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Multivariable backstepping robust control for work-class remotely
operated vehicle

ZHU Kang-wu, GU Lin-yi

(State Key Laboratory of Fluid Power Transmission and Control, Zhejiang University, Hangzhou Zhejiang 310027, China)

Abstract: To deal with complex disturbances, parameter uncertainties and strong nonlinear coupling in work-class re-

motely operated vehicles(ROVs), we propose a method for designing the multivariable backstepping robust controller. By

using Lyapunov stability analysis, we prove the locally asymptotically stability of the controlled system and the locally

asymptotically convergence of the tracking error, in the presence of parameter uncertainties and unknown constant dis-

turbances. To simplify the realization of the controller, the system model is reduced to a 4-degrees of freedom(4-DOF)

model by considering the characteristics of work-class ROVs in dynamic positioning. Simulation results validate that the

multivariable backstepping robust controller surpasses traditional PID controller in control performances and robustness.
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2 (System description)
ROV

1 .

1

Fig. 1 Earth-fixed and body-fixed reference frames

[9],

Mν̇ + C(ν)ν + D(ν)ν + g(η) + Δf = τ, (1)

: ν = [u v w p q r]T ROV

, η = [x y z φ θ ψ]T ROV

.

, .

1 ROV ,

ROV 3 ,

xG = yG = zG = 0, (2)

Ixy = Ixz = Iyz = 0, (3)

MA ,

,

.

1 ROV ,

. ,

. ,

, [9].

M , M > 0
M = MT,

M = MRB + MA =

diag{mv − Xu̇,mv − Yv̇,mv − Zẇ,

Ix − Kṗ, Iy − Mq̇, Iz − Nṙ}, (4)

C(ν) :

C(ν) = CRB(ν) + CA(ν) =⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0
0 (mv−Zẇ)w −(mv−Yv̇)v

−(mv−Zẇ)w 0 (mv−Xu̇)u
(mv−Yv̇)v −(mv−Xu̇)u 0

0 (m − Zẇ)w −(m − Yv̇)v
−(m−Zẇ)w 0 (m−Xu̇)u

(m−Yv̇)v −(m−Xu̇)u 0
0 (Iz−Nṙ)r −(Iy−Mq̇)q

−(Iz−Nṙ)r 0 (Ix−Kṗ)p
(Iy−Mq̇)q −(Ix−Kṗ)p 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

(5)

D(ν)

D(ν) = −diag{Xu + Xu|u|u, Yv + Yv|v|v,

Zw + Zw|w|w, Kp + Kp|p|p,Mq +

Mq|q|q, Nr + Nr|r|r}. (6)

g(η)

g(η) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

(W − B) sin θ

−(W − B) cos θ sin φ

−(W − B) cos θ cos φ

yBB cos θ cos φ − zBB cos θsin φ

−zBBsin θ − xBB cos θ cos φ

xBB cos θ sin φ + yBBsin θ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

(7)
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: W , B .

Δf / :

Δf = [Δfu Δfv Δfw Δfp Δfq Δfr]T, (8)

τ / :

τ6×1 = B6×nun×1 = [τu τv τw τp τq τr]T, (9)

: B6×n , ROV

; n , un×1

.

ROV

η̇ = J(η)ν, (10)

J(η)

J(η) =

[
J1(η) 0

0 J2(η)

]
, (11)

:

J1(η) =⎡
⎢⎣cos ψ cos θ − sin ψ cos φ + cos ψ sin θ sin φ

sin ψ cos θ cos ψ sin φ + sin φ sin θ sin ψ

− sin θ cos θ sin φ

sin ψ sin φ + cos ψ cos φ sin θ

− cos ψ sin φ + sin θ sin ψ cos φ

cos θ cos φ

⎤
⎥⎦ , (12)

J2(η) =

⎡
⎢⎣1 sin φ tan θ cos φ tan θ

0 cos φ − sin φ

0 sin φ/ cos θ cos φ/ cos θ

⎤
⎥⎦ . (13)

2 J2(η) ,

θ :

|θ| <
π

2
. (14)

3 backstepping
(Multivariable backstepping robust controller

design)
backstepping ,

,

ηd.

3 ηd ,

.

3 :

Step 1

z1 = η−ηd. (15)

Lyapunov

:

V1 =
1
2
z1

Tz1. (16)

V̇1 = z1
Tż1 = z1

T(η̇ − η̇d) =

z1
TJ(η)ν − z1

Tη̇d. (17)

ν , V̇1 � 0,

νv = −J−1(η)K1z1 + J−1(η)η̇d, (18)

K1 = diag{k11, k12, k13, k14, k15, k16} > 0
.

z2 = ν − νv, (19)

ν = z2 + νv. (20)

(20) (17), (18)

V̇1 = z1
TJ(η)(z2+νv) − z1

Tη̇d =

−z1
TK1z1+z2

TJT(η)z1. (21)

(18)

ν̇v =

−J̇−1(η)K1z1 − J−1(η)K1ż1 + J̇−1(η)η̇d +

J−1(η)η̈d = J−1(η)J̇(η)J−1(η)(K1z1 − η̇d) −
K1ν + J−1(η)K1η̇d + J−1(η)η̈d. (22)

(19) , (1)

ż2 = ν̇ − ν̇v = M−1(τ − Δf − C(ν)ν −
D(ν)ν − g(η) − Mν̇v). (23)

,

:

Mν̇v + C(ν)ν + D(ν)ν + g(η) =

φ(ν, ν̇v, η)θ, (24)

: φ(ν, ν̇v, η) ∈ R
6×m , θ ∈

R
m×1 , m .

ż2 = M−1(τ − Δf − φ(ν, ν̇v, η)θ). (25)

Step 2 .

Lyapunov :

V2 = V1 +
1
2
z2

TMz2. (26)

V̇2 = V̇1 + z2
TMż2 =

−z1
TK1z1 + z2

TJT(η)z1 +

z2
T(τ − Δf − φθ). (27)
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V̇2 � 0,

τ = −JT(η)z1 − K2z2 + φθ̂ + Δf̂ , (28)

K2 = diag{k21, k22, k23, k24, k25, k26} > 0
.

u = B+τ, (29)

B+ B .

(28) (27)

V̇2 = −z1
TK1z1 − z2

TK2z2 + z2
Tφ(

�

θ − θ) +

z2
T(Δf̂ − Δf). (30)

θ̃ = θ̂ − θ, (31)

Δf̃ = Δf̂ − Δf, (32)

V̇2 =

−z1
TK1z1 − z2

TK2z2 + z2
Tφθ̃ + z2

TΔf̃ . (33)

4
,

θ̇ = 0, (34)

Δḟ = 0. (35)

2 ROV ,

(1) . ,

,

, ,

. .

Step 3
. Lyapunov :

V3 = V2 +
1
2
θ̃TK3

−1θ̃ +
1
2
Δf̃TK4

−1Δf̃ , (36)

: K3 = k3Im×m > 0, K4 = k4I6×6 > 0.

V̇3 = V̇2 + θ̃TK−1
3

˙̃
θ + Δf̃TK−1

4 Δ ˙̃
f =

−zT
1 K1z1 − zT

2 K2z2 + θ̃T(φTz2 +

K−1
3

�̇

θ) + Δf̃T(z2 + K−1
4 Δ

�̇

f ). (37)

:

�̇

θ = −K3φ
Tz2, (38)

Δ
�̇

f = −K4z2, (39)

V̇3 � −z1
TK1z1 − z2

TK2z2 � 0. (40)

,

V̈3 = −2z1
TK1ż1 − 2z2

TK2ż2. (41)

V̈3 , V̇3 .

Barbalat [10], ,

lim
t→∞

z1 = lim
t→∞

z2 = lim
t→∞

θ̃ = lim
t→∞

Δf̃ = 0. (42)

. 1 1∼4

ROV / , (28)

(38)(39) ,

, 0.

4 (Model reduction)
,

backstepping , ROV

/ . ,

. ROV,

,

ROV ,

, /

.

x, y, z ψ. ROV

( ), ,

φ θ

. ,

φ θ ,

PI .

,

. ,

,

.

5 ROV

, :

xB = yB = 0, (43)

φ = θ = p = q = 0. (44)

3 ROV

, (43) . , PI

φ θ , ,

(43)(44) .

.

,

, ROV

,

.

M =

diag{mv−Xu̇,mv−Yv̇,mv−Zẇ, Iz−Nṙ}, (45)
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C(ν) =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 −(mv−Yv̇)v

0 0 0 −(mv−Xu̇)u

0 0 0 0

(mv − Yv̇)v −(mv−Xu̇)u 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(46)

D(ν) = −diag{Xu + Xu|u|u, Yv + Yv|v|v,

Zw + Zw|w|w, Nr + Nr|r|r}, (47)

g(η) = [0 0 − (W − B) 0]T. (48)

J(η) =

⎡
⎢⎢⎢⎣

cos ψ − sin ψ 0 0
sin ψ cos ψ 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎥⎥⎦ . (49)

(24)

φ(ν, ν̇v, η) =⎡
⎢⎢⎢⎣

u̇v −vr −u −|u|u 0 0
ur v̇v 0 0 −v −|v|v
0 0 0 0 0 0

−uv uv 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0

ẇv −w −|w|w −1 0 0 0
0 0 0 0 ṙv −r −|r|r

⎤
⎥⎥⎥⎦ , (50)

θ̂ = [mv − Xu̇ mv − Yv̇ Xu Xu|u| Yv Yv|v|

mv − Zẇ Zw Zw|w| W − B Iz − Nṙ

Nr Nr|r|]T, (51)

Δf̂ = [Δf̂u Δf̂v Δf̂w Δf̂p Δf̂q Δf̂r]T. (52)

backstepping ,

.

5 (Simulation study)
,

,

. 1 .

1.

1 τ(·) max

.

ROV ,

, . K1 =
2I4×4, K2 =600I4×4, K3 = 5I4×4, K4 =

400I4×4, 1

70%, 0. φ θ

PI , Kp = 1000I2×2, Ki = 1000I2×2,

η0 = ν0 = 0, ηd = [2 m 2 m 1 m
0 0 0.3 rad]T. , 0 η̇d

, ,

Kr .

Kr =
1

4s + 1
I6×6. (53)

1

Table 1 Model parameters of SEAKING deep-sea

motion control test platform

mv 2500 kg Kp –9810 kg · m2/(s · rad)

W 24525 N Mq –19620 kg · m2/(s · rad)

B 25020 N Nr –7848 kg · m2/(s · rad)

zB –0.493 m Xu|u| –952 kg/m

Ix 440 kg · m2 Yv|v| –1364 kg/m

Iy 1300 kg · m2 Zw|w| –3561 kg/m

Iz 1250 kg · m2 Kp|p| –890 kg · m2/rad2

Xu̇ –2140 kg Mq|q| –1876 kg · m2/rad2

Yv̇ –1636 kg Nr|r| –773 kg · m2/rad2

Zẇ –3000 kg τu max 7564 N

Kṗ –1664 kg · m2 τv max 7564 N

Mq̇ –4947 kg · m2 τw max 1962 N

Nṙ –1524 kg · m2 τp max 1960 N · m
Xu –3610 kg/s τq max 1470 N · m
Yv –3610 kg/s τr max 9810 N · m
Zw –11772 kg/s

,

ROV 50 s ,

Δf = [2000N 2000 N 500 N 1000 N·m
1000N·m 2000 N·m]T. (54)

, PID ROV 6

/ . PID

, Kp = 2200I6×6, Ki = 2200I6×6, Kd =
528I6×6.

2 3 .

, backstepping

PID ,

PID . PID

,

, .

backstepping ,

,

ν̇v (22) . ,

.
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2 backstepping

Fig. 2 Performance of backstepping controller with

disturbances

3 PID

Fig. 3 Performance of PID controller with disturbances

,

. 25%.

4 5 .

4 backstepping

Fig. 4 Performance of backstepping controller with

parameter uncertainties and disturbances

5 PID

Fig. 5 Performance of PID controller with parameter

uncertainties and disturbances

, ,

backstepping ,

PID .

backstepping

.

6 (Conclusion and future

work)
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