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Central difference Kalman smoother
WANG Xiao-xu, PAN Quan, CHENG Yong-mei, ZHAO Chun-hui, YANG Feng

(College of Automation, Northwestern Polytechnical University, Xi’an Shaanxi 710072, China)

Abstract: A central difference Kalman smoother (CDKS) is designed to solve the nonlinear state-smoothing problem
for a class of nonlinear discrete-time systems. Optimal smoothing recursive formulas for estimating nonlinear system
states are derived on the basis of minimum mean-square-error estimation; and the central difference transformation is used
to calculate the posterior mean and covariance of nonlinear states. Compared with the standard central difference Kalman
filter (CDKF), the proposed CDKS effectively improves the estimation precision of the nonlinear system states, and extends
the applications of the central difference transformation. Simulations example shows the feasibility and effectiveness of the
proposed smoother.
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®)
()]

(10)

_mis “T 1
Priar = BT rnTpy] =

f(l’kﬂ - i’k+1|k)(l’k-+1 - i’k+1|k)T'

p($k+1|Zk)d$k+1a
Crt1 :E(jka+1\k) :fj(wk - i'k)(xk+1_i'k+1|k)T :
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A;j=Cin P Bif =T A,

J+1l5°

i=k—1 (38)
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Kalman smoother)
FH E BEURT N, TF 5 AE e 1 OoIR 2 ] e X Ja) - 1
B TR OB Qo] o B 08 1 5 A, T UE AL KK
BRI SR BT 22 TSk RGEK UL,
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Jr(zp, ug) = P gy + Prir kU, 47

PPy W g g 73 90 FE TR A RIS T 5 11 4% 326
FERE. A

Crpr1 = E[fkj;iruk] =
E[Z(Prsrndn +wi — qr) '] = PuPpyy g (48)

T TP AR R S8, KR AR Cr e A
R, HL 2 S ARARTC IR ST, Ay e ] LR g 22
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L ZE 7 A i — P T PR B AR AR
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L 2273 A el — AU INABCRAE moRIE I B AL AR
IR 53T BRI, IR I AR R AR S AR 6, A
IRBUHAR 2 AR A J5 I e T RF D)

FLARR T o 22 53 AR R SELCDK S B 1 22
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Step1  Sigmasi KAE.

CL A1 HHCDKFJE B¢ v 5 48 SR K ZIPR & Al

P kit 5 Sigmarig; n(i = 0,1,--- ,2n), Bfi:
EO,k = ik?
£i,k:jk+(hvpk)i7 i:1727"'7n) (49)

Eivng = 3 — (WP,
P hFERIK A, X T B R Gk, R g
HEHUE V32 Py = S,.ST H.(VP )i F R MiMES, 1
5. BRI SRR AL, AU

h?—n 1
Wom - 72 5 Wim — 72,
1h h22h1 i=1,2,---,2n,
cl .~ 2 _ —
Wit = 4p2’ ! 4ht
(50)

KAPWmRIWE, W25 3k sk— A1 B Gei T4 vk
i A R 3
& R AR RS BRE fr, () ALHE Y3 g1

Yik+1|k = fk(&,k,uk), t=0,1,---,2n. (51)

Step2 IIE-FIEEE .
HYi o1 e RV FORS — DO Z 0 A B P TT

R
%P]f-ﬁ-l\k‘ ET%‘E%C}C_i_lZ

2n
Terae = 2 WiYikyie + @ =
1=0

2n
oW fi (&, ur) + ar, (52)
i=0

Py =

Z[Wfl (’Yz‘,k+1|k - %+n,k+1\k)2 +

i=1

(’)’i,k+1\k + Yitnkt1jk — 2’)’0,k+1\k)2] + Qr, (53)
Ck+1 = E Wim[(Si,k - fﬁk) ’
i=1

(Yikt1pk — ’Yi+n,k+1\k)T}- (54)
FA(G3)—GHIRN(Q22), BFAT TS 1 5 Ay
] if 7E 2 (22) 7, 24 AP, AT LAt CDKEF 98 % 1 5 3k
72, TR A a8) M (19) 7T 35453 [ 5E [X [AICDKS
Sk U, et ZE 0 AR e R e B2, 30T LU
B[] 52 RUFH [ 2 5 )5 CDKS.

F3ANET BLR ) — B 2R M A ok SE I R R
IR 211 #% (extended Kalman smoother, EKS), E[I %
KPR AR RS AL f, (1) — B et fb
Ofr(r, ug)

o0xy
b SARAN @) BRI T #3 EKS 573k, Hbz, AP, nf
UL EKFJESE vHRRTS . AR SC 2 B LA4s HHEKS SV,
s& 0 T J7 fECDKS HEKSAE b 45, % iFCDKSILEKS
BEALHA
5 /i B 52 (Simulation examples)

(55)

(pkﬂ,k = o
=Lk

BOLT R8T P i) sAR gt R 5¢:
T1,k+1
Tyl = | T2 k+1 | =
T3 k41
3(sin(bz o ))? 1
zyp+e 00T L 10| + | 1| wy, (56)
0.2z k(o + T3 k) 1

Z = COS Ty} + T T3k + Vg, (57)

Horhwy, Mo ) 2 i E e 75, BB AT 8 vk v
TR
qr = 03, Qk = 07, Ty = 05, Rk =1.0. (58)

BARLANE R GU(56)— (S ELIB VIR {E N

ro = [-0.7 1 1]". (59)
[ I BRI AR B R AR 1 N
fo=[-0711" Py=1. (60)

Hao 5wy, vy 7 EAAH ).
WP ZE AR X A K R = /3R B
¥k = 50, 2> K HEKFE. 144 CDKF M A 3 iF ¥ it
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(¥ [ 52 ¥ 5 CDKS X 20(56)— (ST)FT s I AR ik 3R 4t
AREHATAGE. W7 FORIN, RS 2 B THRE AL
7, 1R, "] LUE 4% 9ECDKF LG v AE i R
Eray AR A, SR W, (R A% SECDKFAPIR &2 (1Al
TS FEMSR 5 T EKE, W27, 4% i CDKFV 3 5
1% 7%= (root mean square error, RMSE) £ 8, M EKF
XPAR ARz I T7 A iR 22 D Pl & RE, 1X A& Y
22 03 AR 4o AE e RS 0 B AN B g 22 1) —
B & 3R 5 v T EKFI — B Ze PE AL fL.

3 .
. :
0

0 5 10 15 20 25 30 35
i

— HiE -+ CDKFAfiTHi

Kl 1 f£4:CDKF FR&z i v

Fig. 1 Estimation of the state x; in conventional CDKF
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Fig. 2 RMSE of the state 1 in CDKF and EKF

N T RS oy B VRS B, SR A ST BT 1
5 ¥ J5 CDKS A b A7 P ¥, 1% 4:CDKFAMICDKS
405 L B 45 SR B3 —5 s, AR IR, £ 5:
CDKFX AR 252, 38 5 A F % 22 8, R AR A4
K, IX 74 Ut B A GiCDKEXIR 25y A T 303 A
fE, LR M DR I O 48 K % T A SC BT ¥ I CDKS
RESZILATIRZS oy ORI ERES, HAhTHR ZE BN T
CDKE, [F] i34 77 % 72 475 B i e AN 84, i B
TF, BE T CDKSHIX T-1% St CDKFAE 42 =ik A4l
TERE B I R A 2 P TR A8~ ) 80 48 T 2 1)
FIRTAT .

3
_o2 PR Rk L D
= A St S

1

0 1 1 1 | 1 1 I 1 1

0 5 10 15 20 25 30 35 40 45 50

i ESH
— WM < CDKFfhifE - CDKSfhi1HE

K 3 CDKFAHICDKS RSz i
Fig. 3 Estimation of the state 1 in CDKF and CDKS
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EEEZ
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Fig. 4 Estimation error of the state 1 in CDKF and CDKS
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Fig. 5 RMSE of the state z1 in CDKF and CDKS

T I BREWR PR — 4B R4
Tpy1 = 2sin(0.2xy) — zp + wy,
2 = $i + Vi,
Herw, Ml 35 4 BASFI DG a3 g s, He AT
GrHREE W FTR:
qr = 02, Qk = 025, Tk = 03, Rk = 0.09. (62)
WAELL M R L6 DI IR VI LH(E N
xo = —4.5. (63)
(i) IR 8¢ 3518 T 46 (B v o £E V8 U A A2 A K, WCBCiR
BAGTHIWIGHE A :
@0 = O, PO = 23, (64)
Hio 5wy, v BAF .
KT SRR E R VI G E o, 20 9K H ] e
R CDKSHIEKS A # Ui R ZS BEAT V-, U34SR H X ] K
fEh = V3N E A Bk = 50, CDKS XEKSHI{i it
i 2k tn 67, W LA H [l 2 SiCDKS AT LAAEAf Hk
WAL A EE B AE, TTEKS &R HEfa Al 1 HUR
BIUERAE, 3K AL Rh — B Ee Ak 0 A 26 OIS 5 56
O3 AR I ARURS BE A — i Hh 0 22 43 A8 3 ] DLk 2]
B, 78 Ui T CDKSAHH L T EKSTEfif v AR e MR
AT AR T 1] 8T P AR

(61)

1 v . R S, SO O T
740_ ...... EKS _
¢ — CDKS
< 45K
5.0-/ 1
-5.5 1 1 1 1 1 1 1 1 1
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