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Improved algorithm of quasi-congruence in discrete-event system

ZHANG Ren-yuan, GAN Yong-mei, CHAO Wu-jie, WANG Zhao-an
(School of Electrical Engineering, Xi’an Jiaotong University, Xi’an Shaanxi 710049, China)

Abstract: We investigate the algorithm for reducing the time-complexity in computing the optimal quasi-congruence
of discrete-event system (DES). Based on the algorithms provided by Paige, Tarjan and Ferandez, the algorithm related
to the relational coarsest partition problem is adopted to figure out the optimal quasi-congruence with time complexity
O(mlogn). This algorithm is applicable when the DES is complicated, especially when the number of observable events
is small. Compared with the algorithm with time complexity O(mn) proposed by Ramadge and Wonham, this algorithm
is less time-consuming. In addition, the improvement of boundary conditions in computing the optimal quasi-congruence

is discussed. The effectiveness of the proposed algorithm is validated by simulation results.
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1 5|5 (Introduction)

RamadgeflWonham# 37 T T H S AL 1) 29
B A 2R 46 B 45 B2 (supervisory control theory
of discrete-event systems, SCTDES)!"#. Lawfordffl
Feng Lei®s A28 7 WMl 2% FOME =, JF R T 34
3 HRCHS S R I B 4 ol A DR IE 3R 8 AR FH 2 1) T A
FHBOL IR, S 7 A0 4wz o p 00 28 2 75 6 R
245 11 BH ZE 47 11 18 S 52 W, Feng LeifllWonham5 | A 42
[ 4% Q2R FFA IR S LA ) 42 00 28 1R 197 240 2 1
HAF R Hi(discrete-event system, DES), 4R ##1%ZDES
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LawfordfWong ¥ v1 T H T 5 s AL UL [\ 4% o0 &
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WA H 393: 2010—08—23; W& ek H 39: 2011—-03-01.
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Paige fll Tarjan g v7. T —Ff 5575 FH 1 i e S A
JEE R 43 ) {0, AR R 2B M O (mlog m), 3L
. mARKRDESH B 15 55 ok B0 31, nfREDESHY
BEPIR A A HCF SC DB Fernandez W] 1 f5 HLAH
JE R4y ) AR AL I B 2R 45 b JLAE LS540 K R
MR, FESOEEE G, I Mg e T 80
BRI O R Y ) 8. S b, IR A 6
R AR AR R, Ik, A OB % 55
ASCTDES, H T 1S e 40l [ 42 ¢ &R, K IS 1] 52 2%
O (mn) e = O (mlogn), XL AT E X 4]
TRBVE AN TS, FEA SO FR etk 5925, I Hitie T
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Ja, RO AT T ASCHI S5,

2 $IF 4R M E (Concept of quasi-congruence)
2.1 DES H ML (Automaton model of DES)

BSHURAT RG] FA 97 BNk R R (B 3L
546 75 ASNLRTE TS B Blbl, A SCRBFRA 75 A3
BL, T3 A S HLIS4RAT 95 B shbl). 1@, H1ANS G
A% 2 F S USRSk H IR 2 g R g4,
SENXSTEAG = (Q, X,6, g0, Q). Jorh: QIRASE
HIREBBRE; DRFMES, REZE RN
FiF 00 Q x X — Q AR RGARAS 1) 1) 5
BKR; @ € QEIEAREMVIHRE; Qm C Qi&hr
PORAIES. — 00 F, AT LURRREH R ™ Je
N Q x X — Q, EREUCA Y e LR, [FE
6 (g, s)1%7R0(q, s) A& X.

RO BN AR SRR A, 8 LL(G) =
{sl6(qo, s)1}h HEIHLEE RL G 7= A 138 5, & X
L (G) = {5]6(q0,8) € Qu} N HBHLERIRIIES,
€GBS LINRTERL = {t|t < s,s € LY. WA AZH
PLGTH A& LA R PS4 1, FRG 355 (trim) [ 2L

D) CREES QT HIARAII A MR A 1T
FIIL

2) HBEWLGr=ARE S L(G) P AR —F s
BT R GRS L (G) 5 — 04 5 T 45

AL ABGE GBS 1.

DESH I S 5 4 0 A48 v W FH A FA o] U
P, A ZARE TS, YRR W -4
HHY = X, U X BXP : X* — X ABIHLT
F AR, Joe LR

P(e) =,
e, a¢ X,
Pla) = {a, a e X, b
P(sa) = P(s)P(«a).
7 e 745,
5E SRR e B A B LT
H = (Q7 Yo, 1, 4o, Qm)a
L R R o A, FAh I H 8 X3 5 G M, Fe R ik
Hhn:Q x X — Puwr(Q),
1(g; s0)={6(q,s)[s € £7,5(q,5)!, Ps=s0}, (2a)
n(g.€) = {6(q,s)|s € 7,6(q, s)!, Ps = e}. (2b)

5 oA 529 &
XA PRESq € QFIVs, t € X%,
n(q, st) = U{n(d',t)|d" € n(q,s)}. 3)

22 WRKRE B[R 4R (Quasi-congruence and
optimal quasi-congruence)

XA, EIREEAQ L, Me(Q)FRr
QLM RAIES, BUET € e(Q)AQ L1E
—EM KR, TP, 1 Q — Q/mARMEILS, Q/7
AHEE QR T K AT,

EREEAQ L, BEr € e(Q), P : Q — Q7
i Epnk. X Prfikase, ¢ € Q, IR

P(q) = P:(d) =

(Va € Xo)Pen(q,a) = Prn(d, ), (4
lIEg v S M S e I E A B PR S | P N U B2 i
b WS H G TR AR R R IR 29 H 161,

bRt Ly, = L (G), L = L(G), P,:= P|L: L —
DA IE S

(Vt e PL,,)(Vs€ L)Ps <t =
(Fu € X*)su € L, & P(su) = t, 5)

MR P — ALy = 2.t I 25 P — A
Lo = WL, W) PLANSE 0 22 ¢ ¥ B 28 L)

WQC = {r € e(Q)|mH FIMIFR IR}, &
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T BRI RS, HAEQCHAFAE— N Uit IF]
RRFRp =supQC.

BETANQLEK — A RAR, MHrHn > 1, iFH
P = paaANN{pn_10n(-,a)la € Do}, G, &1l
ER, T ps = limp,(n — o00), AWM H
SNHUERL A B F BB, PRI 52 mT LA A PR A%
RN o, = pue1s Mpee = pn, BEHpo B
7EQ LI R KA.
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YERVA, AR SCNR — 45 TT4h Fi i v S e L8l [ 4 5%
EIDEZAFS
3 W E R IE R R R K St 5 R (-

proved algorithm of compuating quasi-con-

gruence)
31 wALIUFE AR < R A B(Optimal quasi-cong-
ruence problem)
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PIDESG = (Q, X, 6, qo, Qu) MBI, HQ L1 —
MRISN = {By,Ba, -+, B, UK — N EM KR,
HB(i € NRE-DEME N = {1,2,--,
n}t. GG —NEMLRN, MAVB € N,3B € ),
13 B’ C B, MN & —/NMENEA I, BEN < A
XA — N F Al e X, R R o o — ik
R RT, To = {(p,9)|6(p, @) = q}, Tulp] = {5(p,
a)[6(p, )}, Tt gl = {plo(p,e) = q}, T [B]
={T,"(¢)lq € B}.
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VERF:

) @,5(\) ={XNT;'B]X € \}U{X —
T'BJIX € Ak

2) Pp(AN)=(Pa1.50Pa2 o 0Punp)(N), al,
a2, anse XFHIILE;

3) @\, N)=(Pp, o Pp,0---0Pp )(N).

AB(X) = (X, X), WA SN B AL FFIN, =
A A1 = PN ) FRIBRBR.

E—ANHEBIG = (Q, X, 6, qo, Qum) F—"H]

GRI N = {QY, REh AN G LA IUR 4
3‘%%[5,7,9]'
3.2 Sk (mproved algorithm)

Paige & Tarjan v [ SVEA IR LF (1) 1k fig, IR 52
&R O(mlogn). FernandezA7 %4 M fif ¥k T Frid il
RGP LG R . A HAB U T
il YR SCTDES 1 fpe Y APA [ 4% 5% & ) i

B ARG = (Q, X, 5, g0, Qu)> AA24R
BEAQM—NEI4r, n = |Q|FR/RDESHUIRZE A
5, m = |6|fREDESH A i B AN BRAER PR
AEENGETF TN = A Asr = PO IR 5
AT W, TSI R EPIRES, 2W; = AL
AR R R, SRSKRIRPHIANE) A

Ao = Ar, Wo =Wrg,

A1 = PWo, An)y, Wit = A1 — A
WHEEOUR, vTCUH W R SRR AT o
repeat
remove any element in W

foreach o € X
I.p={XeANXNT'[B]#2A
X ¢ T.'[B]}
15 ={XNT;'[B]|X € I, 5} U
{X —T;'[BlIX € I}
A=A—I,zUI%

W=Ww-1
end for

until W = @

%S5 1IN 1R] 5 2% B2 O (min). Paige & Tar-
janf EIE I N R 2% B2 A O (mlog n), 77 A 5 2% &
AO(mn)Pl = FE Al SR A 43 BN R 4 P R
Bt #e. 5 v, R SIS — MRS F,
AN gy S A S SR R ) ) R S A SR Y
G ED. AR HEEE AW, WKL L)
IF AR 1% 00 B RS E 1, 1S AT 5 BB
ARG ) — AN, — A B A AR
FKREREFH I, M AT A5 B AR A &L Fx
—ANRIGF M T A3 B Ba2 B g 1, 24 HACE X
B FfFa, VX € MR

XNT,'[B]=oVv X CT,'[B] (6)
%7 Paige & Tarjanf) &yk b IR IEIARAE T
Forr A 4123 1920 3R, A SOR fEFernandez 5592 1
Seah GBS B, R PSS B T SR bR
&S 117 = WP

1) WERMAXS T #I B FE K, BBZ&—1 5
GoHEL WNHNMEEX e ANX C T B iHE
FRbREET = { X1, X, X3},

X\ =(XNT'[B]) - T;'[B~ B,
Xy = (XNT'[B = Bi) - T,'[Bi],
X3 = (XNT,'[B])NT;'[B— Bi.

2) WRMEX T3 #I B2 AT E 1), B2 —4
[0 N7 2 R R S
I={X,3X e \AT,'[B] # 2}.

FERIR VLT, 56 o331 B Bl 45 0, BEAS
530 EH AN ZAs ORT — S AR AT R R, o A
BARIBy, FRRAL T hr 1% 2 81 Ok 187 5oy #1042 &2
Aoy W R — AN g RO 1R R B 0 By
J7E, B—ANEM . Wiy HRoh BG4 #], W BAN
By AN R, HB, C B.

SR T R E R AN KB A F o
P14l 5y L3R, HEIW = a(E XW A H o FI 4 Bl i)
BER). WA EEDNN R, By = {Q}, W = {By}
M= IERI PN = {Bo}. @liorid Bl fiak anF

R W A R A 43 1 ([T R) D705 B 3R o 3% )

1) Wik B —ANaj o,

WA Fffa € X, & N DR

Step 1 4 bIfi0S N T kv ARIR AR, BRI =
{X1|3X e A\ANX NT Y [B] # o}

Step 2 FFIFENIW, EX = X 8 X =
Xy, 2 Step 11 F — AN H4F. WARX # Xy, X
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MBS, 8 X, Xom AT [FI, @S —A
WES2E, IS HPB = X, WX, < | X,
MB, = Xy, BB, = Xo, KKz FmA 7§
HERW.

2) WRBRE—AEHH

S € X, ¥ tn N5

Step1 XM X|X € AN X, C T7YBI}, %
N IR SRR EET = { X1, Xo, X5}

Step2  WIRX = X;, Xti = 1,283, # % Step 1
N — A R R —AX = 0, W)
HiStep 20H 5. W TR AEAN JC R IA R 2, WK XM
A R, IR X, Xo M Xl AT RN, B 2 Py
ANyELH— B=X, B, = X, IREX, &I KJE
BATGER), 7, B = Xo U X, WX, | < X5,
WB; = X,, B, = X5, SR HX A7 Fl4E A
syEVEER .

3.3 7=~fil(Examples)
T A — > SEBR DESHR R Sk 451 >k 8 B ij B 40
PSRN =S up
G = (Qa 2757 q07Qm)a qo = 07 Qm = {175}7
Q=1{0,1,2,3,4,5,6,7}, ¥ ={1,2,3,5,m},
5 =1[0,1,2],[0,3,1],[1,m,1],[2,2,4],[2, 2, 6],
2,5,1],[2,5,5],[3,2,4],[3,5,1], [4,3,1],
[4,5,1],[4,5,7],[5,m,5],[6,5,7],[7,5,5]].

R 41 55 % o8 B0nT LAV S T AN F b ol 3k
IR RT,, YIHHAFIW .

é\

By =1{0,1,2,3,4,5,6,7}, A= {By}, W = {B,}.

1) L1 A6, 419N ={By}, B= By(Bs&—
AN ED. R ET T Bo) = {0}, By = {0},
By = {1,2,3,4,5,6,7}, WA = {B, B}, W =
{(Bo, B1)}. RJa, W DR AR, 435

A= {{0}7 {1’ 5}7 {27 3}’ {4}7 {6’ 7}}

2) B, 4053 ) = {{0},{1,5}, {2, 3},
{4},{6,7}}, B = (Bo, B1) (& #). i HAT
X = Xo, AN, NN (Bo, By).

ERULSEREIIW = o, i )a v LI E]

A={{0},{1,5},{2,3}, {4}, {6}.{7}}.
ZXI o BT AR IO AN O R B2 A XS T G e AR UL ]

FHXTT-Fernandez 1) 53%, B AL ME) T 4> %I B
7R

1) MBS E, X £ X, HX # X,
Fernandez 1) 5326 45 2] — A & 1 Ze B s 16 4y

H, AR L AT B B 2 .

K1
Fig. 1 Simple splitter

2) YUBRE—NEAEmE, eIt oo miA
73 B, Fernandez 1 5772445 21 1 27 26 B s 11
A3, AR SCAF R E 2 B P i A 2.

B2 Z50H
Fig. 2 Compound splitter

K2, Xips = X = X3 U X, U X3, Xog =
XoU X35, X190 = X7 U Xs.

BB S5 23 5 e SR 1 R I A % BB, (LR AR T
B, A 53 B KR G548, o T REE R I
IS IR], — e R b BRI T I (] S A%

4 4 15 B ©(Discussion on boundary
case)

FEEB2T5 T, 5 2 Jeks A s LGN B H, it
HH FIEER B a1, SRS T RH B SR
[l KRR, HLH VL H ¥ % 7% o 000 5002 1) ) ) 52
A PE RO (m3) BT PR 75— A S s ) vk
VERH. ik, ASCE T BTk, Kb R R
BT EL O TR, e IR Bk
B bR B AL (R T A

Eta: (Pwr(Q),Y) — Pwr(Q x X x Q),

Hrr:
Eta(P, o) = {(¢,0,¢)l¢ € P CQ, ¢ =n(q,s)},
s = tow, tFlw AT R AR AN T F et Bk
W52 bR B 1) 45 R AN HE R B, 24 0] W= A 20 I
P AN AT W S ) B R e B s R (e B iR B R I
IR I 7] 0 046 KGR A AR A, 38 v B TR AR K. A
P H I T V2 1 X AN T U s A ) K, SRS
B B4 1 ] SR e g AN nT R REAT [RDRE T 5
EE R, HRESRER RS S, S s —
1815~k Ui BB 1 7 1.
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g EB PRI B AL R I, HohetQ
RATTIL ST, 200 WU S

20

Kl 3 ASIHUB B RS

Fig. 3 Transition diagram of automaton model

U R FZ R BRI e B ok B A, R
213 #Eta((0,1,2),20) = {(¢,20,¢')|q = 0,1,2,
q = n(g,s)}, L, s = e*20e* (e IRRAT AL
(K1eZH B AT P 31)).

Eta((0,1,2),20) = {(0,20,3), (0,20, 4), (0,20,5),
(0,20,6), (1,20,3), (1, 20,4),
(1,20,5), (1,20,6), (2,20,3),
(2,20,4),(2,20,5),(2,20,6)}.
BT BON3 x 4 = 12, WK B0 kit
S, | — AW g e, WEAPTR, A
Eta((0,1,2),20) = {(0,20,3), (0,20,4), (1,20, 3),
(1,20,4), (2,20,3),(2,20,4)},
Eta((3,4),ee) = {(3,ee,5), (3, ee, 6),
(4,ee,5),(4,ee,6)}.
BITFEEE A3 x 242 x 2 =10.

20

4 AT L e i (FPARA P 75 1

Fig. 4 Transition diagram of automaton model by adding

observable event ee

VoA R I, B (0 7 v Rk S 0D Bk b, 5
B eR B I A 2%, RO SR D — A 0 I B B A
NI B AT DL G 1) 150 A )
5 {iHE45 % (Simulation result)

ARSI T X PTCTHO | 3 2 -
HSCTDESH 18 71 % 5 2 #4116 1 FH 4K A4, R S
LI T 1 AL 25 A 2 4 110 M B 42 o s 1 1
. A5 ] — SEDESH 5 % 4 4 5 0 o S ik
TN, BRI RIFToR g K. 105 50 B 3)
HURBE DR 2550 01362, 1 75 R 50N B 6365. o
Image(-) & A& rh 1] W i,

k1 AR

Table 1 Simulation result

A A YIRS ms S5 /ms
Image(10,33,15,35,55) 1363 2033
Image(10,15) 4877 1373
Image(55) 9310 1925
Image(50) 11124 2104
Image(45) 8320 1917
Image(40) 8970 2089
Image(35) 7242 1870
Image(33) 9891 11249
Image(30) 7622 2095
Image(25) 6332 1875
Image(21) 7757 10257
Image(20) 6050 1972

ST L 25 T LUK I, 4 W R4 D B, 24
b5 ISR e 5 AT R S R R R T 1%
S 3 A BT W= AR D I B & el
SRR T XPTCTH A .

6 4518 (Conclusion)

A A{FRaige & Tarjan$t H JF ti Fernandez & 5t )
SEVEFEAE b, /R TR T s AR 42 00 R n)
L, FR2h B T EE BRI A S, AR 5 7 b A
fitth B4E T SO AR R B A k. R
R, AL S e B R LR R
KA TE ), e & T DA o 1 3 S4s
L. AR, Yl R 2 I, SR RCR A 15 3
W R, A AR R RN A S R AR
RH ZE 1) @ (R I 90 A7 45 L2 VR, DRI, 4kl 4K
BT R 52— MR = 3% ) 5 ).
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