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Constrained multi-objective optimization with hybrid differential
evolution and alpha constrained domination technique

XU bin, QI Rong-bin, QIAN Feng
(Key Laboratory of Advanced Control and Optimization for Chemical Processes, Ministry of Education, Shanghai 200237, China;

School of Information Science and Engineering, East China University of Science and Technology, Shanghai 200237, China)

Abstract: To solve the constrained multi-objective optimization problems, we present a hybrid differential evolution
algorithm with alpha constrained domination technique. In this approach, the constraint level, which measures how well an
individual satisfies the constraints, is incorporated with the domination principle to solve multi-objective problems. At the
early stage, the constraint level is relaxed in order to utilize the useful information carried by some infeasible individuals,
so this relaxation increases the diversity of the population. At the later stage, the constraint level is tightened to make
the evolution process searching for the feasible area. At the same time, a new dynamic simplex crossover operator is
incorporated into differential evolution to improve the abilities of exploration and exploitation. The proposed algorithm
is tested on 6 typical benchmarks and compared with other algorithms. Comparison results indicate that the proposed
algorithm has advantages in converging to Pareto front and maintaining the evenly-distributed optima along the Pareto
front.
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2 Alpha
(αCD and hybrid DE)

,

⎧⎪⎪⎨
⎪⎪⎩

min
x∈S

F (x) = [f1(x) f2(x) · · · fm(x)]T,

s.t Gi(x) � 0(i = 1, 2, · · · , p),

Hj(x) = 0(j = 1, 2, · · · , q),

(1)

m , x =
[x1 x2 · · · xn] n . S ,

xmax xmin

, G(x) H(x) p q

, Ω,
Ω ⊆ S.

2.1 alpha
(alpha constrained technique for constrained
multi-objective problems)

, α

x

—– μ(x)[7]. μ(x) = 1,
x , μ(x) �= 1, x ,
μ(x) , .
μ(x), b, x

[0, 1] ,
μ(x). b

, b .

, α . F1,
F2 μ1, μ2 x1 x2

. 0 � α � 1,
α ( �αCD):

x1 �αCD x2 ⇔

⎧⎪⎨
⎪⎩

F1 � F2, μ1, μ2 � α,

F1 � F2, μ1 = μ2,

μ1 � μ2, .

(2)

, α ,
, ,

. , α = 0,

, . α =
1, Deb

[2].

α(0) = α0, t α

α(t) = (1 − β)α(t − 1) + β, (3)

β α , [7], β =
0.03.

2.2 (Hybrid differential evolu-
tion operation)

[2],
(

best) :

ut
i = xr1 + SF1(best−xr1) + SF2(xr2−xr3), (4)

ut
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3 . SF
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Fig. 1 Illustration of simplex crossover operator with

three-parent in two-dimensional space
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ε(t) =
t − 1
T − 1

(εT − ε0) + ε0, (5)

T , ε0 εT

. , ε ε0 εT,
.

2.3 (Selection op-
erator and archive updating method for MOPs)

αCD
. :

α

Xf α Xinf , Xf

,
[2]. Xinf

. Xf

.
,

,
. Xf

, Xinf

, .

, Xf ( U )
ACH . U ui,

ui ACH alpha ,
ui; ui α ACH (

D(ui)), ACH = ACH\D(ui),
ACH = ACH∪ui; ACH ui α

, ACH =ACH∪ui.
, ,

, ACH

.

2.4 (The flowchart of proposed
algorithm)

, DE αCD
:

Step 1 . t = 0,
ACH = ∅, X0,

F [G H]T,
b,

μ. α ;

Step 2 . Xt

, p = 0.5 ,
DE ,

Q1. ,
, Q2;

Step 3 . Q1 Q2

F [G H]T,
μ;

Step 4 . 2.3
Xt+1, ACH ;

Step 5 t = t + 1;

Step 6 , ,
Pareto ,

Step 2.

3 (Experimental study)
3.1 (Test functions)

, 6
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3.2 (Performance assessment met-
ric)
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3.3 (Experimental results)
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Ray ( Ray)[16] .
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0.85, b , [0.01, 1e+4],

, .
ε0 = 10, εT = −0.5. ,

NSGA-II, Woldesenbet Ray
. 4

25000 . 10 ,
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2 6 4
Pareto . 1

HDE-αCD, 2 NSGA-II , 3
Woldesenbet , 4 Ray .

TP1, TNK, CTP .
, HDE-αCD ,

,
. NSGA-II CTP4 ,

, ,
,

,
. Woldesenbet

CTP4 ,
, . Ray
CTP6 ,

.

2 4 6

Fig. 2 The obtained Pareto fronts of 6 test functions by 4 algorithms
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4 , 1 4
6 IH

. 1 (
), 3

, ,
, ,

, , .

3 10 IH (1
HDE-αCD, 2 NSGA–II, 3 Woldesenbet,

4 Ray),

, . , HDE-
αCD ,

,
, CTP4 , HDE-αCD

. , HDE-αCD
, ,

TP1 , ,
,

.

1 4 6 10 IH

Table 1 Statistical results of the IH indicator based on 10 independent runs
by 4 algorithms in solving the 6 test problems

IH

HDE-αCD NSGA-II Woldesenbet Ray

TP1 0.8396 0.0010 0.8391 0.0012 0.8392 0.8316 0.8316 0.0039
TNK 0.5886 0.0015 0.5782 0.0313 0.5550 0.0884 0.5757 0.0038
CTP1 0.4436 0.0014 0.4413 0.0029 0.4388 0.0011 0.4377 0.0029
CTP2 0.6725 0.0017 0.6706 0.0021 0.6702 0.0064 0.6654 0.0019
CTP4 0.5784 0.0122 0.5143 0.0422 0.5335 0.0185 0.5205 0.0148
CTP6 0.5408 0.0049 0.5384 0.0050 0.5374 0.0039 0.5339 0.0054

3 4 6 10 IH

Fig. 3 Box plots of the IH indicator based on 10 independent runs by 4 algorithms in solving the 6 test problems

2 4 10 IDM

. ,
HDE-αCD TP1, CTP1, CTP4 CTP6

, HDE-αCD
Pareto Pareto ,

. HDE-αCD
,

.

4 IDM (1 HDE-αCD, 2
NSGA–II, 3 Woldesenbet, 4 Ray).

, HDE-αCD CTP2
, , ,

TP1, TNK, CTP1 CTP6
, .



358 29

2 4 6 10 IDM

Table 2 Statistical results of the IDM indicator based on 10 independent runs
by 4 algorithms in solving the 6 test problems

IDM

HDE-αCD NSGA-II Woldesenbet Ray

TP1 0.5810 0.0269 0.6348 0.0290 0.6227 0.0265 1.0157 0.0812

TNK 0.7292 0.0275 0.7275 0.0243 0.7938 0.2062 0.9806 0.0659

CTP1 0.3838 0.0259 0.4581 0.0703 0.5032 0.0660 1.1761 0.1000

CTP2 1.0693 0.0192 0.9927 0.0353 1.0230 0.0499 0.9839 0.1092

CTP4 0.6654 0.2021 1.3693 0.1737 1.4405 0.1082 0.8666 0.1277

CTP6 0.3033 0.0193 0.3592 0.0305 0.3756 0.0307 0.6326 0.0681

4 4 6 10 IDM

Fig. 4 Box plots of the IDM indicator based on 10 independent runs by 4 algorithms in solving the 6 test problems

3.4 Alpha
(Effectiveness study of the proposed αCD)

αCD , TP1 .
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5 TP1

Fig. 5 The optimal Pareto front of TP1 at different time

4 (Conclusion)
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