,

ẋi =
∑

aj∈N(ai)

fij(xi − xj) � 0,

d
dt

Δ(t) = min {ẋi(t) |ai ∈ A(t)} � 0.

d
dt

Δ̄(t) � 0. .

Weierstrass ,
,

Δ(∞) = [Δ(∞), Δ̄(∞)] = lim
t→∞

[Δ(t), Δ̄(t)].

Δ(t) . .

2
(5) :

1) ai ∈ A(t), N(ai) ∩ (A − A(t)) �= ∅,
δt > 0, t′ ∈ (t, t + δt) , ẋi(t′) > 0.

2) ai ∈ Ā(t), N(ai) ∩ (A − Ā(t)) �= ∅,
δt > 0, t′ ∈ (t, t + δt) , ẋi(t′) < 0.

1) 2) , 1). ai ∈ A(t),

NL = N(ai) ∩ A(t), NR = N(ai) ∩ (A − A(t)),

aj ∈ NR xi − xj < 0. (5)
, (6) fij(xi − xj) > 0. NR �= ∅

ẋi =∑
ak∈NL

fik(xi − xk) +
∑

aj∈NR

fij(xi − xj) =

0 +
∑

aj∈NR

fij(xi − xj) > 0.

(5) , ẋi .
δt > 0, t′ ∈ (t, t + δt) , ẋi(t′) > 0. .

2

S(ai) ∩ (A − A(t)) �= ∅,

S(ai) ∩ (A − Ā(t)) �= ∅.

3
(5) :

1) ai ∈ A(t), S(ai) ∩ (A − A(t)) �= ∅,
δt > 0, t′ ∈ (t, t + δt) , ẋi(t′) > 0.

2) ai ∈ Ā(t), S(ai) ∩ (A − Ā(t)) �= ∅,
δt > 0, t′ ∈ (t, t + δt) , ẋi(t′) < 0.

ai ∈ A(t).

B : = (S(ai) ∪ {ai}) ∩ A(t),

N(B) : =
⋃

aj∈B

N(aj).

S(ai) ∩ (A − A(t)) �= ∅,

B0 = N(B) ∩ (A − A(t)) �= ∅.

B :⎧⎪⎨
⎪⎩

B1 := {ai ∈ B |N(ai) ∩ B0 �= ∅},
Bp+1 := {ai ∈ B −

p⋃
r=1

Br |N(ai) ∩ Bp �= ∅}.

: ai ∈ Bp, δt > 0, t′ ∈
(t, t + δt) , ẋi(t′) > 0.

2, ai ∈ B1 .

aj ∈ Bp , ai ∈ Bp+1 ,
1, t′ ∈ (t, t + δt) xi(t′) .

xi(t′) = Δ(t′) = Δ(t), ai ∈ A(t′).

, aj ∈ Bp, xj(t′) > Δ(t) = Δ(t′).
t′ ∈ (t, t + δt), Bp B0, Bp+1 B1.
2, ẋi(t′) > 0, xi(t′) .

.

2 G ,
(5)

, η ∈ [Δ(0), Δ̄(0)],

lim
t→∞

xi = η, i = 1, · · · , n.
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, Δ(∞) �= Δ̄(∞). ai ∈
A, aj ∈ Ā, x̃i = Δ(∞), x̃j = Δ̄(∞) . G

, :

S(ai) ∩ (A − A) ⊃ {aj} �= ∅;

S(aj) ∩ (A − Ā) ⊃ {ai} �= ∅.

3,
d
dt

x̃i > 0
d
dt

x̃j < 0,

. .

2,
, p ,

η1, · · · , ηp.

Λ = {η1, · · · , ηp} ⊂ Δ(∞).

3 Δ(∞) = [Δ(∞), Δ̄(∞)]
(5)

Δ(t) t → ∞ ,

Δ(∞) = min Λ, Δ(∞) = max Λ.

1, Δ(∞) = [Δ(∞), Δ̄(∞)] .
Ar , ai ∈ Ar,

x̃i = Δ(∞) < min Λ

. 1, As, As ⊂
S(ai). As ηs,

x̃i < min{ηi|i = 1, · · · , p} � ηs,

S(ai) ∩ (A − A) ⊃ As �= ∅.

3,
d
dt

x̃i(0) > 0, x̃i . x̃i >

max Λ . .

1
(5)

.

. ,
3, Δ(∞) = Δ̄(∞).

. ,
A1, A2 , Δ1(t),Δ2(t)

A1, A2 t .
, Δ1(0)∩Δ2(0)=∅, 1, Δ1(∞)

∩ Δ2(∞) = ∅. .

5 (Higher dimensional system)
xi ∈ R

m .

x ∈ R
m, πk(x) x k .

6 1) Δk(t) = [Δk(t), Δ̄k(t)] t

k πk(x1(t)), · · · , πk(xn(t))
,

Δk(t) = min{πk(x1(t)), · · · , πk(xn(t))},
Δ̄k(t) = max{πk(x1(t)), · · · , πk(xn(t))}.

2) Δ(t) = Δ1(t)× · · · ×Δm(t) t

x1, · · · , xn ∈ R
m .

(5) k

πk(ẋi) =
∑

aj∈N(ai)

−gij(||xi − xj||)πk(xi − xj)
||xi − xj|| .

(7)

gij(||xi − xj||) xi − xj ,
πk(xi − xj)

πk(gij(||xi − xj||)) =

gij(||xi − xj||)|| cos θk||,
|| cos θk|| = ||πk(xi − xj)||/||xi − xj||.

πk(xi − xj)

�r
(k)
ij = πk(xi − xj)/||πk(xi − xj)||,

(7) :

πk(ẋi) =
∑

aj∈N(ai)

−πk(gij(||xi − xj||)�r (k)
ij . (8)

(8) :

1) (5) , (8)
.

2) (5) , (6),

πk(gij(||xi − xj||)
{

= 0, πk(xi − xj) = 0,

> 0, πk(xi − xj) �= 0.
(9)

, (5) ,
(8) . 1

2 3:

1) 0 < t1 < t2 < ∞, Δk(t2) ⊂ Δk(t1);

2)
. As , ηsk ∈ R,

lim
t→∞

πk(xi) = ηsk ; ai ∈ As.

3) πk(x1), · · · , πk(xn) Δk(t)
Δk(∞) = [Δk(∞), Δ̄k(∞)] .

Λk = {η1k, · · · , ηpk} k

,

Δk(∞) = min Λk, Δ̄k(∞) = max Λk.

,
m . .

4 (5)
, :

1) 0 < t1 < t2 < ∞, Δ(t2) ⊂ Δ(t1);

2) As(s = 1, · · · , p)
, ηs ∈ R

m,
ai ∈ As, lim

t→∞
xi = ηs;

3) x1, · · · , xn ∈ R
m
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Δ(t) :

Δ(∞) = Δ1(∞) × · · · × Δm(∞),

Δk(∞) = [Δk(∞), Δ̄k(∞)],
Δk(∞) = min{πk(η1), · · · , πk(ηp)},
Δ̄k(∞) = max{πk(η1), · · · , πk(ηp)}.

Λ = {η1, · · · , ηp}
.

4)
.

4 3) 5.

5 Λ = {η1, · · · , ηp}
,

Ξ ⊂ R
m Λ , t → ∞

xi(t) ∈ Ξ, i = 1, · · · , n.

P Ξ . R
m

T T P a.

T (5) ,
T −1(Rm) (T −1 T

). ΔT (∞) T x1, · · · ,T xn T −1(Rm)
,

4 3), t → ∞ , T x1, · · · ,T xn ∈ ΔT (∞),
P ΔT (∞) . , T x1, · · · ,

T xn P , x1, · · · , xn P .
x1, · · · , xn Ξ ,
x1, · · · , xn Ξ . .

2 i, j, γij ∈ R,

γij = gij

`‚
‚xi − xj

‚
‚´‹‚

‚xi − xj

‚
‚,

(5) . .

[8]

, .

[9] .

3
. ,

, .

, ,

.

6 (Simulation)
xi ∈ R

2 ,
.

gij , gij(y) = g(y).

1 .

1 4 , , ,
.

[0,∞) . (5)
, (5) .

(a) g(y) = ey/5 − 1

(b) g(y) = ey/5 + 0.1 sin(5y) − 1

(c) g(y) = 1 − e−y

(d) g(y) = 1 − e−y + 0.5 sin y

1 1

Fig. 1 Functions of affecting strength in Example 1
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2 , 3
. 3 . 1

4 .
, ,

, .

2 1

Fig. 2 Structure of system in Example 1

(a)

(b)

(c)

(d)

3 1
Fig. 3 Trajectories in Example 1

2
.

4 , 3 :

A1 = {a1, a2, a3},
A2 = {a1, a2, a3},
A3 = {a7, a8, a9}.

ξ1 ={x1, x2, x3}, ξ2 ={x4, x5, x6}, ξ3 ={x7, x8, x9}
. A1, A2

A3 . 5
g(x) = −10(e−x − 1)x .

.
A1

.

4 2
Fig. 4 Structure of system in Example 2

5 2
Fig. 5 Trajectories in Example 2
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3
.

6 , 4 :

A1 = {a1, a2, a3}, A2 = {a4, a5, a6},
A3 = {a7, a8, a9}, A4 = {a10, a11, a12}.

ξ1 = {x1, x2, x3}, ξ2 = {x4, x5, x6}, ξ3 = {x7, x8,

x9}, ξ4 = {x10, x11, x12} .
ξ1, ξ2, ξ3 3 ,

ξ4 . 7
g(x) = −10(e−x − 1)x .

,

.

6 3
Fig. 6 Structure of system in Example 3

7 3
Fig. 7 Trajectories in Example 3
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