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Central difference Kalman smoother
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Abstract: A central difference Kalman smoother (CDKS) is designed to solve the nonlinear state-smoothing problem
for a class of nonlinear discrete-time systems. Optimal smoothing recursive formulas for estimating nonlinear system
states are derived on the basis of minimum mean-square-error estimation; and the central difference transformation is used
to calculate the posterior mean and covariance of nonlinear states. Compared with the standard central difference Kalman
filter (CDKF), the proposed CDKS effectively improves the estimation precision of the nonlinear system states, and extends
the applications of the central difference transformation. Simulations example shows the feasibility and effectiveness of the
proposed smoother.

Key words: nonlinear discrete-time systems; central difference Kalman smoother; minimum mean square error estima-
tion; central difference transformation

1 (Introduction)
(central difference

Kalman filter, CDKF)
[1–2],

( ) .
(extended Kalman filter, EKF) , CDKF

, EKF ,
,

, EKF , CDKF
EKF. , CDKF

[3–5].
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[11],

,
,

(central difference Kalman smoother, CDKS).
,

;
,

.

.

2 (Problem formulation)
:{

xk+1 = fk(xk, uk) + wk,

zk = hk(xk) + vk,
(1)

: xk ∈ R
n zk ∈ R

m

; uk ∈ R
l ; fk(·) hk(·)

; wk ∈ R
n vk ∈ R

m

,
, wk ∼ N(qk, Qk) vk ∼ N(rk, Rk);

x0 wk, vk , x0 ∼ N(x̂0, P0).

,
Zj = {z1, z2, · · · , zj},
x̂k|j , k ∈ {0, 1, 2, · · · , j}.

3 (Nonlinear state
optimal smoother)

3.1
(Minimum mean squared error and linear mini-
mum mean squared error)

(minimum mean squared error,
MMSE) : z x

x̂MMSE z x

, [12]

x̂MMSE = E(x|z) =
�

xp(x|z)dx. (2)

(linear minimum mean squared
error, LMMSE) : z x

x̂LMMSE x z ,
x̂LMMSE = Ê(x|z).

[13].

1 x z ,
x z Ê(x|z) z

,

Ê(x|z) = E(x) + Cov(x, z)[Var(z)]−1[z − E(z)].

(3)

2 x, y z ,
A B ,

Ê[(Ax + By)|z] = AÊ(x|z) + BÊ(y|z). (4)

3 x, za zb ,
z = [za zb],

Ê(x|z) = Ê(x|za) + Ê(x̃|z̃b) =

Ê(x|za) + E(x̃z̃T
b )[E(z̃bz̃

T
b )]−1z̃b, (5)

:

x̃ = x − Ê(x|za), z̃b = zb − Ê(zb|z). (6)

: x z

,
[12],

x̂LMMSE = Ê(x|z) = E(x|z) =�
xp(x|z)dx = x̂MMSE. (7)

3.2
(Nonlinear state fixed-interval, fixed-

point and fixed-lag optimal smoother)
1
,

p(xk|Zk) ≈ N(x̂k, Pk), (8)

p(xk+1|Zk) ≈ N(x̂k+1|k, Pk+1|k). (9)

,

p(

(
xk

xk+1

)
|Zk) ≈

N(

(
x̂k

x̂k+1|k

)
,

(
Pk Ck+1

CT
k+1 Pk+1|k

)
), (10)

:⎧⎪⎪⎨
⎪⎪⎩

x̂k = E(xk|Zk) = Ê(xk|Zk),

Pk = E[x̃kx̃
T
k ] =�

(xk − x̂k)(xk − x̂k)Tp(xk|Zk)dxk,

(11)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x̂k+1|k = E(xk+1|Zk) = Ê(xk+1|Zk),

Pk+1|k = E[x̃k+1|kx̃
T
k+1|k] =�

(xk+1 − x̂k+1|k)(xk+1 − x̂k+1|k)T·
p(xk+1|Zk)dxk+1,

(12)

Ck+1 =E(x̃kx̃
T
k+1|k)=

� �
(xk − x̂k)(xk+1−x̂k+1|k)T ·

p(xk, xk+1|Zk)dxkdxk+1, (13)

: x̃k = xk − x̂k, x̃k+1|k = xk+1 − x̂k+1|k.
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2
,

p(xk|Zj) ≈ N(x̂k|j, Pk|j), (14)

p(xk+1|Zj) ≈ N(x̂k+1|j, Pk+1|j), (15)

:⎧⎪⎪⎨
⎪⎪⎩

x̂k|j = E(xk|Zj) = Ê(xk|Zj),

Pk|j = E[xk|jx̃
T
k|j] =�

(xk − x̂k|j)(xk − x̂k|j)Tp(xk|Zj)dxk,

(16)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x̂k+1|j = E(xk+1|Zj) = Ê(xk+1|Zj),

Pk+1|j = E
[
x̃k+1|jx̃

T
k+1|j

]
=�

(xk+1 − x̂k+1|j)(xk+1 − x̂k+1|j)T·
p(xk+1|Zj)dxk+1,

(17)

: x̃k|j = xk − x̂k|j , x̃k+1|j = xk+1 − x̂k+1|j .

1
Zj = {z1, z2, · · · , zj}, 1, 2 ,

(1)

x̂k|j = x̂k + Ak[x̂k+1|j − x̂k+1|k], (18)

Pk|j = Pk + Ak[Pk+1|j − Pk+1|k]AT
k , (19)

Ak = Ck+1P
−1
k+1|k. (20)

(8) (9) ,
3 (7)

E(xk|xk+1, Z
k) =�

xkp(xk|xk+1, Z
k)dxk =

Ê(xk|xk+1, Z
k) = Ê(xk|Zk) + Ê(x̃k|x̃k+1|k) =

x̂k + E
[
x̃kx̃

T
k+1|k

] {
E

[
x̃k+1|kx̃

T
k+1|k

]}−1
x̃k+1|k =

x̂k + Ck+1P
−1
k+1|k(xk+1 − x̂k+1|k). (21)

Ak = Ck+1P
−1
k+1|k (22)

. , (21)

E(xk|xk+1, Z
k) = x̂k + Ak(xk+1 − x̂k+1|k). (23)

, (14) (15) ,
3 (7)

E(xk|xk+1, Z
j) =�

xkp(xk|xk+1, Z
j)dxk = Ê(xk|xk+1, Z

j) =

Ê(xk|Zj) + Ê(x̃k|j|x̃k+1|j) =

x̂k|j +E[x̃k|jx̃
T
k+1|j]{E[x̃k+1|jx̃

T
k+1|j]}−1x̃k+1|j =

x̂k|j + E
[
x̃k|jx̃

T
k+1|j

]
P−1

k+1|j(xk+1 − x̂k+1|j).

(24)

(24) E[x̃k|jx̃T
k+1|j] . ,

(1) [14],
:

p(xk|xk+1, Z
k) = p(xk|xk+1, Z

j). (25)

E[x̃k|jx̃
T
k+1|j] =� �

x̃k|jx̃
T
k+1|jp(xk, xk+1|Zj)dxkdxk+1 =� �

x̃k|jx̃
T
k+1|jp(xk|xk+1, Z

j)·
p(xk+1|Zj)dxkdxk+1 =�

[
�

x̃k|jp(xk|xk+1, Z
j)dxk]·

x̃T
k+1|jp(xk+1|Zj)dxk+1 =�

[
�

(xk − x̂k|j)p(xk|xk+1, Z
k)dxk]·

[xk+1 − x̂k+1|j]Tp(xk+1|Zj)dxk+1 =�
[E(xk|xk+1, Z

k) − x̂k|j]·
[xk+1 − x̂k+1|j]Tp(xk+1|Zj)dxk+1. (26)

(23)

E
[
x̃k|jx̃

T
k+1|j

]
=�

[x̂k + Ak(xk+1 − x̂k+1|k) − x̂k|j] ·[
xk+1 − x̂k+1|j

]T
p(xk+1|Zj)dxk+1 =�

[x̂k−x̂k|j + Ak(xk+1 − x̂k+1|j + x̂k+1|j −
x̂k+1|k)][xk+1 − x̂k+1|j]Tp(xk+1|Zj)dxk+1 =

E[Ak(xk+1 − x̂k+1|j)(xk+1 − x̂k+1|j)T] =

AkPk+1|j. (27)

(24) ,

E(xk|xk+1, Z
j) =

x̂k|j +E[x̃k|jx̃
T
k+1|j]P

−1
k+1|j(xk+1−x̂k+1|j) =

x̂k|j + Ak(xk+1 − x̂k+1|j). (28)

(25) ,

E(xk|xk+1, Z
k) =

�
xkp(xk|xk+1, Z

k)dxk =�
xkp(xk|xk+1, Z

j)dxk = E(xk|xk+1, Z
j). (29)

(23) (28) ,
(1)

x̂k|j = x̂k + Ak[x̂k+1|j − x̂k+1|k]. (30)

Pk|j .
(30)

x̃k|j = xk − x̂k|j =

xk − x̂k − Ak[x̂k+1|j − x̂k+1|k] =

x̃k − Akx̃k+1|k + Akx̃k+1|j. (31)
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E[x̃k|jx̃
T
k+1|j] =

E[(x̃k − Akx̃k+1|k + Akx̃k+1|j)x̃T
k+1|j] =

E[(x̃k − Akx̃k+1|k)x̃T
k+1|j] + AkPk+1|j. (32)

(27) (32),

E[(x̃k − Akx̃k+1|k)x̃T
k+1|j] = 0. (33)

(31) (33)

Pk|j = E[x̃k|jx̃
T
k|j] =

E[(x̃k − Akx̃k+1|k + Akx̃k+1|j)(x̃k −
Akx̃k+1|k + Akx̃k+1|j)T] =

E[(x̃k − Akx̃k+1|k)(x̃k − Akx̃k+1|k)T] +

AkPk+1|jA
T
k =

Pk − Ck+1A
T
k − AkC

T
k+1 +

AkPk+1|kA
T
k + AkPk+1|jA

T
k . (34)

AkPk+1|kA
T
k = Ck+1A

T
k = AkC

T
k+1, (35)

(34)

Pk|j = Pk + Ak[Pk+1|j − Pk+1|k]AT
k . (36)

.

2
Zj = {z1, z2, · · · , zj}, 1, 2 ,

(1) ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x̂k|j+1 = x̂k|j + Bk
j+1[x̂j+1 − x̂j+1|j],

Aj = Cj+1P
−1
j+1|j, Bk

j+1 =
j∏

i=k

Ai,

Pk|j+1 =

Pk|j + Bk
j+1[Pj+1 − Pj+1|j][Bk

j+1]
T.

(37)

(37) .

1) 1 , k = j , (37) .

2) k − 1 � j − 1 , (37)
, ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x̂k−1|j+1 = x̂k−1|j + Bk−1
j+1 [x̂j+1 − x̂j+1|j],

Aj =Cj+1P
−1
j+1|j, Bk−1

j+1 =
j∏

i=k−1

Ai,

Pk−1|j+1 =

Pk−1|j + Bk−1
j+1 [Pj+1 − Pj+1|j][Bk−1

j+1 ]T.

(38)

Ak−1 ,

Bk
j+1 = A−1

k−1B
k−1
j+1 . (39)

3) k � j x̂k|j+1

Pk|j+1 . 1, k − 1 k

{
x̂k−1|j = x̂k−1 + Ak−1[x̂k|j − x̂k|k−1],

Pk−1|j = Pk−1 + Ak−1[Pk|j − Pk|k−1]AT
k−1.

(40)

1 , k − 1 k, j + 1 j⎧⎪⎨
⎪⎩

x̂k−1|j+1 = x̂k−1 + Ak−1[x̂k|j+1 − x̂k|k−1],

Pk−1|j+1 =

Pk−1 + Ak−1[Pk|j+1 − Pk|k−1]AT
k−1.

(41)

(41) (40),⎧⎪⎨
⎪⎩

x̂k|j+1 = x̂k|j + A−1
k−1[x̂k−1|j+1 − x̂k−1|j],

Pk|j+1 =

Pk|j + A−1
k−1[Pk−1|j+1 − Pk−1|j](A−1

k−1)
T,

(42)

(38) (42), (39),
(37), k � j, (37)

. .

3
Zj = {z1, z2, · · · , zj}, 1, 2 ,

(1)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̂k+1|k+1+M =

x̂k+1|k + A−1
k (x̂k|k+M − x̂k)+

Bk+1
k+1+M [x̂k+1+M − x̂k+1+M |k+M ],

Pk+1|k+1+M =

Pk+1|k + A−1
k [Pk|k+M − Pk][A−1

k ]T+

Bk+1
k+1+M [Pk+1+M − Pk+1+M |k+M ][Bk+1

k+1+M ]T,

(43)

M .

1 , k + j j{
x̂k|k+j = x̂k + Ak[x̂k+1|k+j − x̂k+1|k],

Pk|k+j = Pk + Ak[Pk+1|k+j − Pk+1|k]AT
k .

(44)

Ak ,{
x̂k+1|k+j = x̂k+1|k + A−1

k (x̂k|k+j − x̂k),

Pk+1|k+j = Pk+1|k + A−1
k [Pk|k+j − Pk][A−1

k ]T.

(45)

2 (36) , k + 1 k, k + 1 + j

j + 1⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x̂k+1|k+1+j =

x̂k+1|k+j + Bk+1
k+1+j[x̂k+1+j − x̂k+1+j|k+j],

Pk+1|k+1+j =

Pk+1|k+j + Bk+1
k+1+j[Pk+1+j−

Pk+1+j|k+j][Bk+1
k+1+j]

T.

(46)

(44) (46), M j

(43). .
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4 (Central difference
Kalman smoother)

1 ,
x̂k|j Ak, Ak

Ck. ,
Ck ,

fk(xk, uk) = Φk+1,kxk + Ψk+1,kuk, (47)

Φk+1,k Ψk+1,k

.

Ck+1 = E[x̃kx̃
T
k+1|k] =

E[x̃k(Φk+1,kx̃k + wk − qk)T] = PkΦ
T
k+1,k. (48)

(1) , Ck

, ,
.

[1],
, . ,

, ,
[5].

CDKS
:

Step 1 Sigma .

CDKF k

x̂k Pk. x̂k

Pk Sigma ξi,k(i = 0, 1, · · · , 2n), :⎧⎪⎪⎨
⎪⎪⎩

ξ0,k = x̂k,

ξi,k = x̂k + (h
√

Pk)i,

ξi+n,k = x̂k − (h
√

Pk)i,

i = 1, 2, · · · , n, (49)

: h , , h√
3[2]; Pk = SkS

T
k (

√
Pk)i Sk

i . ξi,k⎧⎪⎪⎨
⎪⎪⎩

W m
0 =

h2 − n

h2
, W m

i =
1

2h2
,

W c1
i =

1
4h2

, W c2
i =

h2 − 1
4h4

,

i = 1, 2, · · · , 2n,

(50)

W m
i W c1

i , W c2
i

.

ξi,k fk(·) γi,k+1|k:

γi,k+1|k = fk(ξi,k, uk), i = 0, 1, · · · , 2n. (51)

Step 2 .

γi,k+1|k x̂k+1|k

Pk+1|k Ck+1:

x̂k+1|k =
2n∑
i=0

W m
i γi,k+1|k + qk =

2n∑
i=0

W m
i fk (ξi,k, uk) + qk, (52)

Pk+1|k =
n∑

i=1

[W c1
i (γi,k+1|k − γi+n,k+1|k)2 +

(γi,k+1|k + γi+n,k+1|k − 2γ0,k+1|k)2] + Qk, (53)

Ck+1 =
n∑

i=1

W m
i [(ξi,k − x̂k) ·

(γi,k+1|k − γi+n,k+1|k)T]. (54)

(53)−(54) (22), Ak;
(22) , x̂k Pk CDKF

, (18) (19) CDKS
. , 2, 3

CDKS.

(extended Kalman smoother, EKS),
(1) fk(·)

Φk+1,k =
∂fk(xk, uk)

∂xk

|
xk=x̂k

. (55)

(48) EKS , x̂k Pk

EKF . EKS ,
CDKS EKS , CDKS EKS

.

5 (Simulation examples)
I :

xk+1 =

⎡
⎢⎣x1,k+1

x2,k+1

x3,k+1

⎤
⎥⎦ =

⎡
⎢⎣

3(sin(5x2,k ))2

x1,k + e−0.05x3,k + 10
0.2x1,k(x2,k + x3,k)

⎤
⎥⎦ +

⎡
⎢⎣1

1
1

⎤
⎥⎦ wk, (56)

zk = cos x1,k + x2,kx3,k + vk, (57)

wk vk ,
:

qk = 0.3, Qk = 0.7, rk = 0.5, Rk = 1.0. (58)

(56)−(57)

x0 = [−0.7 1 1]T. (59)

x̂0 = [−0.7 1 1]T, P0 = I. (60)

x̂0 wk, vk .

h =
√

3
k = 50, EKF CDKF
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CDKS (56)−(57)
. , x1

, 1 , , CDKF
x1 . , CDKF x1

EKF, 2 , CDKF
(root mean square error, RMSE) , EKF

x1 ,

EKF .

1 CDKF x1

Fig. 1 Estimation of the state x1 in conventional CDKF

2 EKF CDKF x1

Fig. 2 RMSE of the state x1 in CDKF and EKF

x1 ,
CDKS x1 , CDKF CDKS

3−5 . ,
CDKF x1 ,

, CDKF x1

, ; CDKS
x1 ,

CDKF, ,
, CDKS CDKF

.

3 CDKF CDKS x1

Fig. 3 Estimation of the state x1 in CDKF and CDKS

4 CDKF CDKS x1

Fig. 4 Estimation error of the state x1 in CDKF and CDKS

5 CDKF CDKS x1

Fig. 5 RMSE of the state x1 in CDKF and CDKS

II :{
xk+1 = 2 sin(0.2xk) − xk + wk,

zk = x2
k + vk,

(61)

wk vk ,
:

qk = 0.2, Qk = 0.25, rk = 0.3, Rk = 0.09. (62)

(61)
x0 = −4.5. (63)

x0 ,
:

x̂0 = 0, P0 = 2.3, (64)

x̂0 wk, vk .

x0,
CDKS EKS ,
h =

√
3 k = 50, CDKS EKS
6 . CDKS

, EKS
,

, CDKS EKS
.

6 CDKF EKS
Fig. 6 Estimation of the initial state in CDKF and CDKS
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6 (Conclusion)
CDKF

,
EKF, ,

.
, (CDKS),

,
,

. :
CDKS

,
; CDKS

CDKF EKS.
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